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The Fokker-Planck equations are used to examine the structure of a shock wave in fully ionized hydrogen. 
This is done by assuming a bimodal Maxwellian distribution for the protons in the interior of the shock and 
noting that the electrons are in thermal equilibrium with themselves but not necessarily with the protons. 
The method is essentially an extension of that used by Mott-Smith in his analysis of the Boltzmann equa 


tion for a shock wave in a gas of neutral atoms. 


1. INTRODUCTION 
of work has been 


CONSIDERABLE amount 
done over the past few years by various authors! * 

making use of the Fokker-Planck equation for the study 
of plasmas. This equation provides an extension of the 
Boltzmann equation and determines the way in which 
the distribution function of the ions and electrons in 
the plasma changes. The long-range Coulomb inter- 
action between these particles gives rise to a diffusion 
contribution on the scattering side of the Boltzmann 
equation.’ These diffusion terms account for that part 
of the change in the distribution function due to the 
large number of distant encounters between particles. 

The purpose of this paper is to make an analysis of 
the structure of a shock wave in a plasma using the 
Fokker-Planck equation. This is done by extending the 
method used by Mott-Smith® to analyze the structure 
of shock waves in ordinary gases. We consider the simple 
case of fully ionized hydrogen in the absence of a mag- 
netic field, i.e., the shock is established by collisions 
between the particles. The results thus have applica- 
bility to shocks produced in the laboratory or to cases 
in astrophysics of shocks propagated along magnetic 
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field lines. It may also be possible to extend this type of 
treatment to the more complicated case in which a 
magnetic field is present_in the plasma. 

The advantage of the Mott-Smith method is that, 
since its starting point is the distribution function for 
particles in the medium, it gives a description of shocks 
of high Mach number. In this region the continuum 
equations of ordinary hydrodynamics or of plasma dy- 
namics which are based on the assumption of small 
deviations from equilibrium distributions no longer 
apply: 

2. DISTRIBUTION FUNCTIONS 


The Fokker-Planck equations‘ for the proton and 
electron distribution functions F and f become, when 
simplified for two-body Coulomb interactions, 


OF OF eE OF /0F 
—.—=( ) ; (2.1) 
at or M oc Os. 


of of eE of of 
—+e:-—-—-: -( ‘) : (2.2) 


al or m oc ot 


where 0F/da denotes the vector (0F/daz, OF /day, 
OF /da,) and where the collision terms are given by 


1/0F 0 0H 100 00 
() 26th) 
rims 0c; 0c; 2 0¢;0¢;\ dc; 0c; 


1 af af ay 18a 4a 
O-{OEED 
y\ dt. O¢;\ Oc;F 20; 0c; Ac; dc; 


(2.3) 


1439 


Copyright © 1958 by the American Physical Society 





a. 


Proton 
Cooling 


N Ng Ng ()= Ng 
Protons < Ta ™% 7) (@)= Tp 


Ug Ug Ug 





‘ & 


M(-«)=N, me alo) = Ng 
T+], T(~o)= -_ 
U,* uy U,* Us | Us *Ug 


Fic. 1. The density, temperature, and stream velocity in 
various regions of the shock. 
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The slowly varying quantity T is 
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and ¥ is obtained by replacing M with m in’ (2.7). The 
notation used is the same as that used by Rosenbluth, 
MacDonald, and Judd.‘ 

The terms on the right-hand side of Eqs. (2.1) aad 
(2.2) account for the change in the distribution function 
due to the large number of distant collisions a particle 
(proton or electron) suffers with other particles in the 
medium. These collisions occur with particles inside a 
distance equal to the Debye radius about the “test 
particle.” Outside the Debye radius the Coulomb field 
of a particle drops off exponentially due to local polari- 
zation of the medium. Thus charge fluctuations affecting 
the test particle involve a large number of particles 
outside this radius and therefore long characteristic 
periods. The medium outside the Debye radius can 
therefore be considered as a continuous charge dis- 
tribution producing a field E at the test particle which 
is included on the left side of Eqs. (2.1) and (2.2). Ina 
violent shock wave, we might expect to displace the 
electrons from the protons in the plasma in such a way 
as to give rise to a charge distribution across the shock. 
In fact this displacement is extremely small as will be 
seen later. 

The comparatively rare close encounters between 
particles should in general be accounted for in (2.1) 
and (2.2) by adding the single scattering terms which 
occur in the ordinary Boltzmann equation. However, 
these make a less important contribution to the collision 
side of the equation and it is usual to neglect them. 

The general solution of these equations for the case 
of an infinite plane shock wave is of course difficult to 
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obtain. We adopt a procedure similar to that of Mott- 
Smith,® which is to choose a distribution function of a 
particularly simple form depending on our physical 
picture of the conditions in the interior of the shock 
and in its neighborhood. In order to construct such a 
picture somewhat in advance, we need to consider the 
various relaxation times of the system. 

Consider a frame in which the shock is at rest (Fig. 
1). Then in front of and behind the shock (at «<0 and 
x>0) we have plasma flowing along the positive x axis. 
At sufficiently large distances from the shock on either 
side, we have equilibrium distributions corresponding to 
the appropriate stream velocities and temperatures in 
these two regions. The proton and electron distributions 
will be both in equilibrium with themselves and with 
each other. Across the shock itself, however, we have a 
nonequilibrium region in which the collision terms of 
Eqs. (2.1) and (2.2) can be thought of as describing the 
way in which particles migrate from the one equilibrium 
state to the other in traversing the shock. 

Using the suffix a for conditions ahead of the shock 
and 6 for behind the shock, we take for the proton dis- 
tribution function, 


M \! M ; 
F=N, (x) () exp| - (c— iv.) 
2rkT a kT a 


M 3 M : 
) exp| — ——(¢e- iv | 
2rkTs 2kT 2 


+N6(3)( 


=F,+Fs, (2.8) 
where V, and Ng are densities, 7, and Ts temperatures, 
and U, and Ug stream velocities along the x direction 
i. The quantities V. and Ng are functions of « together 
with 7s(x) for reasons discussed below. Thus the proton 
distribution inside the shock is represented by two inter- 
acting Maxwellian distributions. In this zero-order 
picture, the collision terms of the Fokker-Planck equa- 
tion describe the way in which protons jump back and 
forth between the a and @ distributions in crossing the 
shock. 

Now consider the coupling between the electron gas 
and the proton gas in the plasma. This derives in our 
case from electron-proton collisions. As we shall see, 
over a large range of Mach numbers the proton shock 
thickness / is too small to allow the electrons to reach 
thermal equilibrium with the protons in this region, 
and in fact the proton shock can be considered ap- 
proximately to involve both a momentum and an 
energy transfer from one proton stream to another 
which takes place as if the electrons were absent. Only 
somewhat farther behind the shock does the tempera- 
ture T of the electron stream rise to that of the protons. 
This in turn cools the 8 proton stream behind the shock 
over a region of characteristic length /,>/. This cooling 
takes place in such a way that the sum of the electron 
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and proton pressures behind the shock remains con- 
stant; i.e., there are no further pressure gradients to 
change the stream velocity U in this region. It should 
be pointed out that for weak shocks, i.e. K~1, the pro- 
ton shock thickness / becomes very large and the elec- 
trons are thus able to reach thermal equilibrium with 
the protons inside the shock, in which case there is no 
further cooling of the 8 stream and Ts(x)= 7 s(@). 

Next consider the effect the protons have on the 
electrons. Due to the higher electron thermal velocity, 
the electrons reach equilibrium with themselves faster 
than the protons do with themselves,’ and considerably 
faster than the electrons with the protons. These three 
times are in‘the ratio 1: (M/m)!: (M/m). Thus we take 
for the electron distribution one of self-equilibrium, in 
which the interaction with the protons gives rise to the 
slow passage of the electron gas through a series of 
equilibrium states, i.e., 


f(a) =n(a)( - ) exp| — “(e-iv | (2.9) 
2rkT (x) 2kT 


where n, 7, and U, are all functions of x. It should be 
pointed out however that in making this assumption we 
are excluding effects of thermal conduction in the electron 
gas which are of course important for describing the 
variation of the electron temperature through the shock. 
Thus in the approximation of this paper we shall not 
obtain the rise in electron temperature extending ahead 
of the proton shock as was obtained in the work of 
Jukes using the Navier-Stokes equations.’ Inclusion of 
this effect in the “strong shock” approach is an obvious 
next step. 

Using the distribution functions (2.8) and (2.9), we 
take moments of the Fokker-Planck equation and apply 
the appropriate boundary conditions shown in Fig. 1. 
Quantities which depend on x have values at x=+ 
which are written with a bar, eg., Va(—~)=N,, 
N.(+2)=0, etc. 

Basically there are three important lengths to con- 
sider in this problem, the proton shock thickness /, the 
length 7, in which the electrons reach thermal equilib- 
rium with the protons, and the characteristic length J, 
over which any stream velocity differences between the 
protons and electrons are removed. These three lengths 
are plotted as a function of Mach number in Fig. 2. 

We expect that /,</, or / which is the case since, 
although electron-proton collisions do not involve 
appreciable energy transfers, they do involve large- 
angle scattering of the electrons which destroys their 
stream velocity relative to that of the protons. 


3. MOMENTS OF THE FOKKER-PLANCK 
EQUATION 
In the usual way, the first three moments obtained 
by multiplying (2.1) by 1, Mu, $Me and (2.2) by 1, 
mu, and }mc* and integrating over ¢ yield the following 


7 J. D. Jukes, J. Fluid Mech. 3, 275 (1957). 
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Fic. 2. Proton shock thickness / and cooling length /, 
as a function of Mach number K. 





equations for the flow of mass momentum and energy 
in the proton and electron streams, respectively : 
0 
—[NaUat+NUs]=0, (3.1) 
Ox 


0 
—[Na(kT at MU 2)+Na(kT3+MU’) | 
Ox 


oP, 
—e(NatN,)E(x)= ( _ ‘) . (3.2) 


at 
d SkT a SkT 3 
| Maret of GC e-F— ) +MNal o(us+ —*)| 
Ox M M 
a0, 
—2e(NUatNpUs)E= (— ) es fB0G) 
CT « 
0 
[nU, ]=0, 


Ox 


OP, 
[n(kT+mU 2) ]+enE= (—) ; (3.5) 
ae 


(3.4) 
0 


Ox 


5kT 00. 
1( v2+ . ) front ( ) » (3. 
m dt 7, 
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The conservation of total momentum and energy are 
then expressed by 


OP; or, 00; 00, 
(2) (2) -« (2) CB) -a on 
ot /. ot /., Oe « 2 


The mass flow of the electrons and protons in the x 
direction is conserved independently. Thus using 


OF /dx=4re(NatNg3—n), (3.8) 


together with the condition that there are no currents 
flowing along the x axis at + we find for the con- 
servation equations, 
NUatNgUg=nl (3.9) 
*\+Ne(kT3+MU;’) 


+n(kT+mU 2)-—(F 


N.(kT.+MU, 


8r)=P, (3.10) 


SkT a SkT 3 
MNU(U2+— *) +atvet(Us+ — 
M M 


5kT 
+mnv{ Ue+ —) =Q. (3.11) 


m 


These equations enable us to obtain relations between 
the a and 6 quantities at x=+© under our conditions 
of equilibrium T(2)=7 (2) etc., at these points, i.e., 
the Rankine-Hugoniot relations. They also apply for 
all x, i.e., in the interior of the shock. However in order 
to discuss the shock region where the various quantities 
depend on x we require further moment equations in 
which the collision terms appear explicitly. We shall use 
the transport equations for v* of the protons and elec- 
trons [c= (u, v, w) ]. 

Multiplying (2.1) by and integrating the collision 
terms (2.3)-(2.6) over ¢ by parts using F(c=+~) 
= f(c=+«)=0, we find 


kT.\ ON kTs\ONg UgNegk 0T, 
Geert 
M / Ox M M 0x 
M+m 0 
-2( )r fac 0F(0) f de f(e:)—| e—e,|— 
m Ov 


02 
+1. [ac F(e) f des F(e)—|e~e 
J Ov" 


re) 
+4r fac F(O) {de F(¢e:)—|e—¢e|7 
Ov 


0 
+1 f ae (0) f de, Fe) le-al (3.12) 
vw” 


for the proton 2 equation. 
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Similarly, from (2.2) one obtains for the electrons, 


0 kT 
f(") 
Ox m 
m+M 
-2(" a -)r feeene fates Fed— c— Cc) - 
Os 
+1 fae fle) f de F(¢;) 
Ov" 


It should be noted that in all of these equations we 
have taken the distributions to be time independent; 
i.e., neglected an explicit consideration of how rapidly 
the shock is dissipating energy and thus altering shape. 


c—c;|. (3.13) 


4. PROTON DISTRIBUTION FUNCTION 


In this section we consider Eq. (3.12) for the varia- 
tion of the densities .V.(«) and Vg(x) through the shock 
wave. 

Using (2.8) with (3.12), 


kT ..\ ON. kTs\ONg UsNsk OTs 
eyelet 
M M M ox 
on 2] r face w(0) f des Fae) 


3(v- v1)" 


we find 


x{ lee 1 (4.1) 


ee |° 
The a-a and 8-8 terms vanish, which is to be expected 
for a Maxwellian distribution interacting with itself. 
Further, the terms deriving from electron-proton scat- 
tering are calculated explicitly later in connection with 
the electron v* transport equation (they determine the 
cooling length /.), and are small compared with the 
proton terms above where they have been neglected. 
This electron-proton interaction is responsible for the 
comparatively slow variation of 7s(x) through the 
shock (for /</.) compared with the variation we find 
for N,(x) and Ng(x). Thus 7 will be held constant as 
far as the proton shock is concerned, so that (4.1) 
becomes 


kT a\ONq kT3\ONp 
(eyo ay 
M/ ox M / ox 
2°V.Ns/ M 
Br oll Ge 
i KT, 
where 


2kT a\3 
-( - Js expl— (?+c,*) ] 


=) 2kT g 
{|( (= c— (“*) qt+i(U,.-U | 
M | 


we 


3L( fe gt a . (4.3) 
| (2kT,/M)'e— (2kT4/M)'cy+i(Ue—Us) |?) 
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This integral can be evaluated by using the Fourier 
integrals 


dk 
= exp[ik- (e—¢,) J, 


? . 1 dk 
c—¢,|-1= f ~ expLik- (e— 1) ], 


Qn? 


and noting that 


2kT4\' 3 AT, 
M 20U2 
1= f dete, exp[ — (ce +c;2)] 


| (2kT.\3 2kT3\3 ‘is 
x|(—*) (=) etiw.-v0) , 
M M 


[= facie, exp[ — (c?-+c,") ] 


| /2kT.\ 3 2kT 3\3 ‘ | 
x ( )e-( ) etiv.-U9) 
M M 


This gives the result 


where 


39y/r 


a 
¥- (+8) exp] : | 
a (1+8°) 


24/4 a/(1+b?)4 
Pt [org +69)) f 
a’ 0 


where 


exp(—c*)dc, 


a= (M/2kT,)'(Ua—Us), 
b= (Ts rays. 


(4.9) 
We next make use of the conservation of mass equa- 
tion (3.9) for the protons; i.e., 
N,l latNel f a Nl = 
ON: U,ON. 
EE mpmen « (4.10) 


’ 
Ox Us Ox 


so that (4.2) becomes 


aNei 1 
[+] 
ax lV. Ne—Ne 


2rNa ( M ) MW 
BU g\2kT,) k(Ta—-Ts) 
If one chooses the origin x=0 at the point where V q(x) 
drops to half its value Na at —~, the solution of 


(4.11) 
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(4.11) is 
(4.12) 


Ne si ‘ “9 
(1+¢77/") 
Nz 


iota (4.13) 
(1+¢-2/") 


Neg= 
where 
mU gk(Ts—Ta) f2kT a\ 3 
j= - - ( — ‘) ; (4.14) 
2°N MY M 


with W given by (4.8). The shock region is then repre- 
sented by a simple exponential penetration of the a 
stream into the 8 stream as is to be expected. 

We might now ask, since we neglected the dependence 
of Ts on x, what the appropriate value for Ts should 
be in the above formula. This will depend on the cooling 
length /. for the 8 protons which is calculated in Sec. 7. 
For /.>/, we take the value of 73 at xl which is the 
same as that obtained by applying the conservation 
laws of Sec. 3 across the shock as if the electron degrees 
of freedom did not enter. If, on the other hand, /.=/, we 
use T'5=73(~) obtained by using the conservation 
laws as if we had complete electron-proton equilibrium. 
This latter case covers only a small range of Mach 
numbers. 


5. RELATIONS BETWEEN THE a AND 
$ VARIABLES 


Using the conservation equations (3.9) to (3.11) at 
x=— 0, xl, and x=+~, we have for /<l,, 


NU.=NpUs, (5.1) 
Na(RTat+MU 2)+N akTa=N (kT 9+MU;*) 


+N skTa=N3(kTs+MUs)+N kT, 


Ska SRT? 
u(vs +—- )+ser. = u(us+—*) +507. 
M M 


(5.2) 


SkT's ‘ 
=u(ue+—*) +500, (5.3) 
M 


where 7,° is the proton temperature immediately be- 
hind the shock at #~/. In the above equations we have 
used the result of Sec. 8 that the electron stream ve- 
locity U’, approaches the mean stream velocity of the 
protons rapidly in a characteristic length /,</ or /, 
owing to the angular scattering of electrons by protons. 
Thus we deduce from the conservation equation (3.9) 
that since U,(x)~U=(NqUatNgU3)N—, then n~N 
+Ns=N; i.e., the displacement of the electrons from 
the protons is small, and in fact we would expect the 
resulting £?/82 in Eq. (3.10) to be small. Thus we have 
neglected it to the order in which we require to re- 
late the proton 6 variables to the a variables over this 
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range. Equations (5.1) to (5.3) then give 
10k7,.+MU? 
4MU, 
4MN U2 


1v 3 "y 
10kT,+MU,? 


_ My3U2 SET? Tho 
pMy=—(—*-— 4 ), 
s\ 4 mu? M 
M/3U2 SET2 3kT. 
Ts -—( +—*), (5.7) 
M 


4\ 4 MU2 
It is now useful to express these quantities in terms 
of the Mach number K for the stream ahead of the 
shock ; i.e., 


/aq= 


K=(U,/V), (5.8) 
where V is the velocity of sound in the plasma. This 
can be obtained in the usual way by linearizing the 
conservation equations (3.9) to (3.11) after including 
the time-dependent contributions from (2.1) and (2.2), 
and is 

V=(10kT,/3M)}. (5.9) 


Thus Eqs. (5.4) to (5.7) can also be written as 


; =" ( -—+-—), 
g \4 20K* 10K 


MU? 3 9 9 
en deta 
4 4 20K* 10K? 


We see that at K=1, Us=Ua, Ns=N.., etc., in which 
case we have no shock. It should also be noted that if 
we have a proton cooling region in which 7 (x) ap- 
proaches 7g, then the pressure (Vsk7+NkT5) of the 
electrons and protons in this region is constant and we 
have no pressure gradients to give rise to a change in 
Us. There is no further interchange between the stream 
kinetic energy and the thermal energy of the plasma in 
this region. This interchange occurs entirely in the 
proton shock |x| </. 


(5.13) 


6. DISCUSSION OF PROTON SHOCK 
THICKNESS 1 


If we express the thickness / given by Eq. (4.14) in 
terms of the Mach number K, we have for /,>/ 
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e om ‘ y M?K (3+ K?) 
vi J 428\s ov 


Fan) 
4 20K* 10K2/’ 


where (a,b) is given by (4.8) with 


375\3 1 
{Oe-2) 
4\3 kK? 

TAY 67S\471 33 NS 
Ya) (ee) 
’ 2 4 20K‘ 10K 

3 kT.\3 
Ye} 
4(xN)'\ & 


For the weaker shock /.=/, we have approximately 


N, nA 37? /3\ 3 M?K (3+ K?) 
(fom yee 
ys 256% 5 e 


1 3 1 
x( a ), (6.4) 
4 20K* 10K? 


(6.2) 


(6.3) 


where now 


Ts\' KV/5s1 3 7 | 
© 2 oak rn ie, 
T. 2 \4 20K* 10K 


Now consider how this behaves at high and low 
values of K. From (4.8), we have 


WV — 0.309r'/a as Ko, 


VU W/2rri@/1S as K—1, 


so that 
29.1K*V4 
l— — 


— as K->~~, 
5127N .T 


(6.6) 


3y/r 33 Vs 
l— —(-) —— as K-—1. (6.7) 
10,/2\5/ NT (K—-1) 
Hence, at the onset of the shock at K~1, the thickness 
is very large and at first decreases with increasing K as 
in the case for ordinary gases. However, as the Mach 
number K increases, the shock thickness / begins to 
increase again and finally varies as K‘ for large K. This 
is due to the fact that the mean free path for transfer 
of a given energy from an a proton to af proton becomes 
very large due to the high relative velocities of these 
two particles (both thermal and stream velocities). In 
order to cross the energy gap from the a to the 8 stream, 
a proton requires a mean free path proportional to 
(Ua— Us)‘ in this region due to the Coulomb interaction. 
The quantity /(e¢N, InA/m?V*), which is a function 
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of K only, is plotted in Fig. 2, from which one easily 
obtains / for a particular density and temperature of 
the plasma. 


7. ELECTRON DISTRIBUTION FUNCTION 


We now require the electron distribution function 
for the region behind the shock where F,=0. For this, 
we use the v* Eq. (3.13) which has the advantage that 
FE does not appear explicitly. Upon integrating by parts 


and using 
OF 2 M2, 
Ov; k T3 


of mv\ — 
. ( \e 
Ov kT 


this becomes 


0 kT 
—|nv(- 3) 
x m 
2ymf1 1 
TR ote ( — ) f dede, phe c— ¢;|~! 
R.X2- Te 


3(v— 0)? 
ty f dade, f(o\Fs(e0 \e-e Been -| (7.2) 


le—¢c,|8 


The right-hand side of (7.2) tends to zero if the stream 
velocities LU’, and Ug together with the temperatures T 
and 7 are equal. This is the equilibrium case. Further 
if T= Tg, and U.+ Ug, only the second term contributes; 
and if 7#7, and U,=Usz, only the first contributes. 
Thus the first term is primarily responsible for re- 
moving electron-proton temperature differences, and 
the second for removing stream velocity differences. 
We first calculate an expression for the variation of 
the electron temperature 7 in the proton cooling region 
under the assumption /,>/; i.e., with the boundary 
conditions that at x~/ the electron temperature is 7, 
and proton temperature 7°. That the derivation under 
this assumption is self-consistent becomes obvious when 
we see that indeed /, is greater than / for a large range 
of K and the result applies over this range. Further, 
since in Sec. 8 we show U.~U, we use the distribution 


functions, 
a M \! M 
w,( ) exp| - -(e—il aa 
2rkT 3 _ 2kTs 


‘ m \3 m ; 
f= ¥,( — ) exp| — (e— v3) 
2aekT 2kT } 


in (7.2) which gives 


F,= 


OT 22ymNg s2kT \'71 1 
aimee (—) ( “ -) facie 
dx 3NUqrk’\ m , tf 


| MT\! ¥ 
Xerpl—(e+0°)}e-es]e— (- ) ae 


| mT's | 
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Upon making use of the conservation law (3.10); i.e., 
27T'3=Ts+T, this becomes 


TdT 4ynN 2 (“)(“) 
(Ts—-T) 3N.U rk \m M 


If we now note the fact that over the range K 
<(8M/5m)!, the maximum value of (7gm/TM) <1, 
then (7.5) is simply integrated to give 


‘ Ti+T\ ,T-T.} 
rod FT) Gre) 
Ti—-T/\T4T,3 
a _ ae 
-211(-+T4)+27.1(—+Ts) 
3 : 


4ym?N 2 2k\ ism 
Mina an a 
3N QU gk’\/a\m M 


This expression describes the way in which the electron 
temperature 7 rises behind the proton shock and also 
therefore the drop in the proton temperature T, 
=27T;—T. The above expression would however be 
considerably modified in an improved approximation 
taking account of the thermal conductivity of the 
electron gas as discussed in Sec. 2. As T approaches T's 
the logarithmic term dominates, and we have a simple 
exponential law with a characteristic length 


3N U(r) kT 3! 7m \ 47M 
L,= ee ~(=) (-). (7.7) 
4yn2N 3? 2 m 


Using the relations (5.10)—(5.12), we can now derive as 
before an expression which is a function of Mach 
number only, namely 


e*N, InA 3 M\i 
i. )-- . (-) (3+K*)? 
mvs 8192\/r\m 
a 21 7 
+ |. (7.8) 
10K? 


This quantity is plotted in Fig. 2, from which we see 
that /.>/ except for very small values of K where the 
shock becomes very thick and the electrons have time 
to reach thermal equilibrium with the protons. In this 
region the continuum equation based on the assumption 
of small deviations from equilibrium distributions 
probably give a more accurate result. 


4 20K‘ 





D. 


8. VELOCITY-MATCHING LENGTH 1, 


In order to determine the characteristic length /, in 
which the electrons adjust their stream velocity U, to 
that of the background protons through scattering, we 
first consider the time-dependent equation for » of 
the electrons, 


Of knT nU kT of 
fast Pd iad a 
oil m Ox m Ot’. 


Consider an infinite medium of protons at rest and elec- 
trons streaming in the x direction with velocity U, 
Then, since all quantities are independent of x, we 
first calculate the time, 7,, taken to slow the electrons 
down by using the distribution functions, 


M i Me 
De oa Be eam | 
2nxkT 2kT 


m \3 m ‘ 
j-n(——) exp| - (e-iv."| 
2ekT 2kT 


With (8.1) these give 


kN : 
—) =~ ~ facie 


\p2kT\' = 2kTa\! \-1 
eee 4, =) a 


m 


3[ (2kT/m)4»— 


| (2kT m)e— (2kT/ 


a/M)? v1} 


= (8.4) 
Me, +iU, 

We now use the result in advance that 7, is small 
compared with the time required for the electrons to 
reach thermal equilibrium with the protons. This 
means that over the time taken for the electrons to 
adjust their stream velocity to that of the protons, we 
have energy interchange only between the stream kinetic 


TIDMAN 


and thermal energies of the electrons. Thus the time 
part corresponding to the energy conservation equation 


(3.11) gives 
rs) 3kT 
mN—( 02+ - ) =(, 
at m 


The integral (8.4) is similar to (4.3) and can be obtained 
by writing 


(8.5) 


in the expression (4.8) for ¥. Together with (8.5), this 


yields 


U,=U(0)e-"!*, 


~“(—) 
e 4yN\ m , 


Thus, returning to our shock wave, if the electron stream 
velocity gets out of step with that of the protons, it 
adjusts itself through angular scattering in a char- 


5\/4 (=) 
Beat Ue 
4yN,\ m 


(8.7) 
where 


(8.8) 


acteristic length 


= (8.9) 


»— 


in the frame in which the shock is at rest. 
Expressed as a function of Mach number, 


given by 
e!N,. InA 3/3r\' 1 /M\! 
u(- ine “)- (~) - ( ) K, (8.10) 
m 2y4 4X\5§ 4r\m 


which is also shown in Fig. 2. We see that for all K, 
l,«<l or 1, which justifies our writing U.=U in the 
conservation equations, and indicates that the displace- 
ment of the electrons from the protons is negligible. 


l, is 
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The Majorana formula for the transition probability of a general spin is here rederived and brought into 
a more compact form. The method is based on the use of the projection operators which characterize the 
spin vector as definitely quantized along a specified unit vector. If the Hamiltonian contains only terms 
linear in the spin, it is possible to define a moving instantaneous axis along which the moving spin vector 
maintains its quantization. The Majorana problem is reduced to the calculation of the joint probability of 


quantization along two different axes. 


The usual expression of the Majorana formula contains a factor which is the transition probability of a 
spin-4 vector. It is shown here how this factor is related to the angle through which the general spin is turned. 


7 oes is a formula, originally derived by Ma- 
jorana, which gives the probability of a spin 
transition from a state of magnetic quantum number m 
to one of magnetic quantum number m’.! The spin is in 
a uniform magnetic field, whose direction is taken as 
the axis of quantization, and a perpendicular rf field is 
applied to cause transitions. The existing derivations of 
the formula are based on the consideration that an 
angular momentum of value s can be handled as the 
resultant of 2s angular momenta of value }. The spin-} 
case is easily solved; the general case is solved by 
synthesis to yield the formula for the transition prob- 
ability for state m to m’: 
Pm, mt = (s—m)!(s+m)!(s—m’)!(s+-m’)!(sinda)** 

(—1)"(cot$a)™*™'+?" P 


fee ae 
™ (s—m—r)!(s—m’—r)!(m+m'+r)!r! 


The transition probability for a moment with the same 


gyromagnetic ratio and spin 3 is 


P,,_,4=sin?(4a). (2) 


This note offers another derivation of the Majorana 
formula. The derivation does not compound the general 
case out of the spin-} case but directly follows the 
dynamics of the spin vector. The formula, as derived by 
this method, is much more concise than Eq. (1) and 
reveals an interesting physical interpretation of the 
angle a. 

METHOD 

First, the following problem is posed: given a spin 
definitely quantized along a unit vector a with com- 
ponent m, what is the probability that it is quantized 
along a unit vector b with component m’? ‘The answer is? 


pa(m)pa(m')P,(a-b), (3) 


1 The history of the formula and a derivation are given in 
N. F. Ramsey, Molecular Beams (Oxford University Press, 
Oxford, 1956). 

2 A. Meckler (unpublished). 


where p= 2s+1, and P,(a-b) is the ordinary Legendre 
polynomial of a-b, normalized so that P,(1)=1. pa(m) 
is a certain polynomial in m, originally investigated by 
Tchebichef,’ further described in the appendix. The im- 
portant properties to be noted here are the following: 


pr(m)=0, n>p (4) 


p—l 
DX palm) pn(m’)=Sm, m’s (5) 


dX palm) pn’ (m) =Sn, n- (6) 
The first few polynomials are 


i 


po= (p)?," 
pi= 2(3)'Lp(p?—1) }-'m, 
p2=4(5)'Lp(p?—1) (p?—4) JL 12m?— p?+1), 
a= (7) 'Lp(p?— 1) (p?—4) (p?— 9) FL 20m?— 3.p?+-7 Jn. 
Also, 
pn(s)= (p—1)!(2n+1)'L(pt+n)!(p—n—1) 14. 


Equation (3) was derived by the use of projection 
operators. If p»(a-S) is the projection operator for the 
m state along a, and p»’(b-S) is the projection operator 
for the m’ state along b, then the evaluation of 


Tracep» (a: S)pm(b-S) 


yields Eq. (3). The trace expression is a direct transcrip- 
tion of the posed question. 

Now, given the motion of a spin under the influence 
of any Hamiltonian, the probability of observing the 
state m along a is given by 


Tracepm(a-S$)p, 


where p is the projection operator for the particular 
state of motion. For a general Hamiltonian, it may not 
be possible to characterize the states by spin component 
quantization, but in the case to be considered here, it is 


3G. Szegé, Orthogonal Polynomials (American Mathematical 
Society, New York, 1939), p. 32. 
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possible to define an instantaneous axis, a moving axis 
of quantization relative to which the moving spin vector 
maintains its alignment. Once the equation of motion 
of the instantaneous axis is known, Eq. (3) can be used 
to give the probability of m along a at any time. Here, 
b will be the moving instantaneous axis. If the initial 
condition is that b at time ‘=0 is along a, then Eq. (3) 
must contain the Majorana formula. 


DERIVATION 
The Hamiltonian is 
K= —woa-S—Ah-S, 
where hf, is a unit vector: 
hy= (2)—*(a,+e-*'+- ae"). 
a,* and a,~ are complex vectors perpendicular to a, 
such that 
a,*a,= a, a,=0, 
a,*'a, =1, 
€cyr8 yp Q»= 10,4", 
€oury 2,= —ta,, 
€oyrdy ay = —1d¢. 
Here, the summation convention is used, and ¢,,, is 
the antisymmetrical unit pseudotensor.* It is antisym- 


metric in all its indices and €12;=1. 
The instantaneous axis, b,, is defined by the condition 


(d/dt)(b-S)=0, (9) 
b,Se= —b Se. (10) 
The quantum rule is® 
S,=i(K,S-). 
Application of the spin commutation rule allows the 
solution of Eq. (10) as 
ba= — €ourby(wods +My). (11) 
It is desirable to know b in terms of a, at, and a~. Set 
b,=Z(t)ae+Z*(t)e'a,-+Z- (t)e~*'a,*, (12) 
where normalization and reality demand that 
Z?4+2Z+Z-=1, Zt=(Z-)*. 
The equations for the Z’s are 
Z=-—(id/N2)(Z+-Z-), 
Z+=i(wo—w)Zt+— (id/V2)Z, 
Z-= —i(wo—w)Z-+ (id/V2)Z. 


(13) 


4J. L. Synge and A. Schild, Tensor Calculus (University of 
Toronto Press, Toronto, 1952). 
5% is set equal to unity. 


MECKLER 


These equations can be made to look like a matrical 
Schrédinger equation by the introduction of the column 


vector 
Zz 
Z- 


which obeys the equation 
Hv =iaw/at, (15) 
where the matrix H is 
0 d/v2 —)/v2 
H = r/v2 (w— wo) 0 ° ( 16) 
—d/v2 0) — (w— wo) 

H is Hermitian and so the normalization of W is pre- 
served in time. A particular solution of Eq. (15) is 


W=ye™' (17) 
with 

Hy=Wy. (18) 
The possible values of W are the eigenvalues of H, 
which are 


W=0, [\?+ (@—wo)? ]!, —[A?+ (w— wo)? J. 
Henceforth, let w= [\?+ (w—wo)? }!. The general solution 
of Eq. (15) is 

—A(w—wo)+2B cosut 


Ad v2B 
2 Ie ata cosul—iu sinut | 
V 


AX V2B_ 
ee eiee oa) cosul+-iu sinu]] 
LV 








A and B are to be determined by normalization and the 
initial condition. At ‘=0, 


(—A(w—wo)+2B 
AN v2 
—+—(w—wo)B 
w(0)=|v2 x : 
|AX v2 | 
| —+—(w—wo)B| 
LVE cd 
The initial condition to be taken here is that 
Z(0)=1, Z+(0)=Z-(0)=0. 
The equations for A and B are, therefore, 


— A (w—wo)+2B=1, 
Ad/VI4-[ V2 (w—wo)/d]B=0, 


A= — (w—wo)/u?, 


B=)*/(2u?). 
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b, is now completely determined as a function of 
time. The transition probability of flipping from state 
m along a at ‘=0 to state m’ along a at / is, by Eq. (3): 


p-| 


Pm, m'= >, Pn(m)pn(m’)P,(a-b), 


pl 
Pm, m' = 2. Pn(m)pn(m’)P,(Z), 


n=O 


9 


Z=1——(1—cosut). 
ue? 
For the case of a spin-} vector, 
P3,-4= po(2) po(— 2) +1 (2) p1(— 2) Pi (Z) 

=}-1Z 

=3(1-—Z). 
In the Ramsey-Majorana notation, P;,_,=sin*(}a). The 
connection must be 

Z= cosa. (23) 

The final, concise form of the Majorana formula can 
now be written as 


(24) 


Pee Ps pa(m)pa(m’)Pa(cosa). 


With this derivation, a physical and classical interpre- 
tation can be given to the angle a. It is the angle of in- 
clination of the instantaneous axis to the direction of 
the uniform magnetic field. 


APPENDIX 
A recursion relation for the Tchebichef polynomials is 


Palm) = MF ppri— Knpn—2, 
where 
, 4(4n?—1) 


n(p—n’) 


FORMULA 


and 


K,=F,/F,_1. 


Set m= —s-+q. Then 


(2n+1)(p—n—1)!7} q\ /9-? 
pa(a)=m| seed — a( )( ) 
(p+n)! ‘ s ” 


where 
Aer 
n/ n'(q—n) l 


Af(x)=f(x+1)—f(x). 


Subsequent to the preparation of this manuscript, 
Professor G. F. Koster expressed the suspicion that the 
Tchebichef polynomials, pn(s;m), are somehow equiva- 
lent to certain Clebsch-Gordan coefficients. Because of 
his insistence, it was proved, in fact, that 


pn(s3m) = (—1)*-™C(s,5,n; m, —m) 


where the C definition is taken from Rose.® 

Added note-——The author has been made aware of a 
paper by Salwen’ in which still another derivation and 
expression of the Majorana formula is given. The main 
concern of that paper is the case of unequally spaced 
magnetic levels, the anomalous Zeeman case, and an 
approximate solution to the time-dependent Schrédinger 
equation is presented. The normal Zeeman case is 
solved exactly, but the expression of the Majorana 
formula [Eq. (41) of Salwen], though more neat and 
convenient than the original one, is not the same as 
that of this paper. The rotating frame of Salwen is not 
that associated with an instantaneous axis. 


6M. E. Rose, Wultipole Fields (John Wiley and Sons, Inc., New 
York, 1955), p. 13. 
7H. Salwen, Phys. Rev. 99, 1274 (1955). 





PHYSICAL REVIEW VOLUME 


£4, 


NUMBER 6 SEPTEMBER 15, 1958 


Length Effect in the Heat Transport in Helium II} 


H. Forstat 
Michigan State University, East Lansing, Michigan 


(Received May 20, 1958) 


A length effect in the heat transport in helium II in small channels has been observed. Measurements 
were made using a column of packed jeweller’s rouge for lengths of 3.179, 5.166, and 8.156 cm in the temper- 
ature range 1.70-2.17°K. The channel size was approximately 0.1 micron. The results verified the linear 
dependence of the heat current density on temperature difference and showed a decrease in the heat transport 
by approximately a factor of 2 as the rouge length was increased from 3.179 to 8.156 cm. 





HE heat transport in helium II in small channels 
has been studied to determine whether the heat 
flow is dependent on the length of the channel. London 
and Zilsel' had pointed out, earlier, that the experi- 
mental heat conductivities in the Meyer and Mellink? 
data were consistently higher than the values obtained 
by Keesom and Duyckaerts.’ The experimental ar- 
rangement for these groups of experimenters differed 
in that Meyer and Mellink used channels of shorter 
length. London and Zilsel reasoned that if this length 
effect was real, it could not be explained on the basis 
of end effects, since such an effect would destroy the 
linearity between heat flow and temperature difference. 
The reason for this is that they would appear as 
quadratic terms in the velocities of flow. The present 
experiment has attempted to investigate this length 
effect more closely. 

The apparatus consisted of a column of packed 
jeweller’s rouge (Fe2O3;) mounted in an adiabatic jacket. 
The details of this apparatus are given in an earlier 
paper.‘ The size of the channels formed by the inter- 
stices of the packed powder was measured by a flow 
method (assuming Knudsen-type flow) and was ap- 
proximately 0.1 micron. The error was estimated to be 
approximately 30%. 

The initial measurements were made using a length, 
3.179 cm, of packed powder. The second length, 5.166 
cm, was obtained by adding sufficient powder to the 
first length. The last length, 8.156 cm, was obtained in 
a similar manner. In each case the added powder was 
packed into the tube in such a way that the size of the 
channel remained constant. This was checked by 
repeating the flow measurements after each filling. 

Helium gas was condensed into the experimental 
apparatus, after liquid helium had been introduced into 
the helium Dewar. Sufficient helium was condensed so 
that a level could be observed in the glass tube above 
the rouge column. Power was introduced into the 
volume below the rouge column and the temperatures 


t Work supported in part by the Office of Ordnance Research, 
U. S. Army, and a grant from the All-University Research Fund 
of Michigan State University. 

1 F, London and P. R. Zilsel, Phys. Rev. 74, 1148 (1948). 

2L. Meyer and J. H. Mellink, Physica 13, 197 (1947). 

3 W. H. Keesom and G. Duyckaerts, Physica 13, 153 (1947). 

4H. Forstat and C. A. Reynolds, Phys. Rev. 101, 513 (1956). 


at the bottom and at the top of the column were 
measured by means of carbon resistance thermometers 
which had previously been calibrated against the vapor 
pressure of liquid helium. The current through and the 
voltage across the manganin wire heater (~400 ohms) 
were measured by a Leeds and Northrup type K-2 
potentiometer to give the power values. The heat 
leaks, along the glass tubing and measuring leads, were 
calculated to be approximately 15 microwatts. Since 
the powers used were in the order of milliwatts, these 
heat leaks were neglected in the calculations. The 
results are given in Table I. The first column in the 
table gives the length of the rouge column; the second 
column gives the temperature at the “hot” end of the 
rouge column (corresponding to several bath tempera- 
tures); the third column gives the temperature differ- 
ence between the ends of the rouge length; in the fourth 
column are listed the heat current densities; the fifth 
column gives the thermal conductivity as calculated 
from 

Q/A=Kexy grad7T, (1) 
where Q/A is the heat current density and Kex, is the 
experimental thermal conductivity. The sixth column 


TABLE I. Heat transport results. 


Ray 


(mw/cm!?) cal/deg-cm-sec 


6.14 0.30 0.027 
24.03 0.30 0.037 
18.81 0.62 0.068 

1.54 0.78 0.059 
13.77 0.91 0.060 
24.32 0.84 0.060 
27.50 0.93 0.104 


1, °x af, WA 
(bottom) °K 
1.863 0.016 
1.925 0.060 
2.028 0.023 
2.076 0.002 
2.091 0.012 
2.106 0.022 
2.150 0.022 


am ‘ U. 


(cm/sec) 


2.3.10 


Length 
(cm) 


3.179 


3 


bo pe be _ 
CONNRK ee 
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1.743 
1.834 
1.942 
2.054 
2.108 
2.160 


4.82 
10.30 
6.54 
10.41 
13.51 
13.49 


= 
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0.056 
0.109 
0.030 
0.028 
0.025 
0.023 


0.11 
0.11 
0.27 
0.46 
0.66 
0.72 


0.009 
0.028 
0.029 
0.048 
0.055 
0.061 


— 
_ 


1.769 
1.803 
1.950 
2.080 
2.114 
2.126 
2.172 


0.032 
0.066 
0.192 
0.024 
0.007 
0.008 
0.028 


2.10 
4.72 
18.89 
4.79 
2.19 
2.40 
7.31 


0.13 
0.14 
0.19 
0.39 
0.58 
0.55 
0.50 


0.010 
0.012 
0.028 
0.048 
0.052 
0.053 
0.057 
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Fic. 1. Heat current 
density vs tempera- 
ture difference. 





HEAT 


CAF TK 


TRANSPORT IN He II 


2.074 °K 1.996 °K Length = 3,179 cm 





lists the values of the thermal conductivity as obtained 
from the linear theory, 


K theo= 2.61 (R?/n,)T?2, (2) 


where R is the channel size and 7, is the viscosity of the 
normal fluid (a cylindrical channel is assumed). The 
values for n, were taken from the data of Hollis-Hallet.® 
The seventh column gives the ratios of the experi- 
mental heat conductivity (column 5) to the theoretical 
heat conductivity (column 6). The last column lists 
the superfluid velocities. 


° 
@ 
1 


Fic. 2. Variation of 
the thermal conductivity 
as a function of the 
“hot” temperature for 
each of the three lengths 
3.179 cm, 5.166 cm, and 
8.156 cm. 


(exp.) (calm sec °K) 
° 
a 
i 


k 





4 9xi0~2 
AT (°K) 


The linearity in the heat flow was checked by plotting 
the heat current density versus the temperature differ- 
ence for each of the experimental runs. In the temper- 
ature range used, viz., 1.70°K to 2.17°K, no deviation 
from linearity was observed. Figure 1 shows a typical 
plot of the heat current density as a function of the 
temperature difference for the 3.179-cm length. The 
temperatures corresponding to each of the straight 
lines refer to the bath temperatures at which the data 
were taken. Similar curves were obtained for the other 
lengths. 





5A. C. Hollis-Hallet, Proc. Roy. Soc. 


(London) A210, 404 (1952). 
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Fic. 3. Variation of the thermal conductivity for a fixed 
temperature difference, AT~0.024°K. 


By plotting the thermal conductivity as a function 
of temperature, it was possible to reproduce the shape 
of the temperature dependence curve for a particular 
length observed by Keesom and Duyckaerts. Figure 2 
shows these curves for each of the lengths tried where 
the values of the abscissa correspond to the “hot” 
temperature end of the rouge column. These curves 
were drawn without accounting for the variation of the 
thermal conductivity with temperature difference. In 
order to separate out this effect, some of the values 
were replotted for a fixed temperature difference 
(AT~0.024°K). This is shown in Fig. 3. The depend- 
ence of the thermal conductivity on length is shown 
in Fig. 4, where the data are plotted for a fixed temper- 
ature difference. 

A comparison of the experimental and theoretical 
heat conductivities (column 7 in Table I) shows that 
the experimental values are larger than the theoretical 
values by approximately a factor of 10. This is not too 
surprising in the light of the uncertainty of the channel 
size. 

A calculation of the flow velocities (column 8 in 
Table I) to further verify the existence of linear heat 
flow in this experiment showed them to be very much 
smaller than any critical velocity for the channel size 








Fic. 4. Thermal conductivity as a function of length, 
for AT~0.024°K. 


used. Allen and Misener® have obtained the value 
13 cm/sec for a slit width of 0.2 micron. 

It has not been possible, at the present time, to 
account for this length effect on the basis of the current 
theory on heat transport in small channels. End effects, 
as was pointed out earlier, usually introduce nonlinear 
terms which destroy the proportionality between heat 
current density and temperature difference. Zilsel’ has 
also remarked that if it were possible to represent end 
effects as being linear in the velocities of flow, then 
one would expect the thermal conductivity to increase 
with increasing length of the channel rather than 
decrease, as the present experiment shows. In order to 
determine whether one would expect mean-free-path 
effects to be important, a calculation was made for the 
mean free path of a roton in the temperature region 
used (the chief contribution to the thermal excitation 
in this region is due to rotons). This turned out to be 
less than 10~7 cm, several orders of magnitude smaller 
than the channel size. 

The author wishes to thank Mr. C. Kingston and 
Mr. F. Hood for the construction of the apparatus, and 
to acknowledge the assistance of Mr. J. R. Novak in 
many of the experimental measurements. 


6 J. F. Allen and A. D. Misener, Nature 141, 75 (1939). 
7P. R. Zilsel (private communication). 
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Certain problems connected with the choice of trial variational 
functions for the quantum many-body problem are discussed. It 
is convenient to make use of the reduced-density-matrix formula- 
tion developed by Léwdin and Mayer, since a system whose 
Hamiltonian contains only 1- and 2-body interactions is char- 
acterized by the two simplest reduced density matrices ' and 
Ir), It is known that symmetry, Hermiticity, and normalizability 
conditions are not sufficient to ensure a physically realizable 
choice of the functions ! and P'). However an additional non 
trivial restriction is imposed by the fact that such functions must 
be possible variational extrema. The implications of this condi- 


1. INTRODUCTION 


HE recent success in developing methods related 
to perturbation theory for treatment of the 
quantum many-body problem! has not as yet been 
matched by parallel progress in developing the varia- 
tional approach. The Hartree-Fock procedure depended 
upon an “‘independent-particle” picture which breaks 
down drastically in most interacting systems, but no 
further advances have been made until quite recently. 
The most promising approach seems to be via the 
so-called reduced density matrices, and Léwdin,? 
Mayer,’ Blatt,‘ and others have made use of this for- 
mulation. The enormous simplification is due to the 
fact that if the Hamiltonian contains only 1-, 2-, 3-, 
-++m-particle interactions the state of the system is 
completely characterized by the m simplest reduced 
density matrices [, P, ---I'™. Evidently if only 
2-particle interactions are present only and Pr 
need be considered. These functions will be defined 
precisely later on. Since there is a ! and P' matrix 
for each N-particle wave function y with identical 
energies, it follows that minimizing the expectation 
value of the Hamiltonian with respect to ' and Pr 
should give the ground-state energy provided we are 
certain the set of allowed I’s is no larger than the 
original set of allowed y’s. In different language, one 
seeks restrictive conditions which only admit functions 
which can be put into a 1+«+1 correspondence with 
the y’s. 
1 Only a small sample of the extensive literature can be men- 
tioned; further references can be found in the following: K. Huang 
and C. N. Yang, Phys. Rev. 105, 767 (1957); Lee, Huang, and 
Yang, Phys. Rev. 106, 1135 (1957); K. A. Brueckner and C. A. 
Levinson, Phys. Rev. 97, 1344 (1955); K. A. Brueckner, Phys. 
Rev. 100, 36 (1955); H. A. Bethe, Phys. Rev. 103, 1353 (1956) ; 
J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); K. A. 
Brueckner and K. Sawada, Phys. Rev. 106, 1117, 1128, (1957); 
M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 (1957) ; 
K. Sawada, Phys. Rev. 106, 372 (1957); J. Hubbard, Proc. Roy. 
Soc. (London) A240, 539 (1957). 
2 P.-O. Léwdin, Phys. Rev. 97, 1474 (1955). 


3 J. E. Mayer, Phys. Rev. 100, 1574 (1955). 
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tion are investigated in some detail and it turns out that all the 
nonphysical choices of ' and I?) which have been exhibited by 
various authors are eliminated. The condition is essentially non- 
quantum inasmuch as an analogous argument should be possible 
for a classical system. Moreover one of the consequences of this 
condition is that the system (classical or quantum) may exhibit 
macroscopic behavior, i.e., order-disorder transitions. The analysis 
leads to apparently reasonable choices of trial forms for ! and 
I’), although it is still not known whether any further restriction 
must be imposed to complete the sufficiency argument. 


The conditions on the y’s themselves are simply: 
symmetry (antisymmetry), Hermiticity, and square- 
integrability. The fact that the states must be super- 
posable is ensured by the fact that the Schrédinger 
equation is linear, so that a linear combination of solu- 
tions is also a solution. Since the eigenfunctions span 
the space, it follows that any function which obeys all 
the specified conditions is a solution of the Schrédinger 
equation. One would like to verify that the Hilbert 
space is complete, i.e., that any sequence of functions 
in the space converges in the space. This property is 
generally assumed, though it has only been proved for 
special Hamiltonians. 

Unfortunately the reduced density matrices must be 
handled with greater care because of the awkward fact 
that it is possible to find functions which have the 
correct symmetry (antisymmetry), Hermiticity, and 
normalizability properties but which definitely do not 
correspond to possible physical situations. The am- 
biguity occurs in both quantum and classical systems. 
Several authors®-* have pointed out the difficulty of 
ensuring physical realizability of functions [™ and 
I), while Kirkwood recognized the problem, in a 
classical system, connected with choosing possible pair- 
distribution functions po(r). 

Léwdin® has showed that if the initial wave function 
is a single Slater determinant the system is completely 
characterized by the choice of I’. In different language 
a slightly more general result has recently been ob- 
tained by Watanabe and Kuhn,’ who showed that if 
the Hamiltonian of a system contains only 1-particle 
interactions the above-mentioned necessary conditions 
are also sufficient. However, the main problem is still 
unsolved: to find an additional necessary condition on 
the choice of ' and I for interacting systems, such 
that all nonphysical choices are definitely eliminated. 


5M. S. Watanabe, Z. Physik 113, 482 (1939). 

®R. H. Tredgold, Phys. Rev. 105, 1421 (1957). 

7H. Koppe, Z. Physik 148, 135 (1957). 

*Y. Mizuno and T. Izuyama, Progr. Theoret. Phys. Japan 18, 
33 (1957). 3 

*H. W. Kuhn (to be published). 
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This additional condition ought also to have the follow- 
ing properties: (a) it must be “geometrical” in the 
sense that the statement of the condition should be 
independent of the form of the Hamiltonian, though of 
course its detailed effect will not be—actually if all two- 
particle interactions vanish the condition should become 
redundant—and (b) it cannot be a purely quantum 
condition. Moreover application of the new condition 
ought to indicate the possibility (depending on the 
form of H) of macroscopic states of the system” with 
concomitant order-disorder transitions. 

In the following the question of sufficiency will not 
be discussed. However it will be shown that an addi- 
tional necessary condition can be derived with the 
required properties. The condition can be stated in a 
peculiarly simple way, but a correct variational calcula- 
tion in terms of ' and ['™ is still rather difficult. 


2. DENSITY MATRIX FORMULATION 


Consider a system of NV particles in a volume V. In 
general the motions of the particles will be described by 
a Hamiltonian of the form 


1 1 
iis. ut(—)E u.+(—) Sat---. © 
i 2!7 ii 317 ia 


In most of the following we restrict ourselves to a model 
in which no three-body or higher many-body terms con- 
tribute to the Hamiltonian and in which H; and H,; 
are invariant under translation and independent of spin. 
It is also convenient to suppose that both VY, V— ~, 
while V/V remains finite. In general these restrictions 
are made merely for the sake of simplicity and can be 
somewhat relaxed with suitable modifications of the 
subsequent argument. Also, to avoid cumbersome nota- 
tion and frequent digressions we shall fix attention on 
the special case of a system obeying Fermi statistics 
in the ground state. The changes involved in considera- 
tion of other cases will not be discussed at any length. 
The partition function can be written 


Z=> ; exp—BE;= Tr{exp[—8H }}, (2) 
where 8=1/kT, and the free-energy A is given by 
A=— (1/8) InZ. (3) 


In quantum mechanics it is convenient to express (2) 
in terms of the density matrix 


TP) (xy',xe’,- ole |B | X1,X2,° ‘ -) 


=y*{1',2’- J ‘} exp(—SH)y{1,2- ; }; (4) 


Z= ho f- ; _froratny. (5) 


10 The author is indebted to Dr. R. H. Tredgold for making this 
observation. 


where 
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The abbreviated notation I’, 2’, --- refers to variables 
(including both space and spin coordinates) x,’, Xo’, «+ -, 
and d{N}=dx,dxedx;---. The operator acts only on 
unprimed coordinates, then the primes are removed 
prior to integration. A set of reduced density matrices 
can be defined** by integrating '? over some of the 
variables, thus: 


ro (xan) =N f A feu, N-1} 


Xexp(—BH)¥{1, N—I}d{N-1}, (6) 
PD) (xy’, x0" | B| X1,X2) 


N(N-1) 
anes f--fvrarz,x-2 


Xexp(—BH)y{1,2, N—2}d{N—2}, (7) 


where all but one variable has been integrated in the 
first instance, all but two in the second, and so forth. 
In the ground-state (8— ©), (3) reduces to the usual 
quantum-mechanical formula 


Ey=,A =()= f mrdnt ff tar dndr, (8) 


where the expansion (1) has been used. Several prop- 
erties of the I'’s are immediate ; for example, Hermiticity 
P(x,’ | x1) =P*™ (x, | xy’), (9) 
T°) (xy’ xo" | X1,X2) = '*) (x1,x0! x1’,X2’), 
and symmetry (antisymmetry) 
(10) 


[ x,’ Xo |X, Xo) = +I") (xo’ x,’ X1,X2). 
’ | *1y soins 


By definition is obtained from [' as follows: 


(11) 


2 
P(x,’ = [rerdxs 
V 


The normalization (square-integrability) condition is 
essentially that 


1 
f. frorany=— fredn=1, (12) 
N 


which implies that the diagonal element of I“ (ob- 
tained by removing the prime) is a constant: 


Taing” (X1|X1)= N/V. (13) 


Under the simple conditions specified at the outset 
(H1, Hw, position- and spin-independent, NV, V — ) 
it is appropriate to introduce variables R= | x;’—x;|, 
r=|X»—x,| and notice that the Hamiltonian depends 
only on these; all others are cyclic and can be integrated 
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out. Thus we can define 
P' (x,/| x1) = (N/V)p1(R), 
where p;(0)=1 by (13). Similarly 


Daing‘?’ (X1,X2) = 3(N/V)?p0(r), (15) 
where p2(r) is essentially the pair-distribution function 
which also appears in classical statistical mechanics. 
The function p;(R) has no particular physical signifi- 
cance, but its 3-dimensional Fourier transform n(k) is 
easily interpretable, viz., 


V 0 
Rp, (R) =2— f kn(k) sin2xkRdk, (16) 
NY 


: N 
kn(k) =2- J 
V 0 


Evidently" n(k) is the coefficient belonging to a 
given plane-wave component in momentum space, or 
the distribution function of the particles in & space. 
The expression (8) now becomes, after considerable 
manipulation, assuming H,= —n?/2mvy?, 


zx 


Rp,(R) sin2rkRaR. (17) 


® 


2 | he Vv 
~(Ht)=«=2e—(—) f k'n(k)dk 
N m\N/ Jo 
N . 
+2(—) f u(r)po(r)rdr. (18) 
V 


0 


Evidently ¢ is the energy per particle, and u(r) is 
the pair-interaction. The right-hand term is the po- 
tential energy and is (formally) the same in a classical 
or quantum system, though of course p2(r) will depend 
somehow on the statistics. As far as the ground state is 
concerned, the same may be said for the left-hand 
(kinetic energy) term, the differences depending on the 
form of n(k) (k—> 0 for a classical system). 


3. DIMENSIONLESS VARIABLES 
In order to express the energy in Rydberg units and 
keep the various integrals dimensionless the following 
change of variables is indicated: 
(19) 
(20) 


g=r, Tp, fo= l Tr, 


TtT=¢0= 2x! 5, Go= 2k rrp, 


where rg is the Bohr radius and ky is the Fermi mo- 
mentum. (Naturally &r does not appear in the discus- 
sion of a Bose-Einstein or Maxwell-Boltzmann system.) 
Evidently / is the mean separation of particles in the 


4 The fact that the Hamiltonian is invariant under translation 
makes the angular coordinates cyclic, so m(k) is spherically sym- 
metric: Therefore & in (16) and (17) is the absolute magnitude of k. 
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system, 


and 
N 


ins _—-—. 
We now rewrite (16) and (17), 


a 
J p:(é) singrdé, 
£3 
sv 0 


2 2 
§pi(£) = —e¢ f 7n(r) sinérdr. (24) 
3a 0 


It can be shown that (10) and (11) imply for a Fermi 
system that 


0<n(k)=n(r) <2, (25) 


which is similar to the usual statement of the Pauli 
principle, viz., at most two particles (with opposite 
spins) can occupy a single momentum-state. For Bose 
and classical systems the inequality is relaxed to 
O<n(r). 

Similarly, (13) and (14) imply [using (24)] the 
integral condition 


(26) 


2 ° n(0) 
1=- arf r'n(r)dr-+—. 
0 V 


3r 


In the Fermi case the last term is of order 2/N and 
may be ignored but the correction is important in the 
other cases since the integral does not count (0) which 
may be of order NV. For a system containing a finite 
number of particles (26) is simply equivalent to the sum 


FS +o} 
> m=N. 
k=0 


Further conditions involve the pair-distribution func- 
tion p2(r). The simplest [derivable from the basic rela- 
tions (9)—(11) ] is 


0 <p2(r) = p2(), (28) 


which means that a probability density must be non- 
negative. It is now convenient to split p2(r) into a part 
which depends only on the statistics and a part which 
vanishes when u(r), the pair interaction, disappears. 
For the ideal Fermi gas [u(r)=0] it can be shown that 
p20(7) = p20(t)= 1— 3p" (€), (29) 

and it is natural to extend (29) as follows!?: 

p2(é)=(1—391°(¢) JL1—-K (8) J, 

The form (30) is quite general for the diagonal element of p2, 
but a more extensive argument is needed to find an off-diagonal 
form (which would be necessary if the interaction Hiz were a 


noncommuting operator, e.g., a Fermi pseudo-potential). Briefly, 
the argument (due to Mayer’) is as follows: the total p2 is a product 


(30) 
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where to satisfy (28) we simply require 


K(é) <1. 


Finally, the relation (11) leads to 


1 * 
1=- ef rn?(r)dr 
3r 0 


3 7” 
+—f [1i—4°(') ]K(dE, (32) 
£0 0 


where the argument of footnote (12) has been used, 
together with Parzeval’s theorem. 

The energy per particle in Rydberg units becomes 
[from (18) ] 


2% * a 
-—f rin(s)dr+— f u(é) 
3 0 &0° 0 


X(1—30r°(é) JLI—K(é) J@dé. (33) 


4. ADDITIONAL NECESSARY CONDITION ON 
THE CHOICE OF © AND Fr 


It has been pointed out already that the choice of 
possible functions '’ and I’ must be restricted to 
those which can be put in 1«+1 correspondence with 
the set of all possible many-particle wave functions. 
In the Boltzmann case one seeks a correspondence with 
the N-particle density functions py. We now note that 
the variation of the expectation value of the Hamil- 
tonian actually generates such an isomorphism. Clearly 
all possible N-particle wave functions can be obtained 
in principle by successive variations; degeneracies are 
easily removed by using orthogonality conditions. 
Similarly all possible !@ and I’ functions are obtain- 
able by variations (once we know the complete set of 
necessary conditions on the variation). 

It is obvious that one of the necessary cenditions on 
the choice of ! and ™ is that they be possible varia- 
tional extrema. However it is not so obvious that any 
functions satisfying the conditions (25), (26), (28), and 
(32) are thereby excluded, i.e., that the set of possible 
variational extrema is smaller than the set defined by 


of spin terms and spatial terms; since there are three symmetric 
combinations of two spin functions and one antisymmetric com- 
bination, the spatial part must have a triple weight for the anti- 
symmetric function and a single weight for the symmetric func- 
tion, thus: 

p2(space) = {pra+ tors, 


where to satisfy (9) and (10), p2, and po, may be written 


a= Lf (| x1’— x1 |) f(| x2’ — x2] ) Ef (| x1’— x2] ) f(| x2’— x1 |) J 
wastes? x (1—g(|xi’—x2"|) JTL —g(| x1— x2) J. 


Inserting the above in (12), taking the limit VY © and assum- 
ing f and g are the same for both symmetric and antisymmetric 
parts, one can make the identification f=p;. Evidently there is 
no loss of generality in writing (1—g)*=1—K where K <1. For 
a Bose system the analogous argument must be carried out in its 
entirety, but this will not be done here. In the case of Boltzmann 
statistics, of course, p2,(r)=1 (see 29). The argument can also be 
used to obtain a plausible form for p3(r12,723,731), if desired. 
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the conditions stated. This question is worth investi- 
gating in some detail. 

We begin by asserting that the four restrictions 
above, in foto, define bounded subsets of all possible 
functions n(r) and K(£). Moreover, the bounded sub- 
sets are convex.” (Both properties are generalizations 
to infinite-dimensional function-space of simple geo- 
metrical concepts which are easily visualized in the 
case of a circle on a plane; convexity means any point 
on a straight line connecting two points in the circle is 
itself in the circle; the boundary is simply the set of 
points which do not lie on straight lines connecting any 
but boundary points). To verify the assertion one must 
exhibit the restrictive conditions in a form such that 
functions inside and outside the bounded sets are 
explicitly distinguished from each other. From the in- 
equality (25) [since m?(r) <2n(r) for all +] combined 
with (26) and (32) one obtains new inequalities 


1 sa 
<a f r'n?(r)dr <1, (34) 
3m 


0 


and 


3 7" 
—{ [1—49.2(é) JK (t)#dt <1. (35) 
& 0 


The form of m(r) for an ideal (noninteracting) Fermi 
gas in the ground state is well known, namely 


no(r)=2 for 


=0 for 
Or j 
pio(t)=3— -(- .) J;(o0), (37) 
foo 2# a3 


where j:(s) is the spherical Bessel function of order 
unity. If any particles are excited above the Fermi level 
ao, n(r) will spread out, and by an elementary property 
of Fourier transforms p;(é) will tend on the contrary 
to bunch up near the origin. Thus, regardless of inter- 
action (or temperature 8), 


O0<r <a 


70 474 


(36) 


from which, by (24) 
jilkoo) 


: ; | COSEG 
lim | p1(£)| < | p10(E) | <— — (38) 
— (a)? 


A similar asymptotic convergence condition exists for 
K(é) [note that for large £, 1—4p1°(¢) — 1], namely 


i oa 
lim| K(§) | » soma (39) 


$ f+5o Iné 


13 Since we are discussing physics and not pure mathematics, 
no details will be given here. Complete discussions of these prop- 
erties can be found in the mathematical literature, for example 
Charnes, Cooper, and Henderson, Introduction to Linear Pro- 
gramming (John Wiley and Sons, Inc., New York, 1953), and 
Linear Inequalities and Related Systems, symposium, edited by 
H. W. Kuhn and A. W. Tucker (Princeton University Press, 
Princeton, New Jersey, 1956). In most cases it is quite easy to 
verify the subsequent steps in the argument. 
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if K(£) oscillates sinusoidally with eventually de- 
creasing maxima, or 


je 
(40) 


lim| K(£)| <——— 
fx f+ Ing 


if K(£) is a non-oscillating function."* The numbers 40, 
6; must be non-negative; however the limiting case 
59 — 0, 6; > 0 requires special consideration. It is true 
that (39) and (40) do not necessarily take account of 
every possibility. For example, oscillating functions can 
be constructed in which positive (or negative) contribu- 
tions are dominant. However all such functions can be 
decomposed into linear combinations of “pure” func- 
tions of the type described. 

From the physical point of view (39) and (40) are 
rather suggestive. An oscillating function K (£) would be 
indicative of long-range order in the system, and vice 
versa for the non-oscillating function, while the inter- 
mediate case of short-range order might correspond to a 
linear superposition. However, this line of speculation 
will not be followed up here, since it is still somewhat 
premature. 

It is evident that the convergence conditions (38), 
(39), and (40) do at least display explicit boundaries for 
the sets which we shall label A; and A, of possible func- 
tions p:(é) and K(£) respectively. That is to say, func- 
tions which do not converge at least as well as the limit- 
ing cases specified (as §—> ©) are forbidden. It is easy 
to verify that the sets are convex; any linear combina- 
tion of functions satisfying an asymptotic condition 
will itself satisfy the condition. On the other hand at 
least one of the sets A; and Az might conceivably still 
be too large, since in certain circumstances it is con- 
ceivable that the condition (32) might fail to be satisfied 
by any pair of functions p;(£) and K(&) (regardless of 
behavior for > 0) which attained the limiting asymp- 
totic behavior allowed by (38), and (39) or (40). 
However there are very good reasons for believing that 
this situation does not arise when there is no long-range 
order. 

The fact that not all members of the sets A; and A» 
are possible variational extrema is now established by 
the following theorem!®: if a linear functional is defined 
over a set of functions (e.g., vectors) which are restricted 
to a convex set, then the functional only attains ils extreme 
values on the boundary of the set. This means only 
functions p:(¢) which lie on the boundary of A; and 
functions K(£) which lie on the boundary of A» are 


“Tt is sufficient to treat (39) and (40) as being approximately 
correct. It is perhaps suggestive to think of the &-axis as being 
broken up into discrete intervals, which are either all of one sign 
or alternating in sign, and then examine the conditions for summa- 
bility of discrete series. However this argument requires great 
care. The approximate correctness of (39) and (40) can be demon- 
strated by direct integration. Note that (35) also gives a weak 
condition on convergence at £ — 0; however a stronger condition 
will be derived later. 

18 For discussion and proof see Charnes, Cooper, and Henderson, 
reference 13. 
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possible extrema.!® The sets themselves are defined by 
(38) and (39) or (40) if it is possible to choose bounding 
functions from both sets simultaneously, while still 
satisfying (32). If this is not possible some other, more 
stringent, convergence condition would be needed; this 
could happen in a system which permitted contributions 
to n(r) from arbitrarily large 7, whence p:(£) would be 
required to converge faster than any power of & (viz., 
as an exponential or Gaussian). However, we consider 
the disordered state henceforth, to avoid any possible 
ambiguity. 

It must be emphasized that in speaking of a function 
with minimum convergence only the asymplotic be- 
havior is involved. The sets A; and Ag include all func- 
tions with the proper asymptotic behavior; however, 
this is too lenient, since conditions in the region of small 
& must also be satisfied. By using (24) and comparing 
with (26), we have 

pi(O)=1. (41) 
Similarly, by examining (33), it is clear that if the inter- 
action “(£) is repulsive and stronger than 1/& at the 
origin, then 


K(0)=1 (42) 


is necessary to ensure that the quantity being varied 
remains finite. Even for a weaker repulsion” the fact 
that the energy be minimum (instead of maximum) 
requires K(Q) to be positive, and combined with (31) 


this means that 
(43) 


0<K(0) <1. 


5. TRIAL FUNCTION FOR n(r)—CONNECTION 
WITH LAGRANGE FORMALISM 


It is the usual practice in a variational calculation to 
pick a trial function with a number of variable param- 
eters, only using physical reasoning to minimize the 
number of parameters needed by clever choice of trial 
forms. However, it is desirable to proceed as far as 
possible by strictly analytical methods. It will be seen 
that an integral equation for m(r) can be derived sub- 
ject only to the assumption that K(£) does not depend 
on n(r) explicitly. This will certainly be true to at least 
one order of approximation. 


‘6 Care must be exercised to avoid too free an application to 
function spaces intuitive ideas from ordinary geometry. In par- 
ricular, it may be worthwhile to point out that it is quite possible 
to choose functions from the “interior” of Az which give rise to 
energies below the true energy (for examples, see references 6-8). 
This subclass of functions A(£) have the common property of 
vanishing identically as — — 0, and also possess no extreme point. 
It is not difficult to construct a sequence of functions from this 
subclass leading to unboundedly negative (or positive) energies, 
regardless of interaction. The significant point is the lack of an 
extreme point, not the absolute magnitude of the ‘‘energies” 
obtained. 

7 The fact that electrons, in the S state, for example, have a 
finite probability of instantaneously occupying the same point in 
space [implying K(0)<1] is confirmed by E. A. Hylleraas 
[Z. Physik 48, 469 (1928); 54, 347 (1929), and elsewhere] and 
also in a special case by R. H. Tredgold and J. S. Evans 
(unpublished). 
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The only difficulty in principle in carrying out a 
variation of the energy with respect to (7) is in taking 
account of the inequality (25) (analogous to the ‘“‘non- 
holonomic” constraints of classical mechanics). The 
simple conditions (26) and (32) are introduced via 
Lagrange multipliers y; and y2. The method employed 
is to remove the constraint by making an appropriate 
functional transformation which automatically satisfies 
the inequality ; vz., let 


n(r)=2 exp[— ¢?(r) ], (44) 


where ¢(7) is only required to be real. Any function 
satisfying (25) can be written in the form (44) 
though there is no claim that (44) is unique). Varying 


n(r) in the usual way gives 


(al- 


bn(r) = —2¢(7){2 expl— ¢(7 
= —2n(r) ¢(7)d¢(7). 


) Jb g(r) (45) 


Since ¢(r) is free to vary, we can take 6¢(7)>0 for all 
r, but it is seen that 6(r) vanishes identically when 
either n(7)=0 or ¢(r)=0 [n(7r)=2]. Thus 6n(7) must 
be zero whenever m(7) attains either of its constraining 
limits; this is quite a general property of such con- 
straints. Evidently the variation of the energy vanishes 
whenever 6n(7)=0, whence n(7)=2, n(r)=0 are ex- 
trema of the variation, although neither can hold true 


for all r. It is easy to see that the behavi ior of n(r) in the 





sintr sinér9 ’ 
nj «=a “w@|— aoe ‘fecoae+[>—— f tpi (£) 
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intervening region is determined by the integral equation 


1 3 ae 
m()=—| Pa -| &x(é) 
71 o'r 0 


X sinér{ u(£)[1—K(§) ]—yiK (é)}dé | (46) 


whence 
O<1r<7T2 
T2 < v 3 TO, 


TO<T 


=2 for 
n(r)=n,(7) 


=0 


for (47) 


for 
where y; and y2 are Lagrange a to be deter- 


mined by satisfying (26) and (32 
defined by requiring m;(7) to satisfy (25), that is 


), and re and ro are 


n;(7o)=0. (48) 


n,;(T2)=2 


If K(£) is known n(r) is determined uniquely, although 
the computations are formidable. 

Fortunately one can introduce several simplifications 
immediately. A good deal of calculation is saved by 
using the (quantum mechanical) virial theorem,'* in 
the form 


4£,° eS 1 ” Ou 
pV= tn (r)dr— J 
Oe tgs, of 


0 so 


x [1—49.2(¢) J[1—K(é) J&dt. (49) 
Upon varying both sides, the pressure p never appears. 
If y; and 2 are eliminated by using the pair of Eqs. 
(48), one obtains 


sintrs sing 
into 
T2 To 


sintr sin—7o : £ Ou 
x| f én(2)|— ~~ —|u-x @llue+; | / 
singrs sint79 Edu 
f koi(é - ‘- lt K@luo+ : jis 
To 2 dé 


Further simplification ensues in the interesting case 
when u(£)=1/, whence by (49) we can write 


a singr singto] _ 
n(o)=—f én(®)|— —— |meae 
E46 


T To 


ae aad singr: singro 
+22 f wol— thee ‘[xceae] 


tt To 
|= — a! (51) 
TY — Te 


It is clear from examining either (50) or (51) directly 
that (48) is satisfied. The condition (26) can be used to 
determine 72 in terms of 7 still, without specifying 


K(&). Provided To> 72, this calculation gives 


T2=2a0—To+°-*, 


(52) 


which is also intuitively reasonable. However an exact 
calculation is not feasible at this stage. If A(&) hap- 
pened to take a particularly simple form it might be 
possible to obtain one or two iterations of m;(7) [be- 
ginning either with pio(é) corresponding to the ideal 
gas, or with some other convenient first approximation ], 
but in general numerical methods would be required. 


6. TRIAL FUNCTION FOR K(é) 


Superficial examination of the relations involving 
K (é) shows immediately that a straightforward applica- 


18 While (49) i is useful it is not a condition affecting the form of 
n(r); actually it introduces no new information. 
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tion of Lagrange’s method cannot be expected to suc- 
ceed. The difficulty is that A (¢) always appears linearly, 
and from the general theory of variational problems it 
appears that in this case more than one, usually in- 
finitely many variational extrema must exist.’ Never- 
theless these may belong to a well-defined subclass of 
the original set of functions (i.e., a “boundary,” see 
Sec. 4). The abstract connection between the Lagrange 
method for problems of this type and the so-called 
“simplex” method for finding extrema of systems sub- 
ject to linear inequalities is discussed by Goldman and 
Tucker.” It will be shown in the following how the 
Lagrange method can be used even in the linear case to 
extract useful information and confirm the conclusion 
already reached. 

The trick is to find a set of integral conditions 
approximating (35) which also imply (39) or (40). 
Evidently (35) does not distinguish between oscillating 
and non-oscillating functions K (£) ; this can be remedied 
by raising K(£) to some power greater than unity. It 
can be shown that the following conditions lead to 
(39) or (40), respectively : 


(ECE S(E)K (8)? Mdé<@, (53) 


(54) 


f PK (OL EK(e)P-ME<~, 


where p takes all positive integral values and f(£) is any 
sinusoidal function with the periodicity of K(&) (by 
definition) though it need not be continuous or even 
finite at points where AK(é)=0. The behavior of the 
integrals at £=0 is explicitly ignored by taking »>0 
{see (43) ], a step which is justified if we only look for 
the asymptotic form of A(é). Note that when p=1, 
Eqs. (53) and (54) are identical and no distinction is 
made between the convergence conditions (39) and 
(40). Hence we deliberately choose p>1. A Lagrange 
variation can now be carried out formally, introducing 
multipliers yi, y2 corresponding to (32) and (53) or 
(54). Let K*(£) denote lim;.,,K (), from which we have 


{u(£)[1—4$p1°(&) ]—y2} 
&f(€) 
{u(é)[1—3p1°(&) J—vyo}/ 


K,*()}=" ’ 
8 


K,*(é)=" (55) 


(56) 


respectively. The oscillation or non-oscillation is ex- 
plicitly shown by the presence of /(£).7' For all p, (53) 


1 See, for example Caratheodory, Variatzsungsrechnung (B. G- 
Teubner, Leipzig, 1935). 

” A. J. Goldman and A. W. Tucker, in Linear Inequalities and 
Related Systems, reference 13. 

*1 In this connection it must be noted that /(£) will be different 
for different possible lattice structures. 
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or (54) cannot be satisfied except by y2=0, whence a 
single multiplier is left, to be determined by (32). To 
find a true extremum one must eliminate the parameter 
p which entered more or less by the back door in the 
first place. Evidently the limiting case when 
OK ,*(&)/dp=0 (57) 
defines the function K*(£) which is p independent. This 
occurs for p— ~, which in turn defines the slowest 
converging function which satisfies either (39) or (40) 
when do, 6: 0. 
Hence our trial functions must be bounded by 


1 
lim K5* <K*(’)<———_, 
= #/(£) Ing 


1 
lim K,*<K*(&)<- ; 
ae # Ing 


The limiting processes must be taken in a rather subtle 
way, but functions can be exhibited which satisfy (58) 
for arbitrarily large p. That is, there exist functions con- 
verging faster than 1/£ such that the integral (35) does 
not diverge, but which converge slower than 1/£*° for 
any 6>0; in fact (as expected) there are still infinitely 
many such functions, for example 


1 
K*(é)=%1 -, (60) 
& In2(£) 
where g>1. 

It is, of course, necessary to choose A(é) for all &, 
not just in the limit {> «©. There are convincing quasi- 
physical arguments to the effect that K(&) should be 
analytic.?* One would normally assume this in any case. 
However, it must be pointed out that in most cases 
even an analytic function is not uniquely determined 
by its asymptotic form.” Therefore it seems likely that 
one must, at this stage, revert to the usual procedure 
and pick a trial function having the correct asymptotic 
form and containing several variable parameters. Un- 
fortunately very substantial analytic difficulties still 
must be overcome in order to calculate the energy. 
Work in this direction is in progress. 


7. CONCLUSION 


}The restriction we have imposed, namely that [' 
and I’) can only be chosen from among possible varia- 
tional extrema, turns out to be rather powerful. Inthe 
first place the precise form of the Hamiltonian is not 
involved. Secondly, a similar restriction must exist for 
a classical system, and one infers that there would be a 
comparable reduction in the number of allowed possi- 


2 Except possibly at the origin (¢=0). 

23 Exceptional cases do exist, however; see Phil. Trans. 213, 
274-313 (1911) or E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, London, 1935). 
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bilities. Third, the possibility of macroscopic states of 
the system is clearly indicated, although all detailed in- 
formation about an ordered state is implicit in the 
undetermined function /(¢). It is conceivable that in- 
formation about other types of macroscopic order (e.g., 
in momentum-space) would also be available from de- 
tailed knowledge of (7). The next step is, of course, 
to calculate the energy of an electron gas at high density 
with one or more appropriate trial functions for K (£) 
in order to test the accuracy of the method against a 
known result. This will be done in a succeeding paper. 


PHYSICAL REVIEW VOLUME 


111, 


ACKNOWLEDGMENTS 


The author wishes to acknowledge the kind help and 
valuable suggestions and criticisms from a number of 
people, particularly Professor T. Tanaka of Kyusyu 
University, Japan, Dr. M. Fisher of Kings College, 
London, Dr. R. Mazo and Professor J. E. Mayer of 
the Institute for Nuclear Studies, Chicago, Dr. M. S. 
Watanabe of I.B.M. Research Laboratories, Ossining, 
New York, and most particularly to Dr. R. H. Tredgold 
of U.C.N.W., Bangor, Wales without whose penetrating 
criticisms nothing whatsoever would have been achieved. 


NUMBER 6 SEPTEMBER 15, 1958 


Quantum Statistical Theory of Electron Correlation* 


Ropert D. Cowan, Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


AND 


Joun G. Krrxwoon, Sterling Chemistry Laboratory, Yale University, New Haven, Connecticut 
(Received April 18, 1958) 


The average electrostatic potential distribution about a given electron is calculated for a system of 
point-charge electrons embedded in a neutralizing continuum of positive charge. The calculation is classical, 
involving a Poisson equation of the Debye-Hiickel type, except that the electron density is treated by 
means of Fermi-Dirac statistics as in the Thomas-Fermi theory of the atom. The calculated energy due to 
electrostatic interactions agrees with the quantum-mechanical exchange plus correlation energy over the 
observed range of metal valence-electron densities, 2r,<6, but is too small at larger and smaller densities. 
(r, is the electron-sphere radius in units of the Bohr radius.) The equilibrium density (T= ~=0) occurs at 
r,=4.3, at which point the compressibility is 69 per megabar. The electronic specific heat is linear in T at 
low temperatures and varies from 0.9 to 0.74 of the Sommerfeld value over the observed metal density range. 


1. INTRODUCTION 


DEBYE-HUCKEL, Thomas-Fermi (DHTF) 

theory of plasmas and liquid metals has recently 
been developed by Plock and Kirkwood.' The theory 
is similar to the Debye-Hiickel theory of electrolyte 
solutions,’ except that the charged particles are nuclei 
and electrons rather than positive and negative ions, 
and the behavior of the electrons is described in terms 
of Fermi-Dirac rather than Boltzmann statistics. The 
method of treating the electrons is similar to that of 
the Thomas-Fermi theory of the atom,’ but the DHTF 
theory automatically introduces a certain degree of 
correlation among the electrons due to their mutual 
electrostatic repulsion. It would be interesting to know 
how the correlation energy given by this theory would 
compare with that calculated quantum mechanically. 
However, the only quantum-mechanical calculation 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. J. Plock, thesis, Yale University, 1956; R. D. Cowan and 
J. G. Kirkwood, J. Chem. Phys. 29, 264 (1958). 

2 P. Debye and E. Hiickel, Physik Z. 24, 185 (1923); see also 
R. Fowler and E. A. Guggenheim, Statistical Thermodynamics 
(Cambridge University Press, Cambridge, 1956), Secs. 904-913. 

3L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927); 
E. Fermi, Z. Physik 48, 73 (1928). 


with which a comparison can readily be made is for the 
case of free electrons moving in a uniform sea of 
positive charge; consequently, the DHTF theory is 
modified correspondingly in the discussion which 
follows. 


2. THEORY 


In the DHTF theory the thermodynamic functions 
are evaluated by considering the Debye charging 
process. For this purpose it is necessary to examine a 
hypothetical system in which each particle carries an 
arbitrary fraction A of its true physical charge. Consider, 
then, a system consisting of electrons of (average) 
density 9 each with a charge —)e, embedded in a 
uniform neutralizing sea of positive charge of density 


(1) 


Apo= Aen». 


Let ¥(r) be the average electrostatic potential at a 
distance r from any specific electron (due to all charges, 
including the electron in question). Then the potential 
energy of a second electron a distance r from the first 
is —\ey~,(r), and the density of electrons at r is given 





QUANTUM STAT 
in the Thomas-Fermi approximation by 


x 


n(r) = 


2 
; mr 1 texpl (p?/2m—ey—n) ‘kT } 
= 4a (2mkT/h*)'I,(n), (2) 


where yu is the ideal chemical potential of the (un- 
charged) electron, 


n= (hey+n)/RT, (3) 
and values of the integrals 


«o 


Tain) f y™[1+e%-"} dy (4) 


0 


have been tabulated by McDougall and Stoner‘ for 
m=} and 3. In the special case A\=0, Eq. (2) reduces to 


no=4mn(2mkT/h?)*T;(u/kT), (5) 


which serves to determine uw in terms of the average 
electron density. 

The potential y and electron-density m about a 
specific electron are, using (1), related by means of the 
Poisson equation 

1 0?(rny) 
Vy (r)= =4rde[n(r)— no], 


Pp. oP 
with the boundary conditions 


lim ny (r) = —de, 
r->0 
lim Yr(r) = 0, 


or from (2), (3), and (5) 


lim n(r) = no. (8) 
The Helmholtz free energy per electron of the ideal 
(uncharged) electron gas is® 


A= E;—TS;=p—-3E, 
=p—§RTI,(u/kT)/Ty(u/kT), (9) 


where E; is the average kinetic energy per electron and 
is calculated by adding a factor p?/2m to the integrand 
in (2). The free energy of the charged system is 


A=A;+A,, 


where A, is the electrical work done in charging up the 
system at constant volume and temperature. This 
work can be readily calculated for the Debye charging 
process, in which at any given stage in the process each 


(10) 


‘J. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1938). 

5 See, for example, M. K. Brachman, Phys. Rev. 84, 1263 
(1951); or A. H. Wilson, Thermodynamics and Statistical M echanics 
(Cambridge University Press, Cambridge, 1957), Sec. 6.3. 
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particle possesses the same fraction of its final charge. 
The work done in charging each electron is 


l de 
A,= -ef im| Yate) +— fa, 
0 r->0 r 


where ¥,(r) is the potential about the electron at the 
temperature and average volume per electron of inter- 
est, and the potential —e/r has been subtracted from 
¥x so as to remove the electron self-energy. Any given 
element of positive charge is surrounded by a uniform 
positive-charge distribution; therefore the electron 
distribution about this element is also uniform on the 
average, and the average potential at the location of 
this element is nil. Thus the work done in charging the 
positive elements is zero and (11) gives the entire 
contribution to A,. 

Once A has been found from Eqs. (9) to (11), the 
pressure, entropy, and energy can be obtained from the 
thermodynamic relations 


S= _— (OA /OT),, 


(11) 


p= — (0A/dv)7, E=A+TS. (12) 


3. NUMERICAL METHODS 


Numerical solutions of the Poisson equation were 
obtained in the following way. We introduce the units 
of length and energy 


T= _ 


=—— —— cm, 
4dr? m7 e? 


? (13) 


he — 


128 


6, = 32mMeth-? = 22.0532 ev, 


(which are the same as the usual Thomas-Fermi units 
except that e has been replaced by Ae and Z has been 
set equal to unity), the dimensionless variables 


and @=kT/@,, 


t=f, lv, 
and a potential function ¢(x) defined by 


n(x) =0-!(4€)-*o(x)/x, 
where 
4e= (6/r°)!. 


Then using (2), (3), and (5) it can be seen that the 
Poisson equation (6) reduces to 


o” =d'o/dx* =} (4e)'xOLT;(n)—1; (ne) ], (16) 


where n,=u/kT. The boundary conditions (7), (8), 
and (5) become 


(17) 
(18) 


lim ($/x) = (@/2) 0= (4€)’Ona. 
In the special case @« 7—0 in which we shall be 


especially interested, we see from (15) that || is very 
large for all x. From the asymptotic expressions' for J; 
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it follows that in the limit of zero temperature 


I,(n)~4}m'e0, <0, (19a) 


64] s(n) ~3 (On)'=3(4e)*(G/x)!, >0, (19b) 


so that the differential equation (16) becomes 
$¢” = —x(¢/x),,', 
¢” =x[ (¢/x)!— (¢/x)2'], o>0. 


Except for the final term on the right (and the different 
boundary conditions), Eqs. (20b) and (16) are of 
course identical with the familiar Thomas-Fermi 
equations for zero and nonzero temperatures, respec- 
tively.® [Actually, the zero-temperature results quoted 
below were calculated by using Eq. (16) with k7=2.2 
X10-” ev; i.e., 2=10-"/A‘. ] 

Regardless of the value of @, it follows from (15) and 
(17) that for small x, n(x) is a large negative number 
and that J;(n)<J;(n,.). Thus for small « the differential 
equation (16) integrates to 


(x)= —1+bx—}(46)°047, (n,,) 2°, 


<0, (20a) 


(20b) 


(21) 


where 0 is a constant whose value must be chosen so as 
to satisfy the boundary condition (18). 

For very large x, nn, from (18), and (16) can be 
written approximately 


op” ~§ (4e)*x6! (01 ;/0n) (n-ne) 
= 60! (01;/0n) nel O— (¢/x) 2% ]. 


In view of the boundary condition (18), the integral of 
this expression is 


(22) 


o(x)~ (¢/x),.x— Be-*?, (23) 
where 


K?=6e01(01;/8n) nx. (24) 


The procedure used for integrating the general 
equation (16) was, then, the following: For given values 
of the temperature T and average electron density mo, 
the value of »,=yu/kT was obtained by an iterative 
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Fic. 1. The average potential distribution about a specific 
electron for various average electron densities at zero temperature 
(A=1). 


6 Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949), 
Eqs. (1) and (15). 
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solution of (5) and the value of K calculated from (24), 
I,(n) being evaluated by means of asymptotic series 
expansions for large || and cubic table interpolation 
for small |!.4 For a given value of A, @ was calculated 
from (14), and then the solution of (16) found for 
small x from (21), using a guessed value of b. Integration 
was advanced to large x by means of a difference 
method, and the numerical solution then compared 
with the analytical solution (23) by evaluating B to 
match the numerical value of @ and then comparing 
the slopes of the two solutions. The value of b was then 
repeatedly modified until the two slopes agreed. Using 
IBM type 704 digital calculators, integration for one 
value of 6 required about one second, with about fifteen 
cycles being sufficient to iterate to a value of 6 constant 
to seven or eight significant figures. 

The value of 6 was thus determined for twelve values 
of \ and then A, calculated with the aid of Simpson’s 
Rule by writing (11) in the form 


1 
A,=— (e/2ao) (128, on) f NL b— (p/x) x yd(A?), (25) 


0 


where the relations (3), (13), (15), and (21) have been 
used, and ao=h?/me’ is the first Bohr radius for hydro- 
gen. 

4. RESULTS 


A. Zero-Temperature Electron Distribution 
and Potential 


Before discussing the numerical results it is of some 
interest to examine the asymptotic form of the potential 
¥(r), which from (3), (15), and (23) can be written in 
the form 


W(r)~ (— Bre/r)e~*y’, (26) 


where k,=K/r,. In the high-temperature, low-density 
limit, then from (19a) (01;/0n)n.=J;(n.), and from 
(5) and (24), it may readily be seen that 

hy = (4a e?o/kT)}, (27) 


which is of course identical with the standard Debye- 
Hiickel result.” 


EXCHANGE 





. a 
tlt, 
Fic. 2. The electron-density radial distribution function for 


various average electron densities at zero temperature (A=1). 
The dashed curve is the quantum-mechanical (exchange) result. 
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TABLE I. Numerical results (for \=1 where pertinent). 


b BCEq. (26)] 


2.60897 X 10° 
2.61740 x 108 
4.22826 10? 
1.08100 10? 
2.86097 X 10! 
8.14365 x 10° 
2.61170 10° 
9.65348 X 107 
4.03446 x 107 
1.83133 107 
8.71525 107 
4.25208 x 10 


2.60870 x 10° 
2.60870 108 
4.17391 x 10? 
1.04348 x 10? 
2.60870 10! 
6.52174 10° 
1.63043 x 10° 
4.07609 x 107 
1.01902 x 107 
2.54755 x 107? 
3 
3 


1.0155 
1.0455 
1.1318 
1.3658 
2.0189 
4.1505 
14.1110 
95.6882 


6.36889 & 10 
32 1.59222 10 


STATISTACAL 


THEORY 





ree =11Ae 


a{Eaq. (42)]  kT*max 
(ry) (ev) 


rsEplEq. (33)] p? 
(ry) (ry) 


(megabars) 


5.22 104 
1.58X 108 
4.49 10! 
1.05 X 10° 
5.80 10-3 
—1.71X 10 
—1.77x10~ 
—1.36X 1075 


—().7123 
—0.9159 
— 1.1082 
— 1.2598 
— 1.3622 
— 1.4244 
— 1.4598 
— 1.4792 


—0.4942 
—0.6596 
—0.8424 
— 1.0194 
— 1.1698 
— 1.2843 
— 1.3645 
— 1.4173 


* Approximate maximum temperature at which the temperature dependence of A¢ is given within five percent by Eq. (42). 


In the opposite limit of zero temperature, then from 
(19b) 
(014/00) n= 31; (n2)/Ne= (3RT/ Eo) Ty (Me); 


where £5 is the kinetic energy po?/2m of an electron at 
the top of the Fermi distribution. Thus, in this case, 
the screening constant may be written’ 


ky = (124d*me’no/po?)! 


= (16/322) dr, ko = 0.81451, bho, (28) 


where 7,=fo/do is the electron-sphere radius in units of 
do, 1.€., no '= $2’, and ky is the maximum wave 
number of an electron, ko= po/h=(9x/4)'/r,ao. The 
coefficient 0.8145 (for \=1) is much greater than the 
quantum-mechanical value 2-!=0.3536 derived by 
Pines.’ However, this does not necessarily imply that 
the Thomas-Fermi model overestimates the effective- 
ness of the screening and overestimates the electron 
correlation energy, for it must be remembered that 
(26) is only an asymptotic expression and that B is 
not necessarily unity. Indeed, the numerical results 
given in Table I and Fig. 1 show that B>1 and that 
the screening is considerably less effective than would 
be expected from (28) alone. 

The solid curves in Fig. 2 show the electron-density 
radial distribution functions corresponding to the 


potential curves of Fig. 1. 


B. Zero-Temperature Energy 


The zero-temperature energy of a free-electron gas 
has been investigated quantum-mechanically by Wig- 
ner,® by Bohm and Pines,’ and by Gell-Mann and 
Brueckner.’ The energy per electron can be written in 


7D. Pines, Solid-State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, pp. 
377, 386 ff., and 394, 

® E. Wigner, Phys. Rev. 46, 1002 (1934). 

°D. Pines, Solid-State Physics edited by F. Seitz and D. Turn- 
bull (Academic Press, Inc., New York, 1955), Vol. 1, pp. 367-406. 
(1987), Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 

957). 


the form 
E=EprtEexentEeorr 


2.210 0.916 


= + “COrrs 


i" ts 


(29) 


where the coefficients give energies in Rydbergs, the 
first term is the Fermi energy (the kinetic energy of 
the free electron gas without electrostatic interactions), 
the second is the exchange energy (i.e., the potential 
energy in the Hartree-Fock approximation), and the 
third is the correlation energy (the balance of the 
energy calculated by any more accurate method). 

At zero temperature, the Helmholtz free energy and 
the internal energy are equal, and so the DHTF 
expression (10) may be written in this case 


E=E+E,. (30) 


The energy of the ideal gas, £;, is just its kinetic energy 
and is identical with the first term of (29). The charging 
energy, E,., has been calculated on an essentially 
classical basis and cannot be broken up into an exchange 
and a correlation energy, and so must be compared 
with the sum Eexeht+ Eeorr in Eq. (29). 

These various energies (multiplied by r,) are shown 
in Fig. 3, where E.orr has been taken to be given by 
Gell-Mann and Brueckner’s expression 


Ecorr=0.0622 Inr,—0.096 ry, (31a) 


for r,<1, and by the corrected Wigner approximation 


formula’ 
(31b) 


Ecorr= —0.88/ (1,4+7.8) ry 


for r,21. The difference between F, and Eoxent+Ecorr 
is surprisingly small over the range 2<r,<6 corre- 
sponding to observed metal-valence-electron densities, 
and in fact lies at most points within the twenty 
percent uncertainty which Wigner estimated for the 
expression (31b)." At smaller values of r,, the agreement 

1 The difference between the two curves at large r, arises from 
the fact that DHTF is strictly a fluid theory, whereas the physical 


system is expected to undergo a phase change from an electron 
gas to an electron lattice at some large value of r,. The formula 
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Fic. 3. Dependence on electron density of the various electronic 
energies at zero temperature. The energy of the ideal gas is Er; 
the additional energy due to electrostatic interactions is Eexch 
+Eeorr in the quantum-mechanical calculation and E, in the 
DHTF theory. In the DHTF case, the potential energy is E>, 
and the total kinetic energy is Er+E,—E,; the circles and 
triangles denote results obtained when an exchange term is 
included in the Fermi-Dirac energy distribution function. 


becomes increasingly poorer, as one might well expect: 
For small r, the asymptotic expression (26) is valid to 
small values of r(B=1), Fig. 1, and so |F,| is much 
greater than | E,orr| ; but the electron correlation in the 
DHTF theory is purely electrostatic in origin, and 
includes nothing analogous to the Pauli-principle 
correlation which gives rise to the exchange energy in 
the quantum-mechanical theories. 

The situation can be examined in somewhat greater 
detail with the aid of Fig. 2, where the solid curves 
represent electrostatic correlation in the absence of 
exchange effects, and the dashed curve” 


n(r) 9 ssinx—x cosx\? 

No “| ¥ ) 
(which is independent of 7,) gives the exchange corre- 
lation in the absence of electrostatic effects. It is 
evident that the electrostatic correlation is more 
effective than the statistical for r, greater than about 
unity. From this follows the fact illustrated in Fig. 3 
that the DHTF energy is greater (in magnitude) than 
the exchange energy for r,>1.3. 

Though the DHTF theory as described above 
provides no statistical contribution to the correlation, 
there are two obvious modifications of the theory 
through which one might try to simulate the effects of 
such a contribution on the energy. 

First, it may be noted that Pauli-principle correlation 


(31b) has therefore been chosen so that Eexenh+Zeorr extrapolates 
to the value —1.8/r, for a bcc lattice. It would perhaps be fairer 
(at least out to the value of r, at which the phase change occurs) 
to compare the DHTF results with Wigner’s original formula which 
extrapolates to the gas value —1.5/r,; if this is done, the two 
curves agree within two percent for r,>3.5. 

12 W. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
(1934). Or F. Seitz, Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), pp. 240 ff. The exchange 
curve has the value 1(0)/mo=1/2, because the Pauli principle 
affects only half the electrons (those with spin parallel to that 
of the electron at the origin). All curves of Fig. 2 correspond to 
a “hole” of exactly one electron. 
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is independent of the electron charge. This sort of 
behavior can be incorporated easily into the DHTF 
theory by using for all \ the electron distribution which 
is calculated for \=1 "; i.e., by replacing (25) with" 


Ej} = E,=— (€/2a9)(128/9n)§b— (6/x)0 jer. (33) 


Values of E,' calculated from this expression at zero 
temperature are plotted as the dashed curve in Fig. 3. 
It may be seen that the magnitude of £,' is indeed 
greater than that of E,. However, the moderate im- 
provement at small r, is accompanied by poorer agree- 
ment at larger r,, and since the modification is quite 
artificial at best, it does not seem worth while to 
consider it further. 

A second approach is to include an exchange term in 
the distribution function (2) in the same manner as is 
done in the Thomas-Fermi-Dirac theory of the atom.!® 
At zero temperature, this leads to equations identical 
with (20) except that [e+ (¢/x)!]* appears everywhere 
in place of (¢/x)!. Although this modification produces 
rather large changes in 6 and in (¢/x),., the changes in 
b—(¢/x),. prove to be rather small. Since Eqs. (9), 
(10), (25), and (33) remain unchanged, the results 
(shown by means of circles and triangles in Fig. 3) do 
not differ greatly from those obtained without the 
exchange term, except that the « makes it impossible 
to calculate for an electron density less than 7.35 X 10”! 
electrons/cc (r,>6.03). Therefore, this second modifi- 
cation is also unsatisfactory, and all further results given 
below are for the original form of the theory. 


C. Zero-Temperature Pressure 


At zero temperature, the electron pressure is given 
by (12) and (30) as p=—0(E,+E,)/d0, which from 
(29) may be written 
_OIn(—E,) 


9 6 Inr, 


1.473 
= He 
7," 


The necessary derivatives were evaluated from Fig. 3, 
and the results are shown both the in Fig. 4 for DHTF 
energy E, and the quantum mechanical energy Lex 
+E.orr. For comparison, the contribution to the 
pressure of the Fermi energy only is also shown. 

For both the quantum mechanical and DHTF 
calculations, the equilibrium electron density corre- 
sponds to r, equals about 4.2; this is roughly in the 
middle of the observed range 217, 6 of metal-valence- 


18 This is an overestimate of the effect inasmuch as the Pauli 
principle applies only to electrons of the same spin, but is an 
underestimate at small r, in that the electrostatic correlation 
even at \=1 is much less than the Pauli correlation. 

4 The symbol E, is also used, because it can be seen that this 
expression is just the potential energy of the system; see Sec. 4C. 

1° R. D. Cowan and J. Ashkin, Phys. Rev. 105, 144 (1957). 


(34) 


0 In(—r,E,) 
—— “| ry. 


0 lnr, 





QUANTUM 


electron densities. As is well known, the free-electron 
pressure in this range is quite large (p;=39100 atmos 
at r,=4.2) so that the electrostatic effect is quite 
sizeable. 

At first glance it might appear from (34) that the 
virial theorem for Coulombic forces, 

pv sia 4 Exinetic rT 4 Enotential, (35) 
is satisfied by neither the quantum mechanical nor the 
DHTF results since neither 7,/.o,, nor 7,/, is inde- 
pendent of r,. However, it must be remembered that 
Er=E,; is the kinetic energy of the uncharged system, 
and that E.orr and E, include not only electrostatic 
potential energy but also a change in the kinetic energy 
brought about by the charging process. 

In fact, in the DHTF case the potential energy is 
just the quantity £, defined by (33) and plotted as 
the dashed line in Fig. 3. The contribution of FE, to 
the kinetic energy is thus E,—E,, and the virial 
theorem (35) may be written 


pu=3(E,+E.—E,)+4E, 
=2Fh,+4E44(E.-E,). (36) 


The last term in this expression is by no means negligible 
(as can be seen from Fig. 3), and its value agrees with 
that of the corresponding term of (34) to within 3 or 
4% over the entire range 0.25Sr,532. Since the 
graphical differentiation involved is subject to at least 
that large an error, the virial theorem may be con- 
sidered as having been verified numerically. 

The virial theorem can in fact be established analyti- 
cally (at zero temperature) in the following way'*: 
Suppose that the values of (@/x),, and of b, Eq. (25), 
are known for all values of \ for some particular 
volume, 2, per electron. Let any other volume, »,, be 
expressed in terms of 2; by means of a linear-scale- 
factor c*: 


Ve= C5, (37) 


Then from (5), (13), (14), and (19) it follows that at 
zero temperature and at volume 2, 


no= 80x! « (00) 47; (nn) « AP(/%) 04. 
Thus (¢/x). is a function only of cA, so that 
[(o /%) 2 |r, = [(b/x) eo |er.v1. 


Since the solution of (20) depends only on the value of 
(¢/x), it follows that a relation similar to (38) holds 
for b, Consequently, at zero temperature (25) can be 


(38) 


16 This proof is similar in some respects to that for the Thomas- 
Fermi atom: V. Fock, Physik Z. Sowjetunion 1, 747 (1932); H. 
Jensen, Z. Physik 111, 373 (1939). The proof can be extended to 
nonzero temperatures in a manner similar to that used for the 
unmodified DHTF theory; Cowan and Kirkwood, reference 1, 
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Fic. 4. The zero-temperature pressure of an ideal electron gas, 
and the pressure including interactions calculated both quantum- 
mechanically and from the DHTF theory 


written 


1 
E.(v.)=K f NLb— (4/1) rived (02) 


0 


2 


=Ke-4 f Cd b— ($/x) x Jerrid (CA2), 
0 


where K is the constant in (25). The contribution of 
E,(v,)= E,(c*) to the pressure is therefore 


JE, (cv) 
Pee Hy ee 
0(c8v;) 6 0c 


c OE, (c8v;) 


- 3E.( v0) — 1K[b— (d x) x | v1 
=3E,(0.)—4K[b— (6/x)m]1..6 


Since the final term here is just —}£,(v,) from (33) 
and since the contribution of E;(v,) to pv. was shown 
in (34) to be 7£;, the proof of (36) is complete. 

The compressibility of the DHTF system at T= p=0 
(obtained by graphical differentiation of Fig. 4 at 
r,=4.3) is 


«= —v(00/0p)7=69 (megabar)~. 


As might be anticipated, this value is considerably 
larger than experimental compressibilities of the alkali 
elements (8.7 for Li to 49.3 for Cs), and much larger 
than those for most other elements [of the order of 
1 (megabar)~! ].!7 


D. Low-Temperature Specific Heat 


From Eqs. (5) and (9) it can be shown with the aid 
of the asymptotic expressions for J(),'8 that to the 
second order in T 


A= Buo—4}0°(kT)?/o, (39) 


TJ. J. Gilvarry, J. Chem. Phys. 23, 1925 (1955); J. Waser 
and L. Pauling, J. Chem. Phys. 18, 747 (1950). 

18 See reference 4, or J. E. Mayer and M. G. Mayer, Statistical 
Mechanics (John Wiley and Sons, Inc., New York, p. 1940), 385, 





Bf Bs 


a 


OHTF 
——— QM (GELL-MANN) 


COWAN AND 

















° 





ar 02 os 1 
's 


Fic. 5. Ratio of the low-temperature specific heat of the electron 
gas with interactions to the Sommerfeld value Cj. 
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From (39) and (12) one obtains the familiar Sommerfeld 


= 1.3406r,27kT, 


OF; r kT 


OkT 2 wo 


thr kT 


(C.) = 


(41) 


the coefficient being for kT in Rydbergs. At low 
temperatures, the calculated values of A, can be 


written in a form analogous to (39): 


A.=A$+a(r,kT)?, (42) 


the values of A,° and a being given in Table I. The 
low-temperature specific heat of the electrons is thus 
given by 


C,/(C.)s=1—2arZkT/(C,);=1—1.4919a. (43) 


This ratio is compared in Fig. 5 with the zero-temper- 
ature expression 
C,/(C,):=[1+0.083r,(—Inr,—0.203) P, 


obtained quantum-mechanically by Gell-Mann.” (This 
last expression holds only for small r,, and has probably 


(44) 


19 M. Gell-Mann, Phys. Rev. 106, 369 (1957). 


J. G. KIRKWOOD 
been used to values of 7, larger than those for which 
it is valid.) 

At r,=4.3, the equilibrium density for zero temper- 
ature, the specific heat is 0.80 of the Sommerfeld value 
for all temperatures from zero up to about kT=} ev 
(T=0000°K). The DHTF theory thus predicts zero- 
temperature electronic energies in fairly good agreement 
with the quantum mechanical results (Fig. 3) without 
the unsatisfactory behavior of the low-temperature 
specific heat which is introduced by the exchange term 
in the Hartree-Fock approximation (C,« 7/InT).° 


5. CONCLUSIONS 


The DHTF theory described above appears to give 
quite reasonable values of the /otal energy, pressure, 
and specific heat of an electron gas at all densities. 
The reason why this can be true even though exchange 
effects (statistical correlations) are not included ex- 
plicitly is that for r,<1, the Fermi energy is much 
more important than the energy due to correlation 
effects (either statistical or electrostatic), whereas for 
r,>1, electrostatic effects automatically introduce 
sufficient correlation that the Pauli principle is essenti- 
ally satisfied. 

It must be admitted that the theory as presented 
above can claim no more than the intuitive justification 
which underlies the ordinary Thomas-Fermi theory of 
the atom. However, the calculated electron-density 
function u(r) necessarily tends to the correct values 
zero and mo as r tends to zero and infinity, respectively,” 
and also has the correct form in the limit r, equals 
infinity. This, of course, does not imply that the 
detailed form of n(r) must be right for finite r,, but it 


. is unlikely that it is too far off as long as r, is greater 


than one or two. 
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” This contrasts with the Thomas-Fermi theory of the atom, 
where the electron density has the wrong behavior in the limit of 
both small and large r. 
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Room-Temperature Ferroelectricity in Lithium Hydrazinium Sulfate, Li(N.H;)SO, 


R. Peptnsky, K. VepAM, Y. OKAYA, AND S. HOosHINO 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received May 23, 1958) 


Li(N2H;)SO, is ferroelectric over the temperature range from below —15°C to above 80°C, and shows no 
dielectric peaks between — 196°C and 140°C. No thermal anomalies are observed. The crystals are ortho- 
rhombic, space group Pbn2,, with a=8.965 A, b=9.913 A, c=5.17s A, and the ferroelectric axis is, of course, 
along c; p= 1.966 g/cc, and there are 4 molecules per cell. The coercive field is about 320 volts/cm at room 
temperature, and the spontaneous polarization is 0.30 microcoulomb/cm?. Beautiful large crystals can be 
grown from water by a variety of methods. After electroding, the crystal plates should be protected by 
silicone oil. Without such protection, reaction with normal atmosphere for prolonged time results in excessive 


conductivity. 


INTRODUCTiON 


NUMBER of hydrazine compounds show crystal 

transitions. Hydrazonium sulfate, (NeH¢)SOx, 
and the hydrazinium alums such as (N2H;)Al(SO,4)2 
-12H,0, for example, both shatter at about —50°C.! 

Lithium ammonium sulfate, LINH,SO,, exists in two 
forms.’ The 8 form, which is the stable phase at room 
temperature, shows a very pronounced dielectric anom- 
aly at about 10°C. The low-temperature phase is 
apparently antiferroelectric. Crystallographic, dielec- 
tric, and thermal studies of this material will be 
separately reported.* 

Ammonium hydrogen sulfate, (NH,)HSO,, has re- 
cently been found to be ferroelectric in the temperature 
range between —3°C and —118°C.4 This behavior of 
course recalls the ferroelectric character of (NH4).SO, 
below —49.5°C, as discovered by Matthias and 
Remeika.° 

It thus appeared wise to examine lithium hydrazinium 
sulfate, Li(NsHs)SO,, dielectrically. The abbreviation 
LHzS is used for this compound hereafter. The com- 
pound was first prepared by Sommer and Weise,® and 
grows in beautifully clear, large crystals by slow 
evaporation of an aqueous solution. Dielectric observa- 
tions immediately revealed ferroelectric behavior at 
room temperature, and indeed over a range of tempera- 
tures from below —15°C to above 80°C. Above the 
latter point conductivity becomes excessive. The crys- 
tals are fairly stable in air, and decompose with mild 
explosiveness at about 285°C. Complete stability in 
the range of ferroelectric behavior is achieved by 
coating with silicone oil. 

The first crystals examined were prepared from 
LisSO, and (NeHs5)eSOy, and showed a rectifying 
behavior which resulted in collapse of the ferroelectric 


1R. Pepinsky and K. Vedam (unpublished). 

2P. von Groth, Chemische Krystallographie (W. Engelmann, 
Leipzig, 1908), Vol. 2, p. 330. 

3 Pepinsky, Vedam, Hoshino, and Okaya (to be published). 

4Pepinsky, Vedam, Hoshino, and Okaya, Phys. Rev. 111, 1508 
(1958), this issue. 

5B. T. Matthias and J. P. Remeika, Phys. Rev. 103, 262 
(1956). 

6 F, Sommer and K. Weise, Z. anorg. allgem. Chem. 94, 51 
(1916). 


loops. This property apparently resulted from impurities 
in the hydrazine hydrate used for preparation of the 
hydrazinium sulfate. Preparation from reagent-grade 
LiyCO; and fairly pure (but not reagent-grade) (N2H¢)- 
SO, resulted in elimination of the conductivity. Storage 
in silicone, and dielectric examination without removal 
of the oil from the side surfaces, eliminates increase in 
conductivity with time. 


CRYSTALLOGRAPHIC DATA 


LHzS is orthorhombic, with space group Pbn2,, 
a=8.96, A, b=9.91; A, c=5.17s A, p=1.966 g/cc, 
Z=4 molecular units/cell. The ferroelectric axis is of 
course along c. The compound had not been examined 
crystallographically, heretofore. A structure analysis is 
in progress. 


DIELECTRIC PROPERTIES 


LHzS shows no dielectric peak between — 196°C and 
140°C. In the neighborhood of the latter temperature, 
conductivity becomes excessive. Examination on the 
ferroelectric hysteresis bridge reveals a good hysteresis 
loop from about — 15°C to 80°C. Below — 15°C the loops 
become unsymmetric and difficult to saturate. Above 
80°C the conductivity interferes with the hysteresis 
test. 

The value of the dielectric constant €, is about 14 at 
room temperature; the coercive field there is about 
320 v/cm, and the spontaneous polarization is 0.30 
microcoulomb/cm*. ¢, drops fairly uniformly to 8.5 at 
— 196°C. Thecoercive field £, is practically constant from 
70°C to 15°C; and as the temperature is lowered further, 
E. begins to rise very rapidly. E, is about 1000 v/cm at 
—15°C, below which point good loops are difficult to 
obtain. The spontaneous polarization is about 0.75 
microcoulomb/cm? at 70°C, and about 0.05 micro- 
coulomb/cm? at — 10°C. 

LHzS is possibly a ferroelectric of practical im- 
portance, despite its low spontaneous polarization. Its 
coercive field is advantageously low. Its spontaneous 
polarization is about equal to that of Rochelle salt; 
it is much lower than that of (glycine);-H2SO,4 and 
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(glycine);-H2SeO,’ and (glycine)3-H:BeF,,® however; 
and nothing is known as yet about the switching time 
of LHzS. The ferroelectric loops are not as square as 


those of (glycine) 3-H2SO, and isomorphs of the latter. 


SPECIFIC-HEAT MEASUREMENTS 


Specific-heat measurements were carried out in an 
adiabatic calorimeter, in the region from —120°C to 


7 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 
§ Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. II, 2, 
220 (1957). 
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205°C. No anomaly was detected in this temperature 
range. 
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V-Type Center Resonance of Neutron-Irradiated LiF at Room Temperature* 


Y. W. Kr, R. Kapitan, Anp P. J. Bray 
Department of Physics, Brown University, Providence, Rhode Island 
(Received May 1, 1958) 


A V-type center similar to one described by Kanzig and co-workers has been found in LiF single crystals 
neutron-irradiated at room temperature. Analysis of the s and p admixture in the electron wave function, 
using the Hamiltonian of Woodruff and Kinzig, is made from the angular dependence of the electron-spin 


resonance spectrum. 


LECTRON-SPIN paramagnetic resonance 

(ESPR) investigations at room temperature of 

neutron-irradiated LiF single crystals have yielded two 
different groups of hyperfine lines. 

The rectangular samples, approximately 0.14 in. 
X0.14 in.X0.75 in., were cleaved from large crystals 
obtained from the Harshaw Chemical Company. 
Neutron irradiation for periods ranging from 10 minutes 
to 72 hours was secured at room temperature with a 
flux of approximately 2.3X10" n/cm’sec. After ir- 
radiation, the samples were kept at dry-ice temperature 
until the ESPR experiments were performed with a 
Varian Associates Model No. 4500 ESPR spectrometer. 

The samples were rotated about a [100 ]-type axis 
in a dc magnetic field (Ho) perpendicular to the axis of 
rotation. Two distinct hyperfine groups were observed. 
One group,! in the vicinity of He~3400 gauss with a 
microwave frequency of 9500 Mc/sec, is very intense; 
the other is much less intense and is spread widely on 
both sides of the first (Fig. 1). The spacings of the 
resonances in both groups are dependent on the direc- 
tion of Hy and are conveniently analyzed in terms of the 
angle a between Hp and either of the [100]-type axes 
perpendicular to the axis of rotation. 

The observed resonance magnetic field for each of 
the weaker and widely spaced group of lines is indicated 
by a square in Fig. 2. Solid lines show the shift of each 


* Research supported by the U. S. Atomic Energy Commission. 
1 Kim, Kaplan, and Bray, Bull. Am, Phys. Soc, Ser, II, 3, 178 
(1958). 


resonance as a ranges from 0° to 45°. The pattern is 
symmetric about a=45°. The lines are distributed over 
a range of 2000 gauss with the outermost line on each 
side of the pattern being appreciably weaker than the 
others. Peak-to-peak widths of these lines are of the 
order of 50 gauss. 

The pattern of the solid lines in Fig. 2 is strikingly 
similar to the R; and R, curves of Fig. 10 in the paper 
of Woodruff and Kanzig.? A regraphing of the R; and 
R, curves of their 6 vs H diagram into our a vs Ho 
diagram yields the circles and dotted lines of Fig. 2. 
The R: and R; families are obscure in our spectrum 
because of the strong central resonance. A comparison 
of the two patterns of Fig. 2 suggests the interpretation 
that the observed weak and widely spaced lines arise 
from a V-type (F: ion) center similar to the one 
proposed by Kinzig and co-workers.?* 

The separation of the lines R; and R, for a=45° 
(@=0°) in our spectrum enabled us to determine 
a+6=951 gauss by means of the approximation formula 
Eq. (6) of Castner and Kinzig* which gives a4+-6= 887 
gauss for @=0° in their spectrum. Although a correct 
estimation of |a| is very difficult in our case, it is 
estimated to be of the order of 100 gauss by fitting at 
various @ values. Such analysis indicates that the 
characteristic shift of our curve relative to Kinzig’s, 


( 3 a. Woodruff and W. Kinzig, J. Phys. Chem. Solids 5, 268 

1958). 

*T. G. Castner and W, Kinzig, J. Phys. Chem, Solids 3, 178 
1957), 





V-TYPE 


particularly at the higher magnetic fields, is chiefly due 
to these different values of a and 6 in the spin Hamil- 
tonian.’ Using a+6=951 gauss and the theoretical 
expression’ for a+, the fraction of p-state admixture 
of the ground state is estimated to be 0.62. ‘This indi- 
cates a 30% increase of p-state admixture when 
compared with the value of 0.49 found by Castner and 
Kanzig.’ 

The large half-width (approximately 50 gauss) of 
each line is qualitatively attributed to the thermal 
broadening effect. It is not possible that the H center 
of Kanzig and Woodruff is also contributing to the 
width. The H center yields a paramagnetic resonance 

















Fic. 1. Hyperfine spectrum of neutron-irradiated LiF. The 
absorption between 3053 gauss and 3640 gauss is the central 
intense group. The much weaker lines on both sides of the intense 
group are the hyperfine splittings due to V-type centers. (a) 
a=35°; (b) a=0°. 


spectrum similar to that of the V center except that 
each line of the latter is split further. Such further 
splitting should be observable even under the present 
experimental conditions. 

The observability of a V-type center at room tem- 


4W. Kanzig and T. O. Woodruff, Phys. Rev. 109, 220 (1958). 
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Fic. 2. The resonance magnetic fields for which the R; and Ry 
lines in the spectrum of the V-type center of neutron-irradiated 
LiF are observed with a microwave frequency of 9.5 kMc/sec. 
The fields are plotted as a function of the angle a between one of 
the [100 ]-type axes and the direction of the dc magnetic field Hp. 


perature in the present experiments may arise from the 
nature of the regions of severe damage caused by the 
3Li®+ on! — ,H?+.He'+4.8 Mev reaction. The weak 
intensity of the resonances indicates that relatively few 
of the V-type centers are in environments which render 
them stable at 300°K. 

Further investigations of the V-center type reso- 
nances will attempt to determine whether the observed 
centers are characteristic only of LiF or perhaps lithium 
halides—or are present in other alkali halides which 
have received intensive neutron irradiations at room 
temperature. Subsequent work will be complemented 
by low-temperature studies which will permit much 
higher resolution. 
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Noted added in proof.—We are greatly indebted to 
Dr. Werner Kinzig of the General Electric Research 
Laboratory for communicating to us some recent results 
of his work on x-ray irradiated LiF. He has found a 
V center which is an F;~ molecule-ion associated with 
a positive ion vacancy (or possibly a vacancy pair). 
The effect of the association manifests itself essentially 
in the center group (R2 and R; components) only. It is 
just this group that we cannot observe. This center is 
thermally much more stable than the unassociated 
V center. A similar center is perhaps responsible for the 
resonances reported in this article. 
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Atomic Distribution in Liquid and Solid Neon and Solid Argon 
by Neutron Diffraction 
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(Received March 24, 1958) 


The angular distribution of 1.06,A neutrons scattered from 
liquid neon at 26.0+1.5°K and 1.7 atmospheres and that from 
solid neon and solid argon at 4.2°K were measured over the 
angular range 5° to 64°. The transmission cross section of liquid 
neon was also measured and is 2.7+0.3 barns for 1.06, A neutrons. 

The scattering pattern and corresponding distribution function 
4rr*Lp(r)—po] for liquid neon are similar in form to those of other 
measured inert gases. A study of the distribution function gives 
2.45 A, 3.17 A and 8.8 for the nearest distance of approach of two 
atoms, the most probable separation of, and the number of 


INTRODUCTION 


NOWLEDGE of the atomic distribution in liquids 
and solids is important for the theory of condensed 
systems. Information about the condensed inert gases is 
desired as these systems are the most amenable to 
theoretical explanation. The atomic distributions in 
liquid helium and liquid argon have been measured both 
by neutrons’ and by x-rays.*~* 

In the present work the angular distributions of 
1.06, A neutrons were measured for liquid neon at 26.0 
+1.5°K and 1.7 atmospheres, and for solid neon and 
solid argon at 4.2°K. The measured liquid scattering 
pattern has been transformed to the radial distribution 
function. The scattering from solid neon and solid argon 
at 4.2°K has been interpreted in terms of the known 
f.c.c. structures. The change in the number of nearest 
neighbors in neon is discussed in relation to the change 
in density during the solid-liquid transformation, and 
the distribution function is compared with that expected 
from an accepted two-particle potential for neon. 


APPARATUS 


The measurements of the angular distribution of 
scattered neutrons were made by using one of the Chalk 
River neutron spectrometers’ with the arm recording in 
the parallel rocking position. For these measurements 
the spectrometer has been modified. In the present 
arrangement of the spectrometer, a 2-in.X2-in. beam 
of neutrons from the reactor is monochromated by 
reflection from an aluminum single crystal cut in the 
Fankuchen manner so as to reflect a 2-in.X 1-in. beam. 
Collimation is by Soller slits located after the mono- 
chromating crystal and before the arm counter. The 


1D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 

2D. G. Henshaw (to be published). 

3D. G. Henshaw, Phys. Rev. 105, 976 (1957). 

*C. F. A. Beaumont and J. Reekie, Proc. Roy. Soc. (London) 
A228, 363 (1955). 

5 Gordon, Shaw, and Daunt, Phys. Rev. 96, 1444 (1954). 

®N. S. Gingrich, Revs. Modern Phys. 15, 19 (1943). 

7 Henshaw, Hurst, and Pope, Phys. Rev. 92, 1229 (1953). 


neighbors under, the first shell of atoms, respectively. It is con- 
cluded that the effective potential in the liquid has a broader bowl 
than that of the Lennard-Jones 12:6 and other similar potentials. 

The lattice parameters ao for the f.c.c. structures of solid neon 
and solid argon are 4.42) A and 5.25, A, respectively. The Debye 
temperature for solid neon corresponding to the intensity of the 
diffraction maxima is 73°K. The results suggest that the density 
change during the solid-liquid transformation cannot be accounted 
for by either a uniform depletion of atoms from, or a uniform 
dilation of, a basic structure. 


beam is monitored by a “thin” flat BF counter inter- 
posed between the monochromating crystal and the 
Sollar slits. Using 1.06, A neutrons, the scattered in- 
tensities were measured at about 210 equally spaced 
points in the angular range 5° to 64°. At each of these 
points, the total number of counts was recorded for a 
preset number of neutrons incident upon the specimen. 
The specimens of liquid and solid were formed and held 
in a 1-in. diameter aluminum cassette mounted on the 
base of the liquid helium chamber of the cryostat.' For 
these measurements the liquid helium chamber had been 
lengthened so as to hold about six liters of liquid helium. 
The arrangement of the cassette of the cryostat used to 
hold the liquid specimens is shown in Fig. 1. The base of 
the cryostat has been modified so that the cassette may 
be maintained at any temperature in the range 1.2°K 
to 400°K. The temperature controller consists of a 
former on which is wound a heater winding and a copper 
resistance winding used as a temperature-sensitive 
element. This former is suspended from the bottom 
plate of the helium chamber by means of a j-in. 
diameter, 0.010-in. thick stainless steel tube. The 
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Fic. 1. The arrangement of the scattering chamber for forming 
and holding the specimen of liquid neon. The thermal contact 
between the liquid helium and the cassette is broken by inserting 
the stainless steel plug and applying power to the heater winding, 
which causes vapor to form in the stainless steel tube. The tem- 
perature of the cassette is automatically controlled by maintaining 
the resistance of the copper resistor or carbon resistor at a preset 
value with an electronic regulator. 
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cassette is bolted to the former and the vacuum seal is 
made with indium. A carbon resistor cemented into the 
top of the cassette is also used as a temperature-sensitive 
element. The cassette may be evacuated or filled with 
fluid through a }-in. diameter nickel silver tube brazed 
into the base of the cassette. The tube passes between 
the liquid helium chamber and the inner radiation 
shield and is insulated from the liquid helium chamber 
by asbestos. The other end of the tube is soldered to a 
fitting in the top cover plate of the cryostat and is then 
connected to a valve, neon cylinder, and vacuum system 
arrangement. With the stainless steel plug removed, the 
liquid helium is in contact with the top of the cassette. 
The thermal contact between the liquid helium and the 
top of the cassette is broken by inserting the stainless 
steel plug into the stainless steel tube. With the plug 
inserted and power supplied to the heater winding, 
vapor forms in the stainless steel tube which reduces 
the heat transfer between the solid and the liquid. With 
the present arrangement it is possible to maintain a 
temperature of 30°K, with a power of 0.2 watt supplied 
to the heater winding. 

The temperature of the cassette is maintained and 
controlled by a temperature regulator based on the 
design of Dauphinee.* Using this device, the power 
supplied to the heater winding is automatically adjusted 
to maintain the resistance of either the copper or carbon 
resistor used as temperature-sensitive elements at a 
predetermined setting. It is possible to maintain temper- 
ature in the range 30°K to better than +0.5°K. 

The arrangement of the scattering chamber of the 
cryostat used for obtaining the diffraction patterns of 
the solid is shown in Fig. 2. The arrangement is similar 
to that of Fig. 1 except that the temperature controller 
is replaced by a base plate. The cassette was sealed to 
the bottom plate with indium and a 3-in. diameter 
extension protrudes into the liquid helium for a distance 
of 10 in. in order to insure good thermal contact between 
the cassette and the liquid helium. In this arrangement 
the nickel silver pressure tube is also insulated from the 
liquid helium chamber. The temperature of the cassette 
is measured and recorded by measuring the resistance 
of the carbon resistor used as a temperature-sensitive 
element. 


LIQUID NEON 


The transmission of the 1.06,-A neutrons through a 
flat 0,995-in. liquid neon specimen was measured with 
the neon at 27+1°K and at a pressure of 35 psi gauge. 
The transmission is 0.78. Using a value? of 1.20 grams/cc 
for the density of liquid neon, the calculated transmis- 


® No allowance has been made for the change in density with 
nares or temperature. These changes have been estimated and 
ound to be small and therefore have been neglected. The effects 
of these corrections would increase the liquid density and thus 
give a lower value for the total cross section. 
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Fic. 2. The arrangement of the scattering chamber of the 
cryostat for forming and holding the specimens of solid neon and 
argon. The extension of the cassette insures good thermal contact 
between the cassette and the liquid helium. The carbon resistor is 
used as a temperature-sensitive element. 


sion cross section for the specimen of liquid neon is 
2.7+0.3 barns for 1.06, A neutrons. This value is close 
to the published value of the scattering cross section, 
2.4 barns,'® and indicates that the absorption cross 
section for 1.06, A neutrons is <0.6 barn. 

The background was measured with the cassette 
evacuated and at liquid helium temperature. Except at 
angles below 10° the background was essentially con- 
stant between the lines associated with the f.c.c. struc- 
ture of the aluminum of the cassette. Below 10°, the 
background rose continuously and became very large 
for angles less than 3°. In applying a correction for 
background to the measured curves, allowance was 
made for attenuation of the background through the 
specimens using the measured transmission cross section 
for liquid neon. 

The angular distribution of 1.06,-A neutrons scattered 
by liquid neon at 26+1.5°K and 1.7 atmospheres is 
shown in Fig. 3. The scattered intensities are corrected 
for background, counter resolution in the region of the 
main diffraction peak and for multiple scattering of the 
neutrons solely in the liquid neon. No correction has 
been applied for those neutrons multiply scattered in 
both the neon and the walls of the cassette as this was 
estimated and found to be small. The statistical error 
of the measurements may be estimated from the scatter 
of the points. The curve consists in low scattering at 
small angles, a peak at 23.5°, and an oscillation about a 
nearly uniform scattering at large angles. The large 
scatter of the points in the region of 31° and 45° is owing 
to the background lines of the aluminum cassette. The 
curve has been dotted in this region. The fact that the 
scattering at small angles is low may be taken (see 
below) as evidence that the isothermal compressibility 
of the liquid is small and that the incoherent scattering 
which could arise from isotope incoherence is also small. 

The measured angular distribution of the scattered 
neutrons has been transformed to the radial distribution 
function 42r°*[_p(r)— po] by using the formula commonly 


10S. P. Harris, Phys. Rev. 80, 20 (1950). 
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Fic. 3. The angu 
lar distribution of 
1.06, A_ neutrons 
scattered by liquid 
neon at 26+1.5°K 
and 1.7 atmospheres 
corrected for back- 
ground, counter res- 
olution, and multi- 
ple scattering. The 
curve has been dot- 
ted in the region of 
31° and 45° where 
the scatter of the 
points is large be- 
cause of the intense 
background lines of 
the aluminum cas- 
sette. 
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applied to neutron scattering, which may be written? as 


2r fr” 
tar'Lo(r)-oc]=— ff si(s) sin(rs)ds, 
To 


where r=distance from an atom chosen as center, 
p(r)=atomic density at a distance r, p-=mean atomic 
density of the liquid, s=(42/\) sin(¢/2), \=neutron 
wavelength, g=angle of scattering, and i(s) = (J,—J..)/ 
[I..(1—A) ]. 7,=intensity of total scattering for the 
value s of the variable, /,,.=value of J, for s=«, and 
A=ratio of the incoherent scattering to total scattering. 
The incoherent scattering has been assumed to be 
isotropic. 

The radial distribution function 41r*[p(r)— po] was 
calculated" in steps of 0.1 A for spacing in the range 
0<r<20.0 A. The transform was calculated for A=0 
and normalized so that p(r)—0 for r-0 by choosing /, 
such that —2z’po= fo™=* s%i(s)ds, where Smax corre- 
sponds to the last measured value of s. The result of the 
calculation is shown in Fig. 4. For small spacings, the 
function 42r°[_p(r)— po] oscillates about —4ar*po, rising 
rapidly at 2.45 to a maximum at 3.17 A. Beyond 2.45 A, 
the curve oscillates about zero with an amplitude which 
decreases with increasing radius. The amplitude falls 
from a value of 6.0 atoms/A at 3.17 A to 1.15 atoms/A 
at 13.8 A, thus showing that the degree of order in the 
liquid decreases rapidly with increasing separation. The 
small oscillations for r<2.45 A are certainly spurious” 


The Fourier transforms were calculated by Dr. N. K. Pope 
using the Datatron of the Computation Center, Division of Physics 
at the Chalk River Laboratories. 

2 Similar oscillations in the distribution function for liquid 
argon® have been eliminated using an analytic extrapolation for the 
i(s) function obtained from the Born-Green theory of liquids. 
N. K. Pope, Report of the Second Informal Symposium on 
Melting, Diffusion and Related Topics, Ottawa, October 21-27, 
1957 (unpublished). 


and arise from the finite range of s over which the 
measurements could be made and from experimental 
error. These oscillations presumably extend to larger 
spacing and probably cause the irregularities in the 
curve in the region of 4 A, 8 A, and 18 A. 

In liquids of monatomic gases, 4rrp(r) should equal 
zero for spacings out to the nearest distance of approach 
of two atoms in the liquid. For the curve shown in 
Fig. 5, the average value of 4rrp(r) lies slightly below 
zero for spacing out to 2.45 A. Analysis of the neutron 
diffraction data for liquid argon? showed that the 
average value of 44rp(r) could be made equal to zero for 
spacings out to 3 A by choosing A to correspond to the 
level of the incoherent scattering. Transforms have 
therefore been calculated for several values of A corre- 
sponding to different levels of the assumed incoherent 
scattering. The average value of 4xrrp(r) became zero 
for small negative values of A. In view of the uncertainty 
in the knowledge of the liquid density, and in view of 
the large oscillations in the diffraction curve at the last 
measured value of s, it is not known whether the use of a 
negative value of A is realistic, and the transform using 
A=0 has been taken as best representing the density 
distribution in the liquid. The value A=0 implies that 
the incoherent scattering is small, in agreement with the 
conclusion drawn from the inspection of the liquid 
diffraction pattern. 

In Fig. 5 the density rises from zero at 2.45 A, which 
represents the nearest distance of approach of two atoms 
in the liquid, while the first maximum occurs at 3.17 A. 
The arrow at 3.13A represents the spacing between 
nearest neighbors in the solid at 4.2°K. The number of 
neighbors has been deduced from the atomic distribu- 
tion function assuming a peak symmetrical in 4¢rp(r), 
about the maximum in 4rrp(r). The number is 8.8 and is 
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Fic. 4. The radial distribu- 
tion function 42r*[p(r)—po] 
calculated from the measured 
diffraction pattern of Fig. 3. 
Beyond 2.45 A, the curve shows 
a series of smooth oscillations 
which decrease monotonically 
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with increasing radial spacing. 
The dotted curve represents 
—4rr*po, the negative of the 
mean atomic density. 
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similar to that found for argon* and helium? for tempera- 
tures and pressures near their freezing points. 


SOLID NEON 


The angular distribution of 1.06,-A neutrons scattered 
by solid neon at 4.2°K and at atmospheric pressure is 
shown in Fig. 6. The solid neon was formed in the 
cassette by cooling it to liquid helium temperatures, 
admitting neon gas at a pressure of 250 psi gauge, and 
allowing it to freeze in the cassette. The freezing process 
was followed by recording the temperature of the 
cassette as a function of time. The cassette was valved 
off when the temperature of the cassette fell to 4.2°K. 
The scattered intensities are corrected for background 
and for multiple scattering. No correction has been 
applied for neutrons scattered in both the neon and the 
walls of the cassette as this correction was estimated and 
found to be small. The diffraction pattern consists in 
lines superimposed upon a diffuse background which 
increases with increasing angle. The fact that the small- 
angle scattering is low is again taken as evidence in 


RADIAL SPACING (ANGSTROMS) 


support of the hypothesis that the incoherent scattering 
which could arise from isotope incoherence is small. 
To deduce the lattice parameters corresponding to the 
face-centered cubic structure, it is necessary to deter- 
mine whether the solid formed in the cassette was a 
powder since large-crystal formation could cause the 
position of the diffracted lines to be in error by the 
resolution of the instrument. In order to show that the 
solid formed was a powder, the crystal-structure scat- 
tering intensities are plotted semilogarithmically versus 
sin’# in Fig. 7. The Debye-Waller temperature factor for 
a given substance causes the crystal-structure scattering 
intensities to vary exponentially with sin’@ and thus for 
a powder specimen, the plot of the crystal-structure 
scattering intensities should be linear in the semi- 
logarithmic plot of Fig. 7. Within the accuracy of the 
measurements a straight line best represents the varia- 
tion, thus showing that the solid formed can be con- 
sidered a powder. The slope of the line corresponds to 
a Debye temperature of 73°K. In determining the 
intensities under the diffraction peaks, no allowance 
was made for the structure in the thermal diffuse 
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RAMAL SPACING (ANGSTROMS) 


Fic. 5. The atomic distribution function 4rrp(r) corresponding 
to the curve of Fig. 4. The arrow at 3.13 A represents the measured 
spacing between two atoms in the solid at 4.2°K. The nearest 
distance of approach of two atoms in the liquid is 2.45 A, while the 
number of neighbors around each atom in the liquid is 8.8. 


scattering™ which results in sharp peaks in the immedi- 
ate vicinity of each hkl reflection. Because of this effect, 
some errors could be expected in the determination of 
the Debye temperature. 

Seven diffraction lines were observed in the pattern 
for solid neon. The positions of the observed lines to- 


TABLE I. Measured d spacings and calculated lattice parameter 
for solid neon. 





Calculated lattice 
parameter do as- 
suming f.c.c. 
structure (A) 


4.42, 
4.43, 
4.42; 
4.43, 
4.42, 
4.435 
4.41¢ 
Average d)=4.425 A 


Measured 
spacing (A) hkl 


2.555 111 
2.215 200 
1.564 220 
1.33 311 
1.27, 222 
1.10; 400 
1.61, 331 


Position 
number 





gether with the calculated d spacing are listed in Table I. 
On the basis of a face-centered cubic structure the 
lattice parameter ao has been deduced for each of the 
line positions on the basis of the assigned values of Al. 
The average value of do is 4.42, A, while the maximum 
deviation of a measured d spacing from the mean is 
0.019 A. The calculated density of the solid at 4.2°K, 
using the above lattice parameter, is 1.54 gram/cc, 
while the separation between nearest neighbors is 
3.132 A. 


SOLID ARGON 


The angular distribution of 1.06,-A neutrons scattered 
by solid argon at 4.2°K and at atmospheric pressure has 
also been measured. The solid argon was formed in the 
cassette by first forming liquid argon in the cassette and 
then cooling the assembly rapidly to 4.2°K by filling the 
helium chamber of the cryostat with liquid helium. The 
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NEUTRON DIFFRACTION BY SOLID NEON 
NEUTRON WAVE -LENGTH 1.06, A 
NEON TEMPERATURE 4.2 °K 


Fic. 6. The angu- 
lar distribution of 
1.06, A neutrons 
scattered from solid 
neon at 4.2°K cor- 
rected for back- 
ground and multiple 
scattering. The curve 
has been dotted in 
the region of 32° and 
45° where the accu- 
racy of the measure- 
ments is low owing 
to the large back- 
ground lines from the 
aluminum cassette. 
The position of the 
lines has been fitted 
to the known f.c.c. 
structure in which 
ao=4.42, A. 
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43 B. E. Warren, Acta Cryst. 6, 803 (1953), 
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resultant pattern consists in lines superimposed upon a 
large incoherent background. 

Eight diffraction lines were observed in the pattern 
for solid argon. The measured spacings corresponding to 
the positions of the diffracted lines are listed in Table IT. 
The lattice parameter dy has been deduced for each of 
the measured line positions on the basis of the assigned 
values of hki corresponding to the face-centered cubic 
structure. The average value of do is 5.25. A, while the 
maximum deviation of a measured line position from the 
mean is 0.01 A. The density of the solid at 4.2°K calcu- 
lated from the measured lattice parameter is 1.83 
grams/cc, while the separation between nearest neigh- 
bors is 3.717 A. 

The value of the lattice parameter reported here is 
smaller than the value of 5.31+0.01 A extrapolated 
from higher temperature x-ray measurements." Thus 


D NEON 
TEMPERATURE 4.2 °K 
NEUTRON WAVE LENGTH 


Fic. 7. The crystal-structure scattering intensities plotted as a 
function of sin*# for the diffracted lines of Fig. 6. The points fall on 
a straight line showing that the solid formed was a powder. The 
slope of the line corresponds to a Debye temperature of 73°K. 


the neutron measurements give a higher value for the 
calculated density at 4.2°K, which implies a larger value 
for the expansivity of solid argon at low temperature 
than deduced from the x-ray measurements. 


DISCUSSION 


The most probable separation of, and number of 
neighbors under, the first shell of atoms is 3.13 A and 12, 
and 3.17 A and 8.8 for the solid and liquid neon, re- 
spectively. On the basis of a uniform dilation of a basic 
structure, the change in density calculated from the 
change in separation is 4% while on the basis of a 


4 E, R. Dobbs et al., Nature 178, 483 (1956), 
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TABLE II. Measured d spacings and calculated lattice parameter 
for solid argon. 


Calculated lattice 
parameter do as- 
suming f.c.c. 
structure (A) 


Measured 
spacing (A) 


3.03, 
2.623 
1.86, 
587 
52; 


314 


Position 
number 


rrN nnn nn 


ll 
v 


Average do=5.7 


uniform depletion of atoms from a basic structure, the 
change in density calculated from the change in the 
number of nearest neighbors is 27%. The actual change 
in density is estimated to be ~10%. Thus these results 
imply that the change in density during the solid-liquid 
transformation cannot be accounted for either by a 
uniform depletion of atoms from, or by a uniform dila- 
tion of, a basic structure. This is in agreement with the 
interpretation of the measurements of liquid argon* and 
liquid helium.” 

A knowledge of the effective interatomic potential 
together with the atomic distribution function allows all 
the thermodynamic properties of a liquid to be calcu- 
lated. The positions where the density rises from zero 
(density cutoff) and the maximum in the atomic 
distribution function have been previously compared® 
with that expected from known two-particle potentials 
for argon. On the basis of the Lennard-Jones 12:6 po- 
tential, the expected ratio should be 0.89. The actual 
measured ratio for liquid argon? was 0.79. It was con- 
cluded from this that the bow! of the effective potential 
in the liquid argon is wider than that of the Lennard- 
Jones 12:6 potential and other similar potentials. The 
ratio of these spacings in liquid neon is 0.77, which is 
within experimental error the same as measured for 
liquid argon. On the basis of the similarity of neon and 
argon, these results then indicate that the form of the 
effective potential in liquid neon has a broader bowl 
than that given by the Lennard-Jones 12:6 and other 
similar potentials. 
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Ferrimagnetic resonance experiments have been performed on single crystal spheres of yttrium iron 
garnet (Y;Fe2(FeO,);) at 24 kMc/sec. At 4.2° the line width measured with the steady field along [100] 
is 15 oe, as compared with 30 oe at 295°, 400 oe at 65°K. At liquid helium temperatures the crystal is appar- 
ently cubic. There is a strong anisotropy in line width. Except for the case of the field along [100], the line 
width varies strongly with temperature in this temperature region. A large magnetocrystalline anisotropy 
is indicated by the variation in field for resonance with direction. This ranges over 3000 oe. The maxima 
and minima in this field indicate that terms of higher order than the K, and K terms used hitherto will be 
necessary for the description of the anisotropy energy surface. Thus, at 4.2°K, apparently [100], [110], 
and [111] are all hard directions, and the easy directions are exactly or close to [112], [221], and [123]. 


N a recent paper! the over-all results of ferrimagnetic 
resonance experiments on single crystals of yttrium 
iron garnet were described. A part of the interest in 
these measurements arose from the very narrow reso- 
nance lines observed and in the well-defined peak in the 
line width between liquid hydrogen and liquid helium 
temperatures. In the course of these measurements 
particularly interesting properties were observed at 
liquid helium temperatures. For brevity it was necessary 
to omit more than a mention of these properties from 
the first Letter to the Editor. This paper gives in some 
detail the low-temperature results on line width and the 
variation of the field for resonance with crystal direction 
and temperature. 


SPECIMENS 


The results quoted in this paper were obtained on two 
polished spheres 0.0107 in. and 0.0080 in. in diameter 
of Y;Fe.(FeO,)3. Measurements on these particular 
spheres form an important part of reference 1. The 
single-crystal x-ray structural determinations reported 
by Geller and Gilleo? were also obtained with the 
0.0107-in. sphere. These were from a batch of single 
crystals grown by J. W. Nielsen. The results for these 
two spheres are typical of measurements on other 
spheres obtained from the same batch of crystals. 
Thus a considerable body of work has been done on 
these specimens. 

Parenthetically it must be noted that the resonance 
behavior of crystals of another growth batch was 
examined and found to be quite different from that 
reported here. The height of the line-width peak near 
50°K was considerably lower, and there was no complex 
anisotropy at liquid helium temperatures. It is thought 
that the significant difference between these two batches 
was in the rate at which they were cooled from about 


* The results presented were described in a pe er delivered to 


the American Physical Society, January 30, 1957 [J. F. Dillon, Jr., 
Bull. Am. Phys. Soc. Ser. II, 2, 22 (1957) ]. 

1 J. F. Dillon, Jr., Phys. Rev. 105, 759-60 (1957). 

2S. Geller and M. A. Gilleo, Acta Cryst. 10, 239 (1957); 


S. Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30-36 (1957). 


1000°C. This matter will be the subject of further 
studies. The specimens were mounted on sapphire rods 
in such an orientation that one of the principal axes of 
the crystal was parallel to the axis of the rod. 

The measurements were made using a semiautomatic 
24-kMc/sec ferrimagnetic resonance spectrometer de- 
signed by Geschwind.’ A glass inner Dewar* containing 
liquid helium was affixed to a Styrafoam outer vessel 
which contained liquid nitrogen. At the bottom of the 
inner Dewar a fine tip containing the specimen rod 
projected through the Polyfoam into the microwave 
cavity. Thus during all these experiments the sample 
was actually immersed in liquid helium. The tempera- 
ture was derived from the pressure above the helium. 


FIELD FOR RESONANCE 


The first striking feature noted in this part of the 
experiments was the very complicated variation of the 
field for resonance with crystal direction. In Fig. 1 (a) is 
a polar plot of Hyes at 4.2° as the steady field is moved 
around the (110) plane. At 20°K there was no such 
complicated behavior. In order to investigate this 
further, the crystal was remounted twice, so it could be 
rotated first about [100] and then about [111]. The 
courses of the field for resonance in (100) and (111) are 
given in Figs. 1 (b) and (c), respectively. Obviously, by 
using these sections as fins we can construct a skeletal 
field-for-resonance surface. Note that the field for 
resonance is spread over some three thousand oersteds. 
The principal directions are all apparently hard direc- 
tions. The only absolute minimum seems to be very 
close to the directions (123), a rather high index. The 
anisotropy still appears to be cubic. One of the reasons 
for examining the field for resonance about these three 
axes was to determine whether the crystal was still 
cubic (neglecting the magnetization). Note that the 
variation of Hrs is so large compared to the line width 


3 The author wishes to express his thanks to S. Geschwind for 


the use of this spectrometer. 
ame Geschwind, Machalett, and Dillon (to be pub- 
lished). 
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Fic. 1. Curves showing the variation of the field for resonance 
with crystal direction in YIG. (a) Hyes in (110) at 23 787 Mc/sec, 
(b) Hyes in (100) at 23 712 Mc/sec, (c) Hres in (111) at 23 622 
Mc/sec. The directions (100), (110), (111) all appear to be absolute 
maxima, and the deepest minimum seems to be at (123). Except 
in this low-temperature range, this type of curve for YIG has a 
maximum along (100), a minimum along (111) and a saddle along 

110). Such slight deviations from symmetry as appear in these 
curves probably arise from a slight crystal misorientation. 


that it is possible to determine these curves very accu- 
rately. It is quite simple to locate the minima in the 
(110) plot of Fig. 1(a) to about 0°5’. These are found 
to lie within about 1° of (221) and (112), respectively. 
The angular position of each of these minima shifts 
about 0°30’ with respect to the crystal axes as the 
crystal is cooled from 4.2 to 2.6°K. Figure 2 shows the 
variation of the field for resonance with temperature. 
Curves are plotted for each of the maxima and minima 
in (110). 

The difficulty in determining the anisotropy surface, 
which is discussed later, led us to determine g inde- 
pendently with H along the three principal directions. 
This was done at 4.2°K by measuring the fields for 
resonance at several frequencies. The three values were 
identical, and were g= 1.94+0.01. 


LINE WIDTH 


Measurements of the line shape were made at each 
maximum and minimum of the field for resonance in 


RESONANCE IN 


Y;Fe:, (FeQ,)3 


9 10 11x 107 
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(110). In every case the line was apparently Lorentzian. 
There was some trace of other magnetostatic modes 
than the uniform precession. However, there was no 
ambiguity about the identity of the spatially uniform 
precession. Let us designate as Hix the field for 
resonance with the steady field along [ hkl], and AH px 
as the corresponding line width. The temperature 
variation of the line widths for the directions of maxima 
and minima in Hn in (110) are given in Fig. 3. The 
AH 100; barely varies in the temperature range plotted 
whereas AH\1:0; changes by a factor of two. The line 
widths with the steady field along the other directions 
do vary somewhat with temperature, and are spread 
between the two curves mentioned. The shape of the 
curves very strongly suggests that the line widths with 
the field along all the crystal directions approach the 
same value as the temperature is lowered toward 
absolute zero. On comparison of these curves with 
those of Fig. 2, we see that the greatest line width is 
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Fic. 2. The field for resonance plotted against temperature for 
the directions of the maxima and minima of Fig. 1(a). Note that 
Ho moves very little and H119 most rapidly. 


associated with the fastest variation of Hix. with 
temperature, and similarly for the narrowest line width. 
The value of AHj190; at 4.2°K is considerably smaller 
than that for the same sphere at room temperature. 


ANISOTROPY 


We would like to extract from Hj. a description of 
the anisotropy surface as well as a value for the spec- 
troscopic splitting factor g. In the case of other cubic 
materials studied in the past, it has been possible to 
take Hy100, Aig, and Hy along with the frequency 
and extract from them values of Ki/M,, K2/M,, and g. 
These were thought to be meaningful when the energy 
implied by K2/M, was found to be much smaller than 
that implied by K,/M,. When the second-order energy 
was large relative to the first order, the suspicion has 
arisen that higher order terms ought to be brought into 
the expression describing the anisotropy surface. 

The anisotropy energy is a function of the direction 
cosines a1, a, and a; of the magnetization with respect 
to the crystal axes and, consequently, of the polar 
angles of the magnetization. It may thus be expanded in 
spherical harmonics. Combination of the spherical 
harmonics which are mutually orthogonal and which 
possess cubic symmetry are available,’ and provide the 
most natural system for expansion. Clogston, Walker, 
and the author have sought to express the anisotropy 
energy surface corresponding to the data of Fig. 1 


5 F. C. von der Lage and H. A. Bethe, Phys. Rev. 71, 612-622 
(1947) ; Betts, Bhatia, and Wyman, Phys. Rev. 104, 37-42 (1956). 
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Fic. 3. Variation of ferrimagnetic resonance line width in the 
temperature range from 2.6 to 4.6°K. We define line width as 
the field interval between points of half the maximum y”’. Note 
that AH varies very slightly with temperature when Hap lies 
along the fourfold direction, somewhat more for the threefold 
direction. For the field along [110], AH is much larger and varies 
more rapidly with temperature. The directions designated ~[112] 
and ~[ 221] are the directions of the minima in Fig. 1(a). 


using harmonics up to the tenth degree in the a’s. It 
was not possible to obtain a satisfactory fit to the data 
assuming these terms and the concept of an isotropic g. 
We hope to consider this problem further. 


CONCLUSION 


The data presented here show clearly some new 
features in the low-temperature resonance behavior of 
yttrium iron garnet. In summary, we may briefly list 
some of these: 

1. The surface Hix is quite highly convoluted 
below 5°K. It seems to imply higher order anisotropy 
terms which we have not succeeded in evaluating. 

2. The line widths with Ha along various [Akl] 
appear to approach the same value as absolute zero is 
approached. The loss mechanism giving rise to AH, 
which is associated with the line-width peak just below 
65°K, is largely frozen out below 5°K. 

3. There appears to be a correlation between the 
AH nxn and the rate at which Hj. varies with tem- 
perature. 

It wlll be important to find which of these properties 
are specific to YIG and which are typical of any nearly 
perfect high-resistivity ferrimagnet. 
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F'® Hyperfine Interaction in the Paramagnetic Resonance Spectrum 
of Mn** Ions in ZnF, 
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The observation of a predominantly isotropic fluorine hyperfine interaction in the paramagnetic resonance 
of Mn** ions dissolved in a ZnF, crystal has been interpreted in terms of the contact interaction of the 
unpaired d electrons of the Mn** ion at the fluorine nucleus. The distortion produced in the free-ion orbitals 
of the Mn** 3d electrons due to the electrons of the F~ ion has been considered. The calculated value of the 
isotropic hyperfine interaction constant is 10 oersteds, which is about half the experimental value of 19 
oersteds. The qudrupole interaction of the Mn** d electrons with the crystalline field gradient, calculated 
on the point charge model, is found to produce a very small change in the theoretical value. The principal 
causes which contribute to the quantitative disagreement between the theoretical and the experimental 


values are also discussed 


INTRODUCTION 


INKHAM(' has recently studied the paramagnetic 

resonance spectrum of Mnt* ions dissolved in 
ZnF>. He found a fine-splitting of the resonance spec- 
trum which could only be explained by postulating an 
interaction of the form A rlr-S+Bpr(3lr.S.—I¢-S) 
between the electronic spin of the Mn** ion and the 
spin Ip of each of the nearest-neighbor F'* nuclei. 
Shulman and Jaccarino? and later Baker and Hayes* 
studied the F'’ nuclear magnetic resonance spectrum 
in a number of iron group fluorides including MnF, 


and found large paramagnetic shifts for the F reso- 
nance frequency in each case. They explained this shift 
by assuming the same interaction as that proposed by 
Tinkham. Since the electron-spin relaxation time was 
short compared to the F'* Larmor precession frequency, 


“i 


each of the F" nuclei “saw” a Boltzmann distribution 
among the spin levels of adjacent Mn** electronic 
spins. Hence they experienced an effective magnetic 
field due to the latter. Bleaney* has made an interesting 
correlation between the data of Tinkham and those of 
Shulman and Jaccarino. All these authors have pointed 
out that each of the Mn*t* d electrons spends an 
appreciable fraction of time near the neighboring F” 
nuclei and hence leads to the above interaction. Tink- 
ham® made use of the observed values of Ar and Br to 
estimate the effective 2s and 2p characters of each 
nearest-neighbor F~ ion in the Mn** unpaired electrons. 

In this paper we attempt to calculate Ar from a 
purely theoretical standpoint and compare it with 
experiment. The problem is the following. A Mnt* ion 
is placed at a lattice point normally occupied by a Zn** 
ion in the ZnF» lattice. We have to compute the charge 
density at the positions of the nearest-neighbor F”, 
nuclei due to the unpaired electrons on the Mn** ion. 


* Holder of a Government of India, Department of Atomic 
Energy Fellowship. 

1M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956). 

2 R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956). 

3]. M. Baker and W. Hayes, Phys. Rev. 106, 603 (1957). 

4B. Bleaney, Phys. Rev. 104, 1190 (1956). 

5M. Tinkham, Proc. Roy. Soc. (London) A236, 549 (1956). 


The Mn** unpaired electron orbitals get deformed 
from their free-ion forms by interaction with the sur- 
rounding F~ ions. There are two kinds of distortion. 
The first distortion may be termed a Pauli distortion 
of the type emphasized by Gourary and Adrian® in 
their paper on the hyperfine interactions of F-center 
electrons. Thus, in computing the electron densities at 
the F nuclei we have to consider a determinant con- 
sisting not only of the Mn** unpaired electrons but 
also the closed-shell electrons of the neighboring F- 
ions. It may be shown, as in IJ, that this is equivalent to 
considering the unpaired electrons alone but with their 
orbitals orthogonalized to the closed-shell orbitals of 
the F~ ions. This distorts the unpaired electron orbitals 
from the free-ion Mn** d orbitals. In Sec. I it wlll be 
shown that using Hartree-Fock orbitals for Mnt+*+ and 
F- ions, a consideration of the Pauli distortion effect 
leads to an isotropic hyperfine interaction of the un- 
paired electrons with the F' nucleus which is about 
half the observed value. The second distortion arises 
out of the electrostatic interaction of the Mn** d elec- 
trons with the nuclei of the nearest-neighbor F~ ions 
and the Coulomb and exchange interactions with the 
electrons of the F~ ions. The evaluation of the effects of 
the Coulomb and exchange interactions of the F~ ion 
electrons on the Mn** electrons would need evaluation 
of a number of complicated two-center integrals termed 
the resonance and exchange integrals. These integrals 
are not only difficult to compute but are also likely to 
be very inaccurate unless calculated by a self-consistent 
procedure.’ In molecular orbital calculations it is the 
usual practice, for interactions between ?p electrons, to 
use semiempirical approximations for these integrals. 
In view of these difficulties, we shall only speculate in 
Sec. II on the qualitative effects of the distortion of this 
latter type. A small part of this distortion may be 
evaluated using a point charge model for the crystalline 
field around the Mn** ions. It has been found that the 


6B. S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957). 
(Hereafter referred to as I.) 
7W. Moffitt, Proc. Roy. Soc. (London) A196, 510 (1949). 
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Fic. 1. Unit lattice of ZnF: crystal. Hollow circles denote 
negative ions and full circles denote positive ions. Arrows indicate 
the principal axes (in reversed direction) of the field gradient 
tensor at the nucleus of the body-center positive ion. 


distortion produced by the quadrupole component of 
this crystalline field is negligible. The effects of electron- 
electron correlation not taken into account in the 
Hartree-Fock picture will also be considered qualita- 
tively. 


I. ESTIMATION OF Ar DUE TO THE 
PAULI CORRELATION EFFECT 


ZnF; has a rutile structure. The unit cell is tetragonal, 
but the environment around each Zn** ion has only 
orthorhombic symmetry. The nearest-neighbor F~ ions 
are arranged as follows: There are four equivalent F- 
ions (type I) at the corners of a rectangle around the 
Zn** ion (Fig. 1), each at a distance of 2.03 A from the 
latter. Another pair of F~ ions (type II) are situated 
symmetrically about the Zn** ion (each at a distance 
of 2.04A from it) on a straight line through it per- 
pendicular to the plane of the above rectangle. Tink- 
ham* has found that with a Mn** ion at the Zn** ion 
lattice site, the experimental values of A r' and Ar" for 
the two inequivalent sets of F~ ions are 19+1 oersteds 
and 16-+1 oersteds, respectively. 

Fermi’s formula® for the contact interaction between 
a nucleus with spin Iy and a set of electrons is given by 


5a = (16/3) yBBx(| 5 6(r,—tw)Iv-si|#), (1) 


where s; is the spin of the ith electron and the sum- 
mation over i extends over all the electrons. ® is the 
determinantal wave function including all the electrons. 
y is the gyromagnetic ratio for the F” nucleus, while 
8 and By are the Bohr and nuclear magnetons, respec- 
tively. As pointed out in the Introduction, following 
Gourary and Adrian we have to take account of the 
Pauli correlation between the Mn** d electrons and the 
electrons on the nearest-neighbor F~ ions. For this 


8 E. Fermi, Z. Physik 60, 320 (1930). 
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purpose, we have to take the determinantal function 
® as 


1 
p= ee ze, (—)? Poa(1)a1(2)ba0(3) ba. 1(4)ba_2(5), (2) 
(5!)t P 


where 
(3) 


oa=NoOYWa-— dX aundaum | 
Mm 


Wai is an unorthogonalized 3d function of Mn++ (i= +2, 
+1, 0), and Warm is the mth wave function (1s, 2s, or 2p) 
on the Mth nearest-neighbor F~ ion. 


Ommi= (Wail Warm) (4) 


is the overlap of the Mn** d; orbital and the F--electron 
orbital VMm- 

Ni=1-—Doum aun? (5) 
is a normalization factor. The @4;’s are now orthogonal 
to the orbitals of the nearest-neighbor F~ ions. It then 
follows from Eqs. (1), (2), and (3) that in units of field 
(oersteds) 


A p= (169/15)BvurNo[ a aron0W roe | 6 (tr) | Wares) 
—2amooWdo|5(rr)|Ware.) ], (6) 


where ur is the magnetic moment of F” in nuclear 
magnetons (8y). The Mn**+—F> line is chosen as the 
z axis. In deriving Eq. (6) we have made the following 
assumptions : 


(i) We have neglected the direct terms of the type 
(Wa:|6(rr)|Wa.), which were found to be extremely small 
in comparison to the other terms included in the square 
brackets in Eq. (6) (about 10~* of the first term and 
10~ of the second). 

(ii) We have ignored the overlaps between the F- 
ions themselves. 

(iii) We have also neglected the overlaps of the 
Mn** do electron with the inner shell 1s electrons of 
the F- ions. 


For a preliminary orientation, Slater nodeless orbitals 
were used for both Mn** dp electron (Z~—s=5.6) and 
F- 2s electrons (Z—s=4.85) in the calculation of the 
overlap dr20. It is found that @720=0.17 for F~ ions 
of type I. 

For calculating (Wro.|6(rr)|Wre.) and (Wroe|5(rr) | ao), 
we used for the F~ orbital Tubis” recently calculated 
variation function, while for Mn**, Slater orbitals were 
still used. We then get A r'=72 oersteds. The first term 
in (6) contributes the major portion in the value of A r'. 

If we had ignored the nonorthogonality of Yao and 
Vie, we would have got only the term (Wao|6(rr) | Pao) 
in the brackets of (6). This would give a value of 0.02 
oersteds only for Ar!. The results of this section thus 
emphasize the importance of considering the overlap 
between Mn*t+ 3d orbitals and the F~ 2s orbitals. 


9A. Tubis, Phys. Rev. 102, 1049 (1956). 





Fi9 


However, the quantitative agreement with the experi- 
mental value of 19 oersteds is not good. 

It will be seen from the discussion of the next para- 
graph that this overestimation is to be expected with 
Slater functions. The calculations were therefore re- 
peated with currently available self-consistent field 
(S.C.F.) functions (with exchange)" for Mn++ 3d 
and F~ 2s orbitals. 

It is seen from Figs. 2 and 3 that in the peripheral 
regions, the Slater orbitals for both the Mn++ 3d state 
and the F~ 2s state lie markedly above the S.C.F. 
orbitals. In particular, at a value of r=3.8 a.u. from 
the Mn*+ ion, where the nucleus F” is situated, the 
Slater wave function is nearly a factor of 20 bigger than 
the Hartree-Fock function. This explains qualitatively 
the very large value of A r! obtained in Sec. I. 

In recalculating the overlaps and other integrals in 
Eq. (6) using S.C.F. orbitals for Mn*+* 3d and F~ 2s 
states, analytic fits are needed for the numerically 
tabulated wave functions. In doing this we followed 
the procedure outlined by Léwdin" and obtained 


¥untt(3do) =r" De A xe 2°(0,0), (7) 


¥r-(2s)= (r0'—1) ox Bre Y0°(8,4), (8) 


where 
A,=0.11148, A2=8.74253, 
a,=1.47111, a,=2.68324, a;=5.62181, 
B,=0.12254, B.=5.30446, B;= 30.0, B,=12.4, 
1= 1.26746, be=2.12980, b3;=3.97955, b,=8.61754, 
ro = 0.24410. 


A;=68.28978, 
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Fic. 2. Comparison of the radial dependences of the electronic 
charge density |ysao|* in the Mn++ ion along the 6=0 direction 
for Slater and Hartree-Fock wave functions. Curves I and II 
give the charge densities obtained using Slater’s nodeless orbital 
and Hartree-Fock orbital, respectively. 

D. R. Hartree, Calculation of Atomic Structures (John Wiley 
and Sons, Inc., New York, 1957), p. 173. 

1 C, Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957). 

2 P, Léwdin and K. Appel, Phys. Rev. 103, 1746 (1956). 
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Fic. 3. Comparison of the radial dependences of the electronic 
charge density |y¥2,|? in the F~ ion for Slater and Hartree-Fock 
wave functions. Curve I represents the charge density for Slater’s 
nodeless orbital and Curve II shows that obtained using the 
Hartree-Fock orbital. 


For the Mn** 3d orbitals, the fit of the analytic function 
to the numerical table is within 10% from large dis- 
tances down to about 0.2 a.u. from the nucleus. For a 
good fit in the inner regions an additional exponential 
term would be necessary in Eq. (7). However this 
inner region of the Mn** ion contributes nothing sig- 
nificant to the F”® hf interaction. For F~ 2s orbitals, 
the analytic fit with the numerically tabulated function 
is within 1% over the whole range of r. 

With these wave functions, the values of Ar! and 
Ar"! were calculated to be 10.3 oersteds and 9.8 
oersteds, respectively. We thus see that the use of 
Hartree-Fock wave functions improves the agreement 
with experiment considerably. The calculated values 
are still about a factor of 2 less than the experimental 
results. The possible causes which could produce this 
discrepancy are discussed in Sec. III. It is gratifying 
that the treatment of this section explains a fairly sub- 
stantial portion (about 16%) of the observed difference 
between Ar! and Ar! and what is more important, in 
the right direction. 


II. EFFECT OF VARIOUS SOURCES OF 
CORRECTION ON Ar 


In this section the effects on Ar of a number of 
factors not taken into account in Sec. I shall be con- 
sidered. We first discuss the correction factors within 
the free Mn*+ ion and next those due to the sur- 
roundings. 

While calculating the Pauli distortion effects on the 
Mn** d electrons by the F~ electrons, we have taken 
for the free-ion orbitals in both cases the S.C.F. Hartree- 
Fock wave functions. The Hartree-Fock calculation 
takes into account only the isotropic part of the inter- 
electronic potential energy in the form of an additional 
central potential. But it disregards the statistical corre- 
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Fic. 4. Comparison of the radial dependences of the electronic 
charge density |y¥:,|? in the normal He atom using two different 
wave functions. Curve I refers to the Morse-Young-Horowitz wave 
function neglecting electronic correlation. Curve II refers to the 
Hylleraas three-parameter function which takes correlation into 
account. 


lation between the positions of the electrons themselves. 
From physical considerations it is expected that this 
correlation effect will tend to reduce the electron density 
in the central region and push the electron cloud both 
towards the periphery as well as towards the nucleus. 


This is demonstrated in Fig. 4 where we compare the 
charge densities for the helium atom obtained by a 
S.C.F. procedure with those obtained from a Hylleraas 
3-parameter wave function. The correlation effects 
within the Mn** and F~ ions will thus increase the 
overlap terms dmmi in Eq. (4) and also the 6-function 
integrals in Eq. (6). These corrections will tend to 
increase the calculated value of Ar and bring it closer 
to experiment. 

We shall now discuss the correction factors due to 
sources external to the ions. The orbitals of each ion 
(aside from Pauli distortion effects) will be deformed by 
electrostatic interactions with the nuclei and electrons 
of other ions. We can divide these corrections up into 
two parts, (a) the electrostatic interactions with the 
nuclei and electrons of the nearest-neighbor ions and 
(b) that with other than nearest-neighbor ions, to be 
termed distant ions henceforth. 

Effect (b) can be estimated by considering the distant 
ions as point charges and calculating the crystalline 
field due to them. We have analyzed the effects of the 
quadrupolar component of this crystalline field on the 
Mnt** d orbitals. It is seen to lead to a deformation of 
the orbitals which produces a change in A, less than 
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10~ of its value."* There is no reason to suppose that 
higher multipole components will contribute anything 
more significant. 

Finally we consider the electrostatic interaction of the 
Mn** 3d electrons with the nearest neighbor ions. We 
have the following: (a) direct electrostatic interactions 
with the F~ electrons and nuclei, and (b) exchange 
interactions with F~ electrons of parallel spin. 

The effect (a) will alter the Mn** orbitals as well as 
the F~ orbitals leading to change in the overlaps dm; 
involved in Eq. (6) for Ay. However, the direction of 
this change cannot be predicted without actual calcu- 
lations which involve the difficulties emphasized in the 
introduction. 

Thus the exchange interaction (b) will cause the 2s 
orbitals of F~ ions with spins parallel to the Mn*+ d 
electrons to be different from those with spins anti- 
parallel. This will produce a net unbalance in the spin 
density of the F~ 2s electrons at each F’ nucleus leading 
to an additional contribution to Ay. This effect is 
analogous to that discussed by Heine™ and by Wood 
and Pratt" for the nuclear hyperfine interaction within 
the free Mn** ion itself. 


CONCLUSION 


It is clear that the simple theoretical approach of 
Sec. II starting from an undistorted Mn*+ ion placed 
within an environment of surrounding F~ ions does 
give satisfactory semiquantitative agreement with ex- 
perimental results. The various sources of correction to 
this simple calculation which are discussed in Sec. II 
will possibly improve the agreement with experiment. 

It is interesting to note that a determinant built out 
of the orthogonalized orbitals $4; in (2) will now include 
some L=2 part and L=4 part in addition to the pre- 
dominant L=0 part that was present in the free ion. 
This would contribute to a small shift in the spec- 
troscopic splitting factor g from the value for the 
free ion. 
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Measurements were made of the rate at which the superconducting phase collapses radially in a hollow 
cylindrical tantalum specimen following the sudden application of a longitudinal magnetic field greater 
than the critical field. The measured transition rates confirm the hypothesis that the propagation is con- 
trolled by electromagnetic damping associated with eddy currents generated in the normal phase. The results, 
moreover, may be interpreted on the basis of a theoretical treatment of the problem first published by 
Pippard, provided that suitable modifications are incorporated to include the thermal effects which accom- 


pany the transition. 


I. INTRODUCTION 


T was proposed as early as 1936 that the propagation 

rate associated with the transition between the 
superconducting and normal phases of. a metal is 
limited by the electromagnetic damping which accom- 
panies the spatial propagation of the magnetic field 
within the normal material.'!* A theory describing the 
electromagnetic damping associated with the collapsing 
superconducting phase in a semi-infinite medium was 
developed by both Pippard*® and Lifshitz.‘ Faber® 
extended this treatment to describe the propagation in 
a cylindrical medium and made detailed measurements 
on the radial contraction of the superconducting phase 
in cylindrical tin specimens. His results confirm, in 
most respects, the eddy current damping hypothesis 
for fields only slightly greater than the critical value, H.. 

Recent measurements with thin-walled hollow cylin- 
ders have shown, however, that for fields several times 
the critical value, the approximations made by Faber 
are not applicable. The experimental results are, more- 
over, in good agreement with the original predictions 
of Pippard. For tantalum, it is necessary to extend 
Pippard’s work to include the effects of latent and 
eddy current heat which alter the transition rates in a 
manner first suggested by Faber. 


Il. THEORY 
A. The Semi-Infinite Solid 


Pippard has discussed this case in detail. The field 
distribution in the normal phase is specified by the 
equation 

PH 4r dH 4) 
——- —— =0, - 41 
0x? p at 


where H is the field, p is resistivity, / is time, and x is 
distance. The equation must be solved subject to the 


1K. Mendelssohn and R. B. Pontius, Physica 3, 327 (1936). 
2H. G. Smith and K. C. Mann, Phys. Rev. 54, 766 (1938). 
3A. B. Pippard, Phil. Mag. 41, 243 (1950). 
( 4E. M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 9, 834 
1950). 
5 T. E. Faber, Proc. Roy. Soc. (London) A219, 75 (1953). 


following boundary conditions: 


t>0, H=Ho, 


t>0, H=H,, 
OH 4H .x’ 

t>0, —= - 

Ox p 


Here, Ho and H, denote the applied and critical mag- 
netic fields, respectively, and x’ represents the position 
of the interphase boundary which is parallel to the 


applied field and the yz plane. 
Pippard has shown that 
x 
ae 
(pt/)? 
where A is a solution of 
Ho exp (—A?) 
\ erfA= (—- i) a (3) 


VT 


(Hy—H.) 
°c a 


erfX\ 


H=H 


c 


According to this result, the time required for the 
normal phase to propagate a distance «’ is given by 
t=x"/pd*. t thus decreases continuously with increas- 
ing field, Ho. 

Faber has pointed out that this process is not an 
isothermal one but is accompanied by the absorption 
of latent heat at the moving interphase boundary and 
the dissipation of Joule heat by eddy currents within 
the normal phase. It is desirable to extend Pippard’s 
results to include these thermal phenomena which will 
affect the transition by altering the boundary value of 
the critical field. 

If one denotes by L the latent heat per cm’ associated 
with the phase transition, heat will be absorbed at the 
rate Li’ per cm? sec at the moving boundary. The 
thermal equations which specify the temperatures in 
the normal and superconducting regions are, respec- 
tively, 

PT, OT, 
ke =—, 0<x<v’, (4) 
Ox? = at 
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OT, oT, 
k,—_=—,, x>2’, (5) 
Or = alt 


where k, and k, denote the diffusivities of the two 
regions and T is temperature. These equations must be 
solved subject to the following boundary conditions®: 


*.=0 

n=0, 

x=0, n=O, 

Y= O, 2=0, 
T,=T,, 

K,,0T,/dx—K,0T,/dx=— Li’. 


t=0, , 


t=o, s/=o, 
t>0, 
t[<o, 
t>0, 
t>0, 


K,, and K, denote the thermal conductivities of the two 
regions. Solutions which satisfy the first four boundary 


conditions are 
x 
T,=A ert( ) (6) 
2(Rat)* 


7.=B erc( ; ), (7) 
2(k,t)* 


where erfcy=1—erfy. 
Substituting Eqs. (6) and (7) into the last two 
boundary conditions and letting’ 


x’ p \'d 
€n= = (“) , 
2(Rnt)! kaw] 2 


el) a 
“> ot bm? ~y 
2(k,t)! kr/ 2 


A erfe,—B erfce,=0, 


s=2', 


=z’, 


we obtain 


and 


AK, exp(— én) BK, exp(— €,”) 





(xk,t)} 


Lfpr? 
--1'---(*) A. (9) 
2 \nt 


(xk,t)* 


Solving Eqs. (10) and (11) for A and B leads to an 
expression for the boundary temperature depression, 


— Lp'(d/2) erfce, erfe, 


’ sotestiiiislanlpniie 


a [Kn exp(— €n?)/+/kn | erfce, 
+[K, exp(—e,?)//k, | erfen 


The mathematical treatment of the eddy current 
dissipation is considerably more complex since it 


(10) 





* The surface temperatures have been arbitrarily set equal to 
zero to avoid repetitious writing of the constant term. 

7 We make use here of the relationship between x’ and ¢ previ- 
ously obtained from electromagnetic considerations alone. 
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involves the generation of heat which is distributed 
spatially within the volume of normal material. It is 
possible, however, to obtain a rough estimate of the 
effects of the eddy current heat in the following manner. 

The total joule heat per unit volume per unit time 
is j*p, where 


10H (Ho—H,.) 2 X 
=— — exp(—x"/pl). 


¢ (11) 
Vm erfd 


Fe ee ee 


4m Ox 4x’ 
For A less than unity (which is the case for driving 
fields less than five times the critical field), \/erfA=1. 
Hence at x=0, 

_ (Ho—-H.) 2 


’ 


Vr 


(12) 
4rx’ 
and at x=.’ 
(Ho—H,.) 2 
jZ—— — exp(—’). 
4x! 4/a 


(13) 


An average value for the Joule heat, J, per unit area 
of the moving boundary per unit time is thus 


p (Ho—H.)* 


(14) 
167° x’ 


This may be rewritten as 


(Ho—H.)? 
Jaf 


(15) 


in a form comparable to the latent heat per unit area 
per unit time. If we now treat the Joule heat as if it 
emanated from the moving boundary, x’, we may 


define an effective latent heat, 


(Ho—H.)? 


Sr)? 


V=L (16) 


For small values of x’, the error introduced by this 
assumption should not be large. 

A reiterative procedure may now be employed to 
incorporate the thermal effects into the electromagnetic 
propagation equations. 


(i) \ is first calculated as a function of Ho, using the 
equilibrium value for H, in Eq. (3). 

(ii) The boundary temperature depression as a func- 
tion of Ho is calculated using \ and the appropriate 
thermal quantities evaluated at the equilibrium temper- 
ature in Eq. (10). 

(iii) H, as a function of Ho is obtained from a plot 
of H, versus T. 

(iv) Finally, \ as a function of Ho is recalculated 
using the corrected value for H, in step iii. In most 
instances this process need only be carried through once 
since subsequent calculations do not significantly alter 
the results. 
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B. The Infinite Cylinder 


The field distribution equation to be solved for the 


normal phase is 
100H 4r0H 
=( (17) 


pI 


nicsalillitioe ee 
r Or Or p a 


where r is radial distance, subject to the boundary 
conditions: 
20, H=H), 
H=H.,, 
0H /dr= —4rH .7'/p. 


r=T0, 
r=r', t>0, 
guy’, i>0, 


Here ro is the outer radius of the cylinder and r’ the 
radius of the interphase boundary. A general solution 
to this equation is given by 


° p 
H=Hot+ DAs exp( ~- aut Jalan) 


n=] us 


* p 
+> B, exp( -=a.") Yo(anr). (18) 
4 


n=] 


According to the boundary conditions, the field at 
the interphase surface must equal the critical value 
independent of time. It is thus necessary to choose a 
function, r(t), which will reduce the above equation to 
an expression independent of time. Unfortunately such 
a function is not evident. 

Faber has attempted to solve the problem by a 
method of successive approximations. However, his 
calculations are valid only for values of Ho close to H.. 
At the present time it has not been possible to obtain a 
general solution to the problem. 


C. The Infinite Hollow Cylinder 


It is instructive to consider the problem of the 
hollow cylinder by comparing the solutions to the 
magnetic propagation equations for the completely 
normal semi-infinite solid and the infinite cylinder. In 
the special case that r/ro is not too small, the solution 
for the cylinder may be expanded asymptotically into 
a form which, at the limit as r approaches ro, becomes 
identical with the solution for the semi-infinite solid.® 
It is thus possible to use the equations for the semi- 
infinite solid to describe the propagation in a thin-walled 
hollow cylinder. The experimental measurements re- 
ported in this paper were made with hollow tantalum 
cylinders in which r/ro20.85. 

It is possible, with a hollow cylinder, to measure the 
resistivity in the normal state in the interval during 
which the entire cylinder has been driven normal and 
the field has not yet reached its final equilibrium value. 
During this period the field, 1, inside the cylinder, is 


8 The error introduced by this procedure is roughly proportional 
to the quantity [1—(r/ro)*]. 


NORMAL 


PHASE TRANSITION 


given implicitly by 


0H (=) 
or cai. p at 


where H is the field within the cylinder wall and 1; is 
the inner radius of the hollow cylinder. Consequently 


(19) 


OH; o p 
—=— > —a,*[ A.J o(anri) 
Ot n= Aor 


9 


part 
— BrYo(anr;) | ep(-=), (20) 
4 


T 


where a, are the roots of the equation obtained from 
the requirement that A, and B, be mathematically 
nontrivial solutions of the simultaneous equations 
specified by the boundary conditions, i.e., a, are the 
roots of 


2[Jo(anro) ¥1(a.71) — Ji (ani) Vo(anto) | 


t+anri{ Jo(anro) ¥ of fi) — J o(ants) V o(aaro) |=0. (21) 


For time intervals such that the quantity pa;t/4r>1, 
only the first term in the series expansion for the 
internal field is important. Under this condition the 
rate of change of field is proportional to exp(— pa,’t/4z). 
Since a; is determined by the cylinder dimensions, the 
measured time rate of field increase may be used to 
calculate the cylinder resistivity. 


Ill. EXPERIMENTAL METHOD 


Thin hollow tantalum tubes’ with an outer diameter 
of 0.0635 cm and a wall thickness of 0.0047 cm were 
used as superconducting cylinders. All specimens were 
initially heated intermittently in vacuum (<10~-7 mm 
Hg) at 2800°C until no further rise in system pressure 
was evident during a ten-second heating cycle. 

The resistivity and critical fields of each cylinder 
were measured under isothermal conditions using 
standard direct current techniques. The resistivity was 
also calculated from measurements of the field buildup 
in the specimen in the manner previously described. 
The resistivities measured by the two methods were, 
within the experimental error of several percent, 
identical. 

It was possible to control to some extent the low- 
temperature resistivity of a specimen by controlling the 
duration of the heat treating process. The ratio of 
resistivity at helium temperature to that at room 
temperature could be varied from a maximum of 0.15 
to a minimum of about 0.0045, the latter corresponding 
to relatively pure tantalum. Since the sharpness of the 
magnetically induced transition increased with in- 
creasing specimen purity, most transition measure- 
ments were made on low-resistivity specimens. For these 

Obtained from Superior Tubing Company, Norristown, 
Pennsylvania. 
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specimens the critical temperature was approximately 
4.46°K, and dH ./dT at T, was 320 oersteds/°K. 

The driving field was supplied by a niobium coil of 
100 turns per centimeter into which the sample could 
be coaxially inserted. A constant current pulse was 
produced by discharging into the drive coil and a 
terminating series resistor 1000 feet of coaxial cable 
previously charged to an appropriate voltage. 

The field inside the cylinder was detected with a 
small coil whose outer diameter was 0.038 cm and which 
consisted of 100 turns of number 47 AWG copper wire. 
Both the drive coil and sense coil lines were coaxially 
shielded and appropriate damping resistors were 
incorporated to damp the ringing caused by shock 
excitation of the output circuit. 

Figure 1 is a photograph of the oscilloscope trace of 
the output of the sense coil following the application 
of a constant current pulse to the drive coil. The slope 
in the leading edge of the pulse associated with flux 
buildup in the sense coil is caused by variations in the 
cylinder wall thickness. This variation was evident in 
visual inspection of the cylinders. As would be expected, 
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Fic. 1. Sense coil output voltage following the application of a 
constant current pulse to the drive coil. Sweep speed is 0.2 
microsecond per cm; drive fields from top to bottom of 210, 268, 
and 357 oersteds. 
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Fic. 2. Inverse of the penetration time for several series of 
measurements, plotted as a function of the driving field for a 
relatively impure tantalum sample, compared with theoretical 


calculations. 


the ratio of the times measured from /=0 to the 
summit and base of the leading edge are constant for a 
given cylinder. Since the time required for the field to 
penetrate the cylinder wall varies with the square of 
the wall thickness, exceptionally uniform walls are 
necessary to obtain sharp wave forms. Measurements 
of the penetration time were made by extrapolating the 
leading edge of the pulse to the base line and measuring 
the time from ‘=0 to the intercept. The penetration 
time so obtained corresponds essentially to the mini- 
mum wall thickness. 


IV. RESULTS 


Measurements of the penetration time for two 
tantalum cylinders in a bath at 4.2°K are plotted in 
Figs. 2 and 3. For convenience the reciprocal of the 
penetration time has been plotted as a function of the 
driving field. The plotted curves indicate the results 
which are predicted according to the equations given 
by Pippard and Faber, and the results which are 
predicted by modifying Pippard’s treatment to include 
thermal corrections. In obtaining the desired thermal 
corrections, values for the thermal conductivities were 
taken from the work of Hulm,” values for the specific 
heat from the data of Worley et al.’ The latent heat 
was calculated from direct measurements of the temper- 
ature, the critical field, and of the variation of the 
critical field with temperature. 

Figure 4 contains experimental points for the pene- 
tration time obtained at a number of bath temperatures. 
The curves correspond to the theoretical predictions 
obtained by including thermal effects. In all cases it is 
apparent that the experimental results are in good 
agreement with the theoretical predictions. 

The results with tantalum are in marked contrast to 
the results obtained by Faber with tin cylinders, in 
which thermal effects were found to be negligible. In 


J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950). 
1 Worley, Zemansky, and Boorse, Phys. Rev. 91, 1567 (1953). 
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tantalum the ratio of the electrical resistivity to the 
thermal conductivity is several thousand times as large 
as the corresponding ratio in even relatively impure 
tin specimens. In tin, therefore, the thermal conduc- 
tivity is sufficiently high and the rate of phase propa- 
gation sufficiently low that the specimen temperature 
remains uniform during the transition. In tantalum 
this is not the case. 

As the transition rates are increased through the use 
of larger driving fields, time delays which may be 
associated with the time required to form a nucleus of 
normal material within the specimen might be expected 
to make themselves evident. Within the limits of error 
associated with the present measurements no such 
effects have been observed. 

It should also be pointed out that flux trapping was 
not observed in any of the tantalum specimens used 
for this work. Indeed, oscilloscope traces of the sense 
coil voltage following the termination of the drive 
pulse indicated that the flux emerged from the specimen 
at a rate corresponding to that expected for a com- 
pletely normal cylinder. Faber has observed a similar 
phenomenon in tin, and has discussed several possible 
mechanisms which might prevent flux trapping. He 
suggests such mechanisms as the inability of the ends 
of a superconducting sheath to coalesce due to the 
surface free energy, and the ability of a closed sheath 
to migrate to the specimen surface. There exists the 
further possibility, in tantalum, that the eddy current 
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the results calculated according to the method outlined in the text. 


heating following the phase transition” may heat the 
specimen above its critical temperature. Flux leaving 
the specimen would produce eddy currents sufficient to 
maintain the temperature long enough to‘prevent flux 
trapping. 

The foregoing work supports Pippard’s hypothesis 
that the time rate of propagation of the normal phase 
in a superconducting body is determined by the eddy 
current damping which accompanies the spatial propa- 
gation of the normal phase. For materials like tantalum, 
in which the ratio of normal resistivity to thermal 
conductivity is high, the transition is not an isothermal 
process and thermodynamic considerations must be 
incorporated to describe adequately the observed 
effects. The time required for the normal phase to 
propagate a given distance decreases monotonically 
with the driving field, and does not approach a limiting 
value as might be inferred from the smaller field 
calculations used by Faber. 
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For the experiments described here, the time required to 
drive the specimen into the normal state is small compared to the 
time required for the magnetic field to reach equilibrium through- 
out the normal specimen. Eddy current heat is generated whenever 
the magnetic field is not in equilibrium, while latent heat is 
liberated or absorbed only during the period when a phase change 
is taking place. 
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The magnetic properties of the Bardeen-Cooper-Schrieffer model of a superconductor are investigated by 
means of Bogoliubov’s mathematical method. A derivation of the Meissner effect is given which is strictly 


gauge invariant in every step. 


1. GENERAL DESCRIPTION OF METHOD 


N their paper on the theory of superconductivity,' 
Bardeen, Cooper, and Schrieffer (““BCS’’) analyze 
the magnetic properties of their model of a supercon- 
ductor and arrive at a result indicating a “Meissner 
effect.”” The correctness of this result has been doubted. 
Indeed the Hamiltonian used lacks gauge invariance,’ 
and a longitudinal vector potential (A~q cosq-r, 
B=vXA=0) appears to induce a supercurrent. But 
Bardeen* has argued that the virtual states excited by a 
longitudinal A have a more complicated character, in- 
volving collective modes, such that the choice of the 
gauge V-A=0 is a physically meaningful simplification. 
Anderson‘ has elaborated this argument; he points out 
that the sum rule which guarantees gauge invariance 
is, in the BCS theory, violated only by very small terms. 
Still, the question remains whether even with the gauge 
v -A=0 the naive calculation can be trusted. 

To make a more convincing argument it is necessary, 
not only to use a strictly gauge-invariant Hamiltonian 
which yields the equations of motion of the model ac- 
curately, but also to carry out all calculations in a 
gauge-invariant fashion. We propose to do this, follow- 
ing Bogoliubov’s’ approach and omitting all less essen- 
tial features of the BCS model, such as temperature 
effects and Coulomb interactions of the electrons which, 
after all, can only impair the tendency of the electron- 
phonon interaction to make the electron gas behave 
as a superconductor. 

The Hamiltonian of the model is 


H=HotH,4t+ HatHaa, (1) 


where Ho=energy of the free electron and phonon 
gas, H,=electron-phonon interaction (g=coupling 
strength), and H4+Ha,=magnetic energy (terms 
linear and quadratic in the vector potential A, 
respectively). 

All interactions will be regarded as perturbations, 
except that some of the effects of H, are to be treated 
rigorously by means of Bogoliubov’s method. This is 


* Work supported by the U. S. Atomic Energy Commission. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

2M. J. Buckingham, Nuovo cimento 5, 1763 (1957); M. R. 
Schafroth, Phys. Rev. 111, 72 (1958). 

3 J. Bardeen, Nuovo cimento 5, 1765 (1957). 

4'P. W. Anderson (to be published). 

5N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). See also 
J. G. Valatin, Nuovo cimento 7, 843 (1958). 


essential, since we know from Schafroth’s work® that 
the ordinary perturbation approach is insufficient to 
derive the Meissner effect. It will even be helpful and 
clarifying to compare the two methods, in other words, 
to compare the magnetic properties of the Bogoliubov 
ground state of the system with those of the “ordinary” 
ground state (i.e., Fermi gas perturbed by H,). 

The gauge-invariant treatment will be achieved as 
follows. For g=0, the term linear in A of the Hamil- 
tonian can be eliminated by a unitary transformation: 


H'=exp(—K4)H exp(K,), 
where (2) 
K4*=—-Ka, [H,Kaj=—Ha, 


and the new terms quadratic in A, together with H44, 
give for the ground state just the ordinary diamagnetic 
energy of the electron gas, —}xB°V (with Landau’s 
x value). If g#0, however, the transformation of 
H,, v2., 


exp(—K4)H, exp(Ka)=Hot+HgatHygaat:::, (3) 
Hya=(H,,Ka], °° (4) 


leads to new terms linear and of higher orders in A. 
It is easily seen that, as a consequence of charge con- 
servation, a longitudinal A gives no contribution to 
(3) if H, depends on the electron coordinates through 
the density operator y*y only. This will be assumed. 
Hence, the transformed (total) Hamiltonian is “mani- 
festly gauge invariant”, and so is any calculation 
based on it. In particular, the quantity to be investi- 
gated, in view of the London equation, is the expecta- 
tion value of the current density j= — V-“'6H/6A=jotju. 
After the transformation (2), the current operator is 


j'=exp(—K,4)j exp(K4)=jotyjy’. (5) 


Here, j,’ vanishes for a longitudinal A, and reduces to 
the diamagnetic current (VX xB) for the unperturbed 
(g=0) ground state. 

Terms of the order g?A in (j) are the lowest which can 
possibly describe a Meissner effect. Their calculation 
is facilitated by two further unitary transformations 
(note that all operators K are anti-Hermitian). To 


®M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 
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eliminate H,,4 in (3), let 
H” = exp(—K,a)H’ exp(Kga), 
[Ho,Koa |= —Hya, 
A” = Hot+H,+H,, 4+ terms A’, 
H gga= [H,,K oa |}. 
Again, Hy, is eliminated by 
H’"=exp(— Kgya)H” exp(Kgga), 
(Ho, K 994 ]= —H gga, 
HH’ = Ho+H,+terms« g’A and «A*®, (9) 
Thus, in the approximation we need, H’” is the field- 
free Hamiltonian [i.e., (1) with A=0], making im- 
mediate application of Bogoliubov’s method possible 
(Sec. 3). The current density operator becomes in this 
representation : 
i" =jotja tioatyooat ae 
Joa - [j0,K ga], Joos _ [30,K goa }. 
As to jg,a, it will be sufficient to compute its expectation 
value for the unperturbed Bogoliubov ground state, 
whereas in jy, the admixtures of order g will contribute. 
It will be shown that, compared with ordinary perturba- 
tion theory, new terms appear (in the case of jyy4 
boosted by small energy denominators) which have the 
nature of supercurrents satisfying the London equation. 
Thus, we confirm Bardeen’s contention that his 
model shows a Meissner effect, although, in quantitative 
detail, our results are necessarily different.f 


(10) 


2. FREE-PARTICLE REPRESENTATION 
Following Bogoliubov, we adopt the well-known 
Bloch-Fréhlich Hamiltonian. Using the symbol a,, for 
the electron absorption operator (momentum k, spin 
state s) and 6, correspondingly for phonon absorption: 


Ho= Dink (k)ake*Aiet+>d p w(p)b,*b,, (11) 


H,=g(2 Vv) > =r 5(k—k’—p) 
X[w(p) }8(bp+bp*)ane*axs, (12) 


where E(k) = k?/2m; 5(q)=0 for q#0, 6(0)=1. 


t Note added in proof.—For the terms linear in A, it makes no 
difference if the succession of unitary transformations (2), (6), 
(8), «++, is replaced by the single transformation 


A =exp(—L)H exp(L), 
L=Kat+KgatKogat rife 


((Hot+H,), LJ=—Ha. 


This choice of the transformation is, however, the appropriate one 
for the calculation of the terms quadratic in A of the Hamiltonian. 
Indeed, to this order, 


A= (Ho+H,)+4(Ha,L]+Haat: >. 
Then, using (16) and (19) together with (10), one obtains: 
A= (Hot+H,)—4V ((A* ja’ ticatioea t+) +h.c.}. 


This secures the proper relationship between the energy and the 
induced current. 


where 


satisfying 
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For the vector potential, only one Fourier component 

will be considered which we write 

A exp(iq:r)+c.c. 


(h=1). Then, in the current density, only the corre- 
sponding Fourier component is relevant: 


j exp(iq-r)+H.c., 
where 


(13) 
(14) 
(15) 


j=jotja, 
jo= (e/2m)V DY rers 6(K—k’+-q) (K+k’) a,,* 04's, 
ja=— (e?/m)VIONA+:---, N=Does Qee* Gis. 


In j4 we have suppressed terms proportional to A*a;,* 
; : ; 

ays, with k—k’= — 2q, which cannot contribute to the 

expectation value (j) in our approximation. (The usual 

factor 1/c in j4 has been absorbed into A.) We also 

ignore the (paramagnetic) spin-field interaction. In this 

notation, 


H4=—V(A-jo®¥+A*- jo). (16) 


The operator K, in the transformation (2) is now 
readily constructed, using (11) and (16) with (14). 
Writing 

E(k) — E(k’) = (k—k’) - (k+k’)/2m 
for the energy denominators, we have 
K,=e Dkk’s 6(k—k’—q) 


A- (k+k’) 
-—- ~ Jasav.—Hec (17) 
q: (k+k’) 
In the transformed current operator (5), we meet with 
the commutator 


. e 
[j0,K 4 ] =" 


2m 


q: (k+k’) 
X (K+K’) (Ge: * ae 6—es* des) +°°*, 


y-1 Evwd(k—K—@)( 


the dots indicating terms proportional to A* which can 
be omitted for the same reason as those in ja, (15). 
More conveniently, one writes 


2 


: e A- (k+2q) 
nk 5a] (— — )(k++4a) 
m q: (k+34q) 


A- (k—}q) 
-( (k : -) Ok He) Jantar (18) 
q: (K—9q 


Note that j4’, as defined in (5), to first order in A, is 
given by 


ja’=j it[jo,K 4]. 


For a longitudinal vector potential, viz., A=aq, the two 
terms in (19) cancel precisely (including the --- terms), 


(19) 
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ja’=0. For a transverse A, we shall choose 
q= (0, 0, q), A=(A,0,0), j= (j, 0, 0); 


é 1 
jum av>| —N+—- Dek? 
m q 


1 1 
x( . = Jaton] +: 


For the unperturbed (g=0) ground state, this must 
reduce to Landau’s diamagnetic current. This is verified 
easily by using’ 


1 1 
f Ph t2( —__-—— ) 
|k| <kp k.t+3q k.—3q 


kr 1 1 
= f db (be’—b2(— aie -) 
iad k.+3q k.—43q 


ke+3q| 
=}n| (kp*—jq°)? In|- 1 +(5 s)he tere 


kr—3q 
4 1 ¢ 
=< b(1- = meno « ) for 9g\<kr. (22) 
3 4 ky? 


(21) 


(Taking principal values in the &, integrals is justified, 
here and later.) 
Next, we compute H,,4, defined in (3) and (4), using 
(12) and (17): 
Hya=eg(2V)* > pee. 5(kK—k’—p—q)[w(p) }? 
¢ (k’+3q) A: ue) 
x etme a ‘ 
q:(k’+3q) q: (k—2q) 
X (6,+6_,*) ke* dys t+H.c. (23) 


For a longitudinal A, H,4 vanishes identically, as 
expected, and the same is true for the operators Kya, 
Hoga, Koga, defined in (6), (7), (8). Without loss of 
generality, we can from now on restrict ourselves to the 
transverse gauge (20). 

Dividing each term in (23) by the appropriate energy 
denominator, we find 


K4=0Ag(2V)4D puxs 6(k—k’—p—q)[o(p) } 
X (X peep t+ V prevd_p*)ax.*ax.— H.c., 


1/ hk,’ ke 1 
Xnw=-( ae -) ee cae 
q\k.'+3q k.—3q/w(p)+E(k’)— E(k) 


(24) 


(25) 


: 1 yy k, 1 
Y ox’ =- (— peceiesahe in ) green awe, 

7 For a slightly different derivation, see G. Wentzel, Phys. Rev. 
108, 1593 (1957), Sec. 4. 
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With this result, we can now compute Hy 4 and Kgga, 
according to (7) and (8). Kygga will be used only in 
application to “no phonon” states. Therefore only the 
terms involving products 6,b,* are of interest, and, in 
these, b,b,* can be replaced by 1: 


6(I—I’+p)6(k—k’— p—q) 


Kyga=eAg(2Vy 1 kk’ elt’ s’ : 
E(U)+ E(k’) — E() — E(k) 


Xw( PLY previo *ay «As "dks 
—X pee Cee Oe Qty *Oy » |+ ae (26) 


Finally, inserting (14), (24), and (26) into (10), we 
obtain 


joa=(2/m)Ag(2V)-*V 
XL pee’ 5(k—k’—p—q)[w(p) }} 
xX (X pad y + V peed_p*) 
XK (Rdg Cars — Re’ es * Ox 4 


. é , 
Jooa=—AgV 
£m 
6(I—I'+-p)6(k—k’—p—gq) 


XD pee stt’s’ — 


. w(p) 
E(U')+E(k')— E() — E(k) 


> + / * * 
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3. BOGOLIUBOV’S TRANSFORMATION 


OK0= UA, j— V¢O_x,—3"*, 


(29) 
soll teats k,- y+ 4k, *s 
(uy,0, Teal, u,°+0,2=1). The axi, axi* obey the same 
(Fermion) commutation relations as the a;., @%.*, and 
we can go over to a representation where the ‘“‘occupa- 
tion numbers” a,;*ax; (eigenvalues 0 and 1) are diagonal. 
For instance (assuming u_,= 4x, 0-4= Vz): 
*q,,= 20,26(k—k’) + (cxo*apot+-a_e1*a_e1) 
sks Tk's VE ( )A UU (AKO AK OT AK AK 
— 0404" (ares "141 +040" x0) 
+ 14y. 0, (ago*arye1*+-a_%/0*a_ 11") 
0px (axranota_pia_o). (30) 
The coefficients “,,2,, are determined by the condition 
(k| Ho—EpN\0) 
| > > 0\—1 (49 | a 
+2 n(k| H,|n) (Eo —E,°)(n| H,|0)=0, 


where |0)=unperturbed ground state [a;;|0)=0]; 


(31) 
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|'k)= state containing one “pair” of total momentum 
0 and no phonon [| k) =axo*ax1* 0) ]; |w) = intermediate 
states containing two “particles” and one phonon. 
Bogoliubov’s justification for imposing the condition 
(31) is that, if the matrix element describing pair 
creation from the unperturbed ground state did not 
vanish, higher order perturbations would become 
dangerously large, owing to small energy denominators 
[the “dangerous” region is the vicinity of the Fermi 
surface: E(k)= Er |. Writing out Eq. (31), by inserting 
(30) in Ho, N, and H,, one obtains an integral equation 
for ux, 0%, which in the case of weak coupling (g small, 
see below) can be readily solved in closed form, with 
the result 


wP=FITE(C+E) 4), v= 3 1-EC+H)*], 


where 


(32) 


&=E(k)—Ep, 
p= g?( dn, dE) = g°| mk, Dn). 


c=we/?, 


(33) 


(v,2 is identical with the function called 4, by BCS.') 
@ is a certain mean phonon energy, and the condition 
for “weak coupling” is p<1, implying that c/a is 
extremely small. Bogoliubov goes on to show that single 
“particle” excitations require an energy 2c. Comparison 
with the BCS theory indicates that this ‘energy gap”’ 
c must be identified, in order of magnitude, with the 
critical temperature 7, (times the Boltzmann constant). 
For actual superconductors, this leads to values of the 
order } for the coupling parameter p, small enough to 
expect valid results from the weak-coupling approxima- 
tion (32), (33). 

Returning to our specific problem, we first investigate 
the term jgga (28) in the current density operator (10) 
(x component). As remarked earlier, it is sufficient in 
our g’A approximation to compute its expectation value 
for the unperturbed Bogoliubov ground state, wz., 
(0| jg9a/0). From (30) one finds easily, assuming k#k’ 
and I+!’ [this applies to all not trivially vanishing 
terms in (28) }: 


(O| Sa Que *arrg Doe Gis* xg |0) 
= 2u,70,°5(I'—k)6(1—k’) 


+2u,.v,uy-?,6(1+k)6('+k’). (34) 


At this point, it is helpful to make a comparison with 
“ordinary perturbation theory’’, which would result by 
interpreting |0) in (34) as the ground state of the /ree 
(g=0) Fermi gas. This is equivalent to letting c—0 in 
(34), namely, accordingly to (32): 
v1.,e2ON P= 1 for é < Q, or | k| < kr : 
=0 for &>0, or |k|>&,p; 
U2 V4? (1L— NO) N gs UD, D0. 
In particular, the terms « 6(I1+k)é(I’'+k’) in (34), 
which originate in an ‘‘exchange”’ among coherent inter- 
mediate pair states [axo*ax1*|0) and a_y-0*a_x1*|0), see 
(30) ], vanish in the limit c—0, that is to say, they are 
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absent in the ordinary perturbation theory. We claim 
that just these “‘exchange terms”, when inserted into 
(0| jy94 0), owing to the small energy denominators in 
(28), give rise to a supercurrent. 

To prove this, we write 


(QO Joes 10)= pny om, (35) 


the two terms corresponding to the two terms in (34). 
One sees easily that 7° is practically the same whether 
c is strictly zero or only small compared to a; the relative 
change is of the order (c/a@)?=e~*/*, and terms of this 
order will be neglected. On the other hand, 


(2/m)AgV > ,wd(1—I'+p)w(p) 


bY —X) 9-16-20 
x (uv) { (ur)ig— (uv) i} 
2E(l')— E(l) — E(l—q) 


gexeh 


1,/(Y—X)», l,—l’—q 


(uv) r{ (Ud) p4q —(ur)v} I. 


E(U)+E(U+q)—2E(D) 


(l—q, of course, refers to the vector difference, 


etc.) We note 


ate =~ Rsnc.r 


2 l. 
sre L,/-3 


(uv) ,=3c(C+F 


(38) 


where 


According to Schafroth’s criterion® we have to ex- 
amine (36) in the limit ¢->0. Expanding in the curly 
brackets, e.g., 


(uv) :-g— (uv) = —Lg(l.—}q)/m ldw;/dé+O(q*), (39) 


where g(/,— 3g) cancels with the denominator in (Y—X) 
[ the terms «/,/,’ vanish for symmetry reasons, whereas 
1?2— kr? ], we can let g—0 in all remaining factors. 
Since only the vicinity of the Fermi surface will con- 
tribute [ (¢—-£’)*<c*«<e" |, the last factor in (37) can 
be replaced by 1. Then, 


limg—o j= — (e/m)?Ag?(4kr?)(mkp/2x)*I, (40) 


[= fac fare-o wedw;:/di—wydw;y /dé’]. (41) 


With (38), the ‘‘small denominator” (£’— ) cancels out: 


1 . 
i J ag f ae C(C— gE) (P+ 2) -1(C+e")-3 


=1, 


(whereas, in “ordinary perturbation theory”, J =0). In- 
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troducing Bogoliubov’s parameter p [see (33) ], we 
obtain finally 


lim go f°" = — (e?/m)Apkp*/6m?=3pja, (42) 
where j4 [compare (15) ] is the London, or BCS, value 
for the supercurrent. As will be shown, this term is not 
compensated by any other term in (10). Our theory, 
therefore, predicts a penetration depth for the magnetic 
fields in a superconductor which is larger by a factor 
(2/p)* than that predicted by the BCS theory. 


The expansion (39) is valid only if 
gor<Kc (vp=kp/m). 
For larger g values, viz., 
cKqurKa, 


we have estimated 7“ [it is then convenient to change 
variables such that (uv),;(uv)y appears as a common 
factor |] and found that the value (42) is reduced by a 
factor ~c(vpqg)~. This 1/g dependence will determine 
the deviation from the London equation which amounts 
to an integral, or nonlocal, relationship between j(r) 
and A(r), as first proposed by Pippard.* (Discussion of 
this problem is left to a later paper.) 

It remains to examine the terms j,4 and j,’ in (10). 
In j,a, (27), the admixtures of order g in the Bogoliubov 
ground state must be taken into account ; in other words, 


an expression of the form (0|[j,4,K, ]|0) must be calcu- 
lated, where |0) refers again to the unperturbed ground 


state. Similar to (35), this can be split in “ordinary” 
and “exchange” terms. But, now, K, carries an energy 
denominator [w(~)+---] which takes the place of 
(¢’—&) in (41), among other changes. One finds that 
the exchange terms resulting from [j,4,K,] are by a 
factor of the order (e~'/*/p)? smaller than (42), and 
therefore of no interest. The “ordinary” term is practi- 
cally the same as for c=0, and in this approximation 
just cancels the term 7° in (35), as was to be expected 
from Schafroth’s perturbation result, quoted earlier.® 
(The value of 7°, for g-0, is 2pj.) 

Finally, we go back to Eq. (21) for ja’, where 
Dd: Gis*ax, is given by (30), with k=k’, and admixtures 
up to order g* must be included. For g—0, however, this 
term can be shown to vanish to arbitrary order in g. 
It is only necessary to use the trivial fact that the 
ground-state expectation value (}°, dx.*dx.) is isotropic, 
say {(k?). According to (21) and (15), a spherical shell 
in k-space, 5k, contributes to j4’ an amount propor- 


5 


1 
jae) f a —1+-k 
bk q 


8 A. B. Pippard, Proc. Roy. Soc. (London) il 547 (1953). 
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But this vanishes as g—0; indeed, this follows from 
Eq. (22) by differentiation with respect to kr. 

Hence, j*** (42) is the only supercurrent of any size, 
as long as the weak coupling approximation is valid. 
Extension of the perturbation theory to higher orders 
in g will lead to terms ~p?j4, and so on, but none of 
these can cancel the leading term (42). 

At this point, we want to emphasize once more that a 
longitudinal vector potential cannot contribute to any 
of the 7 terms discussed. For instance, in Eq. (37), the 
numerators /, and 1,’ would be replaced by /,+49 and 
l,’—3q, respectively, making the whole expression 

manifestly” zero.t 


4. CONCLUDING REMARKS 


The foregoing mathematical study reveals which 
features of the BCS-Bogoliubov model are essential for 
the appearance of a Meissner effect. Of pre-eminent 
importance is the dissolution of the sharp Fermi surface 
into a zone of width ~c/ve in k space where neither u, 
nor 2, is very small [w;~4, see (38) ] such that accord- 
ing to (29), in the ground state, electrons (or holes) 
having momenta +k and —k are strongly correlated. 
That such pair correlations must play a crucial role 
in the phenomena of superconductivity has been antici- 
pated by several authors. (We quote the extensive 
discussion by Schafroth, Butler, and Blatt’; see also 
their list of references.) Of course, the specific nature 
of these correlations, as expressed, e.g., in the functions 
Ux, 1%, (32), is also of importance. It depends on such 
details that the value of the factor J in (40) is 1, and 
not, say, e~?/?, 

The theory, as presented here, calls for generalization 
in various directions. No such attempt has been made so 
far. Needless to say, the oversimplification inherent in 
the BCS model will always leave some doubt whether a 
quantitative comparison with experimental data is 
meaningful. But irrespective of success or failure in 
numerical details, it is gratifying that, at last, a reason- 
able model and an adequate mathematical treatment 
have been found which seem to provide a qualitative 
wndensteniting of the Meissner effect. 


t Note added i in proof.—It should also be noted that the momenta 
I or k, e.g., as arguments of the functions uz, 7%, have a gauge- 
invariant meaning in our final representation. This has enabled us 
to define the ground state in a gauge-invariant manner. The situa- 
tion is very different if one introduces the Bogoljubov trans- 
formation (09) already in the original Hamiltonian [(1) with (11), 
(12), and (16)]. Then, it is the vector k—eA=mv asthe has the 
gauge-invariant meaning; a change of gauge alters the meaning of 
, and of ux, 2%. In this approach, the main problem would be the 
gauge- invariant definition of the ground state. Simply choosing a 
particular gauge, like Y-A=0 [G. Rickayzen, Phys. Rev. (to be 
published) ], does not solve the pom and, indeed, leads to a 
result at variance with ours. 
* Schafroth, Butler, and Blatt, Helv. Phys. Acta 30, 93 (1957). 
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Effect of Monoenergetic Fast Neutrons on n-Type Germanium 
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The density of vacancy-interstitial pairs produced per unit of fast-neutron flux on n-type germanium has 
been measured experimentally using monoenergetic neutrons. The changes in resistivity and Hall coefficient 
have been determined as a function of neutron flux and energy for n-type germanium having impurity con- 
centrations of about 210" cm~. Both the irradiation and electrical measurements have been made at 
about 77°K. Neutron energies in the experiment were 4.8, 3.2, and 1.7 Mev from the H?(d,n) He? reaction 
and the observed changes in resistivity and Hall coefficients indicate charge carrier removal rates per unit 
of neutron flux, —dn/d¢, of 12, 12, and 21, respectively. Not only do the results appear much lower than 
the value of 160 calculated by current models, but they are less than would be estimated by extrapolating 


the results obtained with reactor neutron irradiations. 


INTRODUCTION 


INCE the time when the question of radiation effects 

arose, a rather detailed model of radiation damage 
has been developed by Bohr,' Seitz,?* Snyder and 
Neufeld,‘ Fan and Lark-Horovitz,* Kinchin and Pease,*® 
Brinkman,’ and others. The model has had fair success 
in correlating most of the results of the numerous 
experiments. The results of the experiments have 
recently been reviewed and summarized by Seitz and 
Koehler,’ Crawford and Cleland,’ Dienes and Vineyard,’ 
Brooks,’ Glen," and others. Dienes and Vineyard’ 
present an excellent comparison of the proposed 
models. 

In germanium the effect of charged-particle irradi- 
ations at low temperatures is generally within a factor 
of two times the value predicted by theory,” although 
consistently lower than predicted. Similar agreement 
has been obtained between the proposed theoretical 
models of radiation damage and the experiments with 
charged particles in metals and graphite.*"’ However, 


* Deceased. 

1N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

2F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305. 

3 F, Seitz, Discussions Faraday Soc. 5, 271 (1949). 

*W. S. Snyder and J. Neufeld, Phys. Rev. 103, 862 (1956); 99, 
1326 (1955); 97, 1637 (1955). 

5H. Y. Fan and K. Lark-Horovitz, Report of Bristol Conference 
on Defects in Crystalline Solids (The Physical Society, London, 
1955), p. 232. 

6G. H. Kinchin and R. S. Pease, J. Nuclear Energy 1, 200 
(1955); Reports on Progress in Physics (The Physica] Society, 
London, 1955), Vol. 18, p. 1. 

7J. A. Brinkman, J. Appl. Phys. 25, 961 (1954). 

8 J. H. Crawford and J. W. Cleland, in Progress in Semicon- 
ductors (Heywood and Company, London, 1957), Vol. 2, p. 69. 

9G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

1H. Brooks, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 215. 

uJ. W. Glen, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381. 

2 Comparisons of the observed and calculated radiation effect 
are tabulated in reference 8 and reference 9. 

8 A. H. Cottrell, Metallurgical Revs. 1, 479 (1956). 


the experiments of Cleland, Crawford, and Pigg" at 
Oak Ridge using reactor neutrons show about one-fifth 
the damage indicated by theory. Since the energy of the 
primary recoil atom from fast-neutron bombardments 
is much greater than that obtained from the charged 
particle or reactor neutron bombardments, the theory 
becomes sensitive to the details of the energy loss of 
the recoil atoms. Using monoenergetic neutrons, a more 
precise check can be made on the theoretical models for 
production of lattice imperfections than can be gained 
from reactor neutrons. 

Germanium was selected for study since its electrical 
properties are sensitive to the relatively small amounts 
of irradiation which are available for monoenergetic 
neutrons; the radiation effects on the material have been 
widely studied by other workers” using various radi- 
ations, and high-purity germanium is available. 


DESCRIPTION OF EXPERIMENT 


The number of vacancy-interstitial pairs produced 
was measured from changes in the resistivity and the 
Hall coefficient as a function of the total flux and 
neutron energy for n-type germanium. Neutron energies 
of 4.8, 3.2, and 1.7 Mev were obtained from the 
H?(d,n)He® reaction using the Westinghouse 2-Mev 
Van de Graaff accelerator. Both the irradiations and 
the electrical measurements were made at 77°K. 
Recent experiments by Cleland and Crawford” show 
that the thermal relaxation of bombardment-produced 
defects is negligible at temperatures between 16° and 
95°K. 

Since the flux of monoenergetic neutrons available 
from the Van de Graaff accelerator is at least four 
orders of magnitude lower than that available from a 
reactor, unusually pure samples were necessary to 
obtain measurable effects in reasonable times. The 
sample resistivities were 47 ohm-cm at room tempera- 
ture, and at liquid nitrogen temperature the samples 
were m type with initial carrier concentrations which 

44 Cleland, Crawford, and Pigg, Phys. Rev. 98, 1742 (1955); 99, 
1170 (1955). 

18 J. W. Cleland and J. H. Crawford, Bull. Am. Phys. Soc. Ser. 
IT, 3, 31 (1957); J. Appl. Phys, 29, 149 (1958). 
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Fic. 1. Schematic diagram of irradiation apparatus. 


varied from (2.8 to 1.7)X10"/cm', depending upon the 
location in the ingot from which the sample was taken. 
Six leads were attached to each germanium sample by 
ultrasonic soldering techniques, allowing two re- 
sistivity and two Hall voltage measurements to be 
made on each sample. The approximate sample di- 
mensions were 1X0.2X0.005 cm. A schematic diagram 
of the experimental arrangement is shown in Fig. 1. A 
pair of germanium samples were irradiated simul- 
taneously at each of the three energies by fixing their 
angular position with respect to the deuterium target. 
The fast neutron flux available at the position of the 
samples was about 10’/cm*-sec but varied at each of 
the sample positions. The flux was measured using 
Li‘I(Eu) scintillation spectroscopic techniques as 
developed at Oak Ridge by Murray.'® Flux measure- 
ments were made in the forward direction and the 
known differential cross-section function’? for the 
H?(d,n)He’ reaction was used to predict the flux in the 
other directions. The flux values were corrected for the 
effect of the “line” neutron source and the finite size 
of the germanium samples. In the Li®I(Eu) crystal, 
the charged particles from the Li®(n,a)T reaction, of 
known cross section, produce scintillation pulses which 
are proportional to the total energy, i.e., neutron 
energy plus the Q value of the neutron reaction. The 
gamma-ray background was eliminated by using a 
“matched” Li7I(Eu) detector which does not interact 
appreciably with fast neutrons. The use of this method 
for absolute flux determination was verified within 25% 
by AP’?(n,p)Mg”’ activation'’* measurements. A meas- 
urement of the neutron flux by the Li®I(Eu) method at 
the three angles used in the experiment (unfortunately 
at a later date and without the liquid nitrogen) showed 


16R, B. Murray, Bull. Am. Phys. Soc. Ser. II, 2, 267 (1957); 
Nuclear Instr. 2, 237 (1958). 

17 J. L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
(1956). 

181), J. Hughes and J. A. Harvey, Neutron Cross Sections 
(McGraw-Hill Book Company, Inc., New York, 1955). 
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the expected neutron flux and spectral distribution. To 
maintain the low temperature at the samples and target, 
liquid nitrogen was used; the inside radius of the Dewar 
flask was kept small (1.6 cm) to minimize neutron 
scattering. The effect of the scattering by the liquid 
nitrogen was calculated to be a decrease of about 2, 1, 
and 7% in the 145, 90, and 0° sample positions, re- 
spectively, below the flux that would have been found 
with no scatterer. Isotropic elastic scattering with a 
total cross section of 1.6 barns was assumed and multiple 
scattering neglected in the numerical calculations. As 
expected, measurements showed that the gamma-ray 
flux was about an order of magnitude less than the 
neutron flux. Since the cross section for damage by 
by gamma rays is about 10~ that for fast-neutron 
damage,'® the effect was negligible. 

The data for resistivity and Hall voltage for each 
sample as a function of bombardment were converted 
to density of conduction electrons. The mobility used 
in the resistivity conversion was obtained from the 
prebombardment measurements. A typical value was 
2X10 cm?/volt-sec. Figure 2 is a plot of the carrier 
concentration versus the integrated flux from the data 
for a typical sample. The slope of the curves plotted in 
this way is the conduction electron removal rate, 
—dn/d@. Therefore, to each of the four sets of data, a 
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Fic. 2. Charge carrier concentration vs integrated neutron flux 
for a sample of n-type germanium irradiated with 4.8-Mev 


neutrons. Resistivity and Hall voltage measurements, as well as 
the irradiation, were made at 77°K. 


1 Cleland, Crawford, and Holmes, Phys. Rev. 102, 722 (1956). 
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TABLE I. Rate of conduction electron removal in n-type 
germanium by monoenergetic neutrons. 


Experimental Calculated 
Initial carrier removal rate removal rate 
concentration —dn/dp —dN/do 
cm~* (cm~) (cm* 


1.710" 1344 170 
1.710" 12+3 
2.1 10" 12+3 
2.8X 10” 11+3 
2.0X 10" 20+5 160 
2.3X 10" 22+6 


Neutron 
energy 
(Mev 


4.8+0.1 
4.8+0.1 
3.1+0.6 
3.340.6 
1.8+0.1 
1.7+0.1 


160 


straight line was fitted using a least-squares technique. 
The fact that the same slope is obtained for the changes 
in resistivity and Hall voltage shows that the mobility 
changes are negligible for the amounts of bombardment 
used in the experiments, as would be expected. The four 
slopes for each sample were then averaged and the 
results are shown in Table I. Good agreement is shown 
between the two samples at each of the neutron energies. 
In fact, the standard deviation of the eight values for 
each neutron energy is only 10%. The calculated re- 
moval rate, —d.V/dd, is discussed in the following 
section. 

The uncertainty given for neutron energy includes 
effects due to the finite size of the source and samples, 
the degradation of deuteron energy in traversing the 
D. target, and the uncertainty in the accelerator 
calibration; the error in the neutron energy does not 
include any term from the scattering. The errors quoted 
for the experimental removal rate include the 25% 
uncertainty in the absolute flux determination as well 
as the 10% errors in electrical measurements. 


DISCUSSION 


The model used to calculate the number of vacancy- 
interstitial pairs per incident neutron follows the 
notation given in reference 9. The numerical parameters 
assigned were as follows: 

(a) The Wigner or displacement energy for ger- 
manium, Eg, is 25 ev. 

(b) The number of vacancy-interstitial pairs, v(Z), 
produced by an atom of energy £ is given as 

v(E)=E/2Ea, 
= E;/2Ea, 


Ea<xE<E&; 
E> E;; (1) 


where F; is the energy of the recoiling atom below 
which the energy loss is by elastic ‘“‘hard-sphere’’ col- 
lisions which produce vacancy-interstitial pairs rather 
than by ionization. The choice of £; as 25 000 ev will 
be discussed further. 

(c) The cross-section values, o(F,), used are the 
total cross sections for germanium'*° at the neutron 
energy, £,. It is assumed that the total cross section 
represents only elastic isotropic scattering. 


*” Bondelid, Dunning, and Talbott, Phys. Rev. 105, 195 (1957). 
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(d) Two conduction electrons are removed per 
vacancy-interstitial pair, in accordance with the model 
of James and Lark-Horovitz.*! 


Perhaps the only unfamiliar assumption used is that 
above a certain critical energy, in this case about 25 
kev, the recoiling germanium particle makes essentially 
no vacancy-interstitial pairs, i.e., effectively all of the 
energy loss is by ionization and electronic excitation. 
A minimum for £; can be estimated, in a naive manner, 
by recalling that energies less than the band-gap energy 
cannot be accepted by electrons in the lattice. Assuming 
elastic collisions and the free electrons at rest,?° no 
ionization occurs for germanium atoms under about 25 
kev. 

Under these assumptions, R /¢, the rate of formation 
of vacancy-interstitial pairs in 1 cm* per unit flux of 
neutrons of energy Fy, is 


R Tm y(E) 
No(s) f dE 
U0 (i 
No(En) Es | 3(Tm/E)[1—(Ea/Tm)*]; Tm <Es 
on ; ey 
2E, \[1—(Ei/2Tn)]; Tn>E: 


where .V is the number of germanium atoms, cm* and 
T,,, the maximum energy transferable to a germanium 
atom by a neutron of energy £,, is equal to 4M,M2E,, 

(M,+M,)* where M, and M, represent the mass of a 
neutron and a germanium atom. Figure 3 shows the 
calculated rate of vacancy-interstitial pair formation, 
where the dotted portion corresponds to an inter- 
polation of the cross-section data. Also plotted in Fig. 
3 for comparison are the experimental data. It is noted 


e . 


NUMBER DISPLACED ATOMS/ NEUTRON (cm), R/¢ 


| 
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Fic. 3. Calculated and experimental displacement rate for 
monoenergetic neutrons on germanium. The theoretical model 
used is outlined in the text. The result of the reactor experiment 
is plotted at the average neutron energy appropriate to a 1/E 
spectrum. 


1H. M. James and K. Lark-Horovitz, Z. physik Chem. 198, 
107 (1951). 
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that the calculated value for R/¢ is about 11 times the 
observed values. If these assumptions are applied to a 
1/E fast-neutron spectrum, the predicted removal rate 
becomes 13. This value should be compared with the 
experimental values of about 3 (conduction electron 
removal rate of 5 and 9 at 120°K and 16°K, respectively) 
observed by the Oak Ridge workers."- It is not clear 
whether the variation’® with temperature is due to 
thermal instability of defects or to some other defect 
acceptor states lying close to the conduction band, 
which are more effective in removing conduction 
electrons at lower temperatures. Thus, the ratio 
between theory and experiment for reactor irradiation 
(average neutron energy of about 0.08 Mev) is about 
4. It was mentioned earlier, for charged-particle ir- 
radiation where the average energy recoiling atom is 
quite low, that the theory to experiment ratio is about 
2. A qualitative trend can be observed, stating that the 
theoretical model overestimates the number of pairs 
formed by a factor that increases with the energy of the 
primary knock-on. A comparison between the value at 
1.7 Mev with those at 3.2 and 4.8 Mev reported here 
seems to be in agreement with this trend. 

It must be stated that finding lower removal rates 
for 3.2- and 4.8-Mev neutrons compared to 1.7-Mev 
neutrons is surprising. None of the present models lead 
to such an expectation. It is desirable not only that this 
point be rechecked, but also that removal rates be 
found for lower neutron energies. If enough points can 
be obtained, Eq. (2) can be differentiated to give a 
measurement of v(£) itself: 


v(E)= (R/o)+E(d/dE)(R/¢). (3) 


Eventually, an effective E; could be determined from 
the shape of the curves. An independent check on Eq 
then becomes possible in the measurement of the abso- 
lute rate, if the assumed model is appropriate. 

The radiation damage data presented here indicate 
much less than the expected increase in damage rate 
compared to reactor experiments. The difference may 
well represent the uncertainty in £;. It should be noted 
that, for reactor neutrons, the lower-energy expression 
in Eq. (2) is most frequently employed; here £; does 
not appear. In the higher-energy case used here, R/¢ 


SCHUPP, 


AND WOLLEY 

is directly proportioned to £;. It should be mentioned 
that a choice of about 4 kev for E; would markedly 
improve the agreement with the model for both these 
and the reactor measurements. 

The estimation of a realistic value for this quantity 
on theoretical grounds is difficult. The lack of an 
adequate theory of energy loss by electronic excitation, 
charge exchange, and ionization for very slow charged 
particles, in this case knocked-on germanium atoms, 
as well as the lack of knowledge of the collision radius 
in the “hard-sphere” range of collisions, prevent any 
meaningful calculations. Further experiments with 
monoenergetic neutrons should furnish a more detailed 
picture of both radiation damage and the energy loss 
mechanism. 

The deviation from the theoretical model appears 
significantly greater for both fast and reactor neutrons 
than that for charged-particle experiments. This might 
be due to any of the following effects: (a) the clustered 
defects at the end of the range of the recoil germanium 
may “‘anneal’’ very rapidly at the end of the displace- 
ment spike; (b) the electrical effects of the induced 
defects may appear unduly small if the defects are in 
close proximity; or (c) the theoretical model and/or the 
numerical values of the parameters used above may be 
inadequate. Recent experiments by Longo,” which 
show that deuteron-induced damage rates decrease at 
very high integrated flux values, tend to support either 
of the first two hypotheses. 
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The propagation of a magnetic field into a superconducting wire of circular cross section is analyzed 
theoretically. Upper and lower bounds are obtained on to, the time required for the field to reach the axis, 
and on R(t), the inner radius of the normally conducting region. The lower bound is just the approximate 
result obtained by Sixtus and Tonks, Pippard, and Lipshitz. It has been verified experimentally by Faber 
for applied fields less than 1.04 times the critical field. It is believed that for large applied fields the actual 


results should be closer to the upper bounds. 


1. INTRODUCTION 


T is generally agreed that the magnetic field strength 
is zero inside a superconducting material even though 
there may be a nonzero field in the region adjacent to 
the superconductor. However, if the field strength in 
the adjacent region exceeds a critical value H,. the 
external field gradually penetrates into the supercon- 
ductor and converts it to a normal conductor. While 
the penetration is occurring the material consists of a 
diminishing superconducting region in which a nonzero 
field exists. This conclusion has been tested by Faber! 
and by Burwick? who used the following experiment. 
A field H)> H.. was switched on instantaneously parallel 
to the axis of a superconducting circular cylindrical 
wire. The resistance of the wire was measured and found 
to remain at the value zero until a certain time fo after 
the field had been switched on, when it became positive. 
Presumably ¢) was the time required for the field to 
penetrate to the axis of the cylinder and convert the 
entire wire to the normally conducting state. 

In this article we consider the theoretical problem of 
determining fo as a function of Hp and H.. We obtain 
both upper and lower bounds on fp for all values of Ho 
and H,. We also obtain bounds on R(t), the radius of 
the inner boundary of the normally conducting region 
at the time ¢. It seems likely that the actual values of 
to and of R(t) are close to the lower bounds for small 
values of p=(Ho—H.)/H. and close to the upper 
bounds for large values of p. This has been verified by 
Faber for to when p<0.04. Our lower bound is just the 
approximate result obtained by Sixtus and Tonks? in 
their study of the propagation of Barkhausen discon- 
tinuities. The same formula was also found by Pippard‘ 
and Lipshitz*® in analyzing the present problem. 


2. FORMATION OF THE PROBLEM 


The problem which we consider is that of determining 
an axial magnetic field H(r,f) in the region R(t)<r<a. 


* This paper is based on work sponsored in part by the U. S. Air 
Force, Air Force Cambridge Research Center. 

1 T. E. Faber, Proc. Roy. Soc. (London) A219, 75 (1953). 

2J. Burwick, International Business Machine Company, 
Poughkeepsie, New York (unpublished). 

3K. J. Sixtus and L. Tonks, Phys. Rev. 42, 419 (1932). 

4A. B. Pippard, Phil. Mag. 41, 243 (1950). 

5E. M. Lipshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 9, 834 
(1950). 


Here a is the radius of the wire and R(t) is the inner 
boundary of the normally conducting region, which 
must also be found. The time fp at which R(to)=0 is 
the “switching time’, i.e., the time at which the super- 
conducting region disappears. The field H is zero in the 
superconducting region O<r<R(t), while at the 
boundary R(t), H has the critical value H.. At the outer 
boundary r=a, H has the value Hp of the applied field. 
At !=0, R(0)=a since initially there is no normally 
conducting region. The velocity R; of the boundary is 
equal to — (4rou/c?H.)H,(R,t). This follows from con- 
servation of flux. The constants o and wu are the con- 
ductivity and permeability of the normally conducting 
material and c is the velocity of light. In the normally 
conducting region, H satisfies the diffusion equation 
V°H = 4rouc*H, provided that o is large enough for the 
term H,, to be neglected. 

It is convenient to use the radius a as the unit of 
length and the quantity 4roya*c~ as the unit of time. 
Then the equations of our problem become (see Fig. 1) 

H,,+97"H,=H,, R(t)<r< 


H(1,t)= Ho, 
H(R,t)=H., 
= —HOH,(R,b, 
R(0)=1. 


We must find H(r,t) and R(t) satisfying (1)—(5). Then 
fo can be found from the equation R(t) =0. 


3. A LOWER BOUND-—THE QUASI-STATIC SOLUTION 


The solution of the above problem depends upon the 
the parameter p= (Ho—H.)H =. When p is small and 


Fic. 1. The formulation 
of the problem in the r, ¢ 
plane. The interface at R(#) 
starts at R=1 when ‘=0 
and reaches R=0 at t=to. 
The magnetic field H =0 for 
r<R(t), H=H, at r=R(é) 
and H=Hp at the outer 
boundary r=1. In the nor- 
mally conducting region H 
satisfies the diffusion equa- 
tion. The velocity of the 
interface is given by 
R,= —H5-H,(Rt). 
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Fic. 2. (a) Graphs of bounds on the switching time t at which 
the superconducting region disappears as functions of the fractional 
excess applied magnetic field p= (Ho—H-.)/H,. The lower bound 


B. 


is given by (9) and the ys) bound by (13). The unit in which fp 


is measured is 4xa*eyc™*. (b) Graphs of bounds on fp. 


positive the field must diffuse slowly, so we may neglect 
the term H, in (1). Then the solution of (1) is 


(H.—H) 
InR 


Inr. (6) 


H=Ho+ 


The two constants in (6) have been chosen to satisfy (2) 
and (3). Now we insert (6) into (4), which becomes 
R.=p/(R In). (7) 


The solution of (7) which satisfies (5) is given by 


1 FR 
t=—+—(InR—}). 
2p 
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The “switching time” fo at which R=0 is, from (8), 


to=1/ (4p). (9) 
As we expect, (9) shows that fo increases as p decreases. 
In terms of dimensional quantities, 


to= na’ouH ./(c?(Ho—H.) }. (9) 


In the Appendix it is shown that (9) yields a lower 
bound on ¢/o and that (8) gives a lower bound on R(t). 
These results may be explained physically by observing 
that the omission of H, from (1) is equivalent to assum- 
ing that diffusion occurs instantaneously. This will 
obviously result in a too rapid motion of the boundary. 


4. AN UPPER BOUND-—-THE ONE-DIMENSIONAL 
SOLUTION 


To obtain an upper bound on f» and on R(t), let us 
consider the one-dimensional problem in which a field 
H, is applied on the two sides of a superconducting slab 
of thickness 2a. It is physically obvious that it will take 
longer for the superconducting region to disappear in 
this case than in the case of the circular cylinder. It is 
also clear that it will take longer for the interface to 
travel any specified distance than in the cylinder 
problem, so that this problem yields an upper bound 
on R(t) as well as on ft. These facts can be proved 
mathematically, but it does not seem necessary to give 
the proof. 

We shall let r denote distance from the median plane 
of the slab, and we shall consider only the region r>0. 
The solution is obviously symmetric in the median 
plane. The formulation of this problem is exactly the 
same as that given above in (1) to (5) provided the term 
rH, is omitted from (1). It has the explicit solution 


b 1 
a= H+ (eH) f exp( -+)ds) 
0 


b 


xf 
l—r) ot! 


( 


(10) 
(11) 


exp(—2*)dz, 


| \ 
- cs ‘ou a2 7 a 5 a ‘ ¥ - 
Fic. 3. Graphs of bounds on R(t) as functions of ¢ for p=1. The 
lower bound is given by (8) and the upper bound by (11). 
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The constant 6 in (10) and (11) is the solution of the 
equation 


(12) 


6 
2b exp(b) f exp(—2*)dz= p. 
0 


From (11) the switching time is 


to= 1/ (4b). (13) 
Equations (12) and (13) give to as a function of p in 
terms of the parameter b, which can easily be eliminated. 
However, it is just as convenient to keep the para- 
metric form. 

For p<1, Eq. 
becomes 


(12) yields b°=p/2 and then (13) 


to=1/(2p), O<p<l. (14) 


On the other hand, for p>>1, Eq. (12) yields 6?=Inp and 
(13) becomes 


to=1/(4 np), p>. (15 


In Fig. 2 graphs of the upper and lower bounds on ¢o are 
shown as functions of p. To restore the units the right 
sides of (13) to (15) must be multiplied by 42a’ouc* 
Figure 3 shows the bounds on X(t) for p=1. ‘ 


APPENDIX—-PROOF CONCERNING THE 
LOWER BOUND 
We shall now prove that the values of R(¢) given by 
(8) and of to given by (9) are lower bounds on the exact 
values of R(t) and of to. To do this we first rewrite (1) as 


r(rH,),=H,. (Al) 


Now we multiply by r and then integrate (A1) from 


R to r, obtaining 


r 


rH, RH(R))= f rH dr. (A2) 


R 


We divide by r in (A2) and integrate again from R to 1, 


OF 
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which yields 
1 
H(1)—H(R) = RH,(R,t) In— 


R 
1 rl 
+f r; f rH drdr;. (A3) 
R R 


Making use of (2), (3), and (4) in (A3) gives 


(Ho—H.)H-“=R-.R \inR 


1 " 
+H f ry f rHdrdr;. (A4) 
R R 


Finally we integrate (A4) with respect to ¢ from ¢=0, 
obtaining 


R2 
pi=4+ : (InR—}3) 


~ t 1 rl 
+H, f f ry f rH drdr,. (A5) 
0 R R 


If the integral in (A5) were absent, (A5) would agree 
with the quasi-static result (8). We shall show that the 
integral in (A5) is positive because H, is non-negative. 
Then it will follow that 

R? 


pts }+—(InR—}). 


(A6) 


From (A6) it follows that the value of R given by (8) 
is a lower bound on the true value of R and that the 
value of fo given by (9) is also a lower bound on the 
true value of fo. 

To prove that H,>0, we differentiate (1) with respect 
to ¢ and find that H, is also a solution of (1). The value 
of H, at r=1 is zero since H= Hp at r=1. To obtain 
the value of H, at r= R, we differentiate (3) with respect 
to ¢ and obtain H,(R,t)R.+H,(R,) =0. Then using (4) 
yields H,(R,t)=—H,(RO)R:=H OH? (RA) >0. Thus 
we find that H; is a solution of the heat equation (1) in 
the region R(f)<r<1 and that H; has non-negative 
values on the boundary of the region. By the maximum 
principle for solutions of the heat equation, H,>0. 
This completes the proof. 
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Neutron-Bombardment Damage in Silicon* 


G. K. WERTHEM™M 
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(Received May 22, 1958) 


Neutron-bombardment damage in silicon is compared to electron-bombardment effects which have been 
previously analyzed. A discrete energy level 0.27 ev above the valence band previously ascribed to the ac- 
ceptor member of a defect pair having a separation greater than 50 A, is found to be produced by both 
neutrons and electrons. A spectrum of energy levels running from 0.16 ev below the conduction band toward 
the middle of the gap is ascribed to a defect pair with variable spacing, and related to the discrete level 0.16 ev 
below the conduction band which was found previously in electron-bombardment of silicon, and there 
ascribed to a close-spaced pair of defects. Lifetime effects are found to be dominated by levels near the 
middle of the energy gap, which may be related to the above spectrum. A very rapid decrease in mobility 
at low temperature is ascribed to bombardment-induced inhomogeneities. 


INTRODUCTION 


EUTRON-BOMBARDMENT effects in silicon 
have been studied for a number of years. The 
optical absorption in a neutron-bombarded polycrystal- 
line sample has been reported by Becker and Fan,! who 
found an absorption band at 1.8 microns as well as a 
reduction in the free-carrier absorption. The Hall effect 
and resistivity in these samples has been measured by 
Dreyfus’ who found activation energies ranging from 
0.29 to 0.19 ev. More recently the optical absorption 
and photoconductivity in single-crystal material has 
been reported by Longo.’ He finds that the absorption 
band at 1.75 microns is not associated with photo- 
conductivity indicating that it corresponds to excitation 
rather than ionization of a defect. With the Fermi level 
locked close to the middle of the gap he also reports an 
edge of photoconductivity at 1.45 microns (0.86 ev) 
and another of lower intensity at 2.25 microns (0.55 ev). 
He has observed the same photoconductivity in poly- 
crystalline material after a prolonged anneal as well as 
in deuteron bombarded samples. Additional absorption 
bands have been reported by Spitzer and Fan.‘ 

In an experiment designed to determine the effect of 
neutron bombardment on x-ray diffraction line breadth, 
Wood and Batterman irradiated powdered samples of 
silicon containing less than 10'* boron atoms per cc, 
and of silicon containing 10'* boron atoms per cc with 
about 10” mvt thermal and 10'* mvt epicadmium. The 
diffraction pattern of the irradiated and unirradiated 
samples were recorded with a Geiger-counter diffractom- 
eter. There was no detectable difference in line breadth.® 


In a similar experiment, Wittels obtained a volume | 


expansion of 1.7X10~ after reactor irradiation with 
4X 10” fast neutrons.® He did not relate this to a defect 
density. 
* This work was supported in part by the Wright Air Develop- 
ment Center of the U. S. Air Force. 
! Becker, Fan, and Lark-Horovitz, Phys. Rev. 85, 730 (1952). 
2 R. Dreyfus, thesis, Purdue University, 1953 (unpublished). 
’T. A. Longo, thesis, Purdue University, 1957 (unpublished). 
4 W. G. Spitzer and H. Y. Fan, Phys. Rev. 109, 1011 (1958). 
5 E. A. Wood and B. W. Batterman (private communication). 
6M. C. Wittels, J. Appl. Phys. 28, 921 (1957). 


Bombardment-induced electron spin resonance has 
been reported by a group at Purdue.’ 

In the present paper a direct comparison is made 
between the electrical effects of neutron and electron 
irradiation in samples from two crystals. Bombardment 
with electrons close to the threshold for the production 
of damage in silicon has been shown to produce two 
species of paired point imperfections.’ A pair with a 
spacing of 2.5 A, produced in greatest density, has been 
tentatively identified as a vacancy-interstitial pair with 
the displaced atom in one of the nearest interstitial 
positions; electron spin-resonance experiments indicate 
that this position may be the second nearest, which lies 
in the (100) direction.’ This defect gives rise to an 
energy level 0.16 ev below the conduction band. The 
other pair which is produced in much smaller density, 
has been found to have a spacing larger than 50 A. Its 
energy level lies 0.27 ev above the valence band. 

Bombardment with more energetic electrons, or with 
heavy charged particles or neutrons, is expected to 


TABLE I. Crystal parameters and bombardments. 


Bomb. 
Flux temp. 
(cm~*) (°K) 
x10 §©295 
1012 295 
x10" 295 
x108 295 
xO 295 
x10" 295 
x10'5 193 
3 xK10'* 193 


Sample 
No. Bombardment 


Crystal 2-n* 
Na—Ne =2.2 X10'5 
Phosphorous doped 
Nonrotated 


fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
1-Mev electrons 
1-Mev electrons 


BIA ewe 
Oe ee 
CMNAODw TEN 


x10" 295 

x10" 295 

x10" 295 

x10% 295 

«10% 295 eee 
«10 295 91 
K10:7 193  0,0098 


fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
fast neutrons 
1-Mev electrons 


Crystal 2-p' 
Na—Na =7.0 X10 
Boron doped 
Nonrotated 


i 
BAoQwrn eu 


NOUawWNe 


* Samples cut from crystal 2-m vary by as much as 15% in carrier 
concentration. 

Samples cut from crystal 2-p vary by as much as 10% in carrier 
concentration. 


7 Schulz-DuBois, Nisenoff, Fan, and Lark-Horovitz, Phys. Rev. 
98, 1561(A) (1955). 
8G. K. Wertheim, Phys. Rev. 110, 1272 (1958). 
( ® Bemski, Feher, and Gere, Bull. Am. Phys. Soc. Ser. II 3, 135 
1958). 
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NEUTRON-BOMBARDMENT 


produce more complicated damage. In particular, a 
damage site may contain many defects with a range of 
spacings, or even a grossly disturbed structure. It is 
unlikely that isolated vacancies or interstitials will be 
produced by any bombarding particle unless either the 
vacancy or interstitial is mobile. 


EXPERIMENTAL PROCEDURE 


Bridges and rods were cut from two single crystals 
of silicon whose parameters are given in Table I. The 
bridges for neutron bombardment were shielded with 1 
millimeter of cadmium and exposed at room temperature 
to the flux from a fission plate in the Brookhaven 
reactor; they received fluxes ranging from 1.510" to 
3.3X 10" fast neutrons/cm? as shown in Table I. The 
fast flux includes all neutrons with energy greater 
than 100 ev, of these about 60% have an energy greater 
than 0.4 Mev. To avoid activation of the sample 
holders, these samples were mounted after bombard- 
ment; the bridges were nickel-plated in a boiling solu- 
tion and attached with pure indium solder (melting 
point 156°C) to a copper frame. The annealing effect of 
this treatment on neutron-bombarded material has not 
been studied but it is known that no annealing occurs in 
room-temperature electron-bombarded material below 
200°C." Since no problem of activation arose in the 
bridges and rods for electron bombardment, they were 
mounted prior to irradiation. 

Lifetime was measured with a time resolution of 
10-* sec using the pulsed Van de Graaff technique.” 
Conductivity and Hall effect were measured with con- 
ventional dc methods. 
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Fic. 1. Carrier concentration in 2-ohm-cm, p-type silicon as a func- 
tion of temperature, following neutron or electron bombardment. 


0G. Bemski and W. M. Augustyniak, Phys. Rev. 108, 645 
(1957). 

4G. K. Wertheim and W. M. Augustyniak, Rev. Sci. Instr. 27, 
1062 (1956). 
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Fic. 2. Hall mobility in 2-ohm-cm, p-type silicon 
for the samples of Fig. 1. 


RESULTS AND DISCUSSION 
(a) The Lower Half of the Energy Gap 

The reciprocals of the Hall constant as a function 
of temperature in five samples from the same p-type 
crystal (one unbombarded, one bombarded with 
electrons, and three bombarded with neutrons) are 
shown in Fig. 1. The data for neutron-bombarded 
sample 6 and those for the electron-bombarded sample 
are quite similar indicating that the same energy level 
is produced in both cases. The electron bombardment 
center has been identified with the acceptor member of 
a defect pair with spacing greater than 504A; this 
spacing is sufficienly great that the energy level of the 
acceptor would not be perturbed by the existence of a 
range of spacings. The neutron bombardment defect 
may therefore be indentical with that produced by 
electrons, but it could also consist of the unpaired 
acceptor member of the damage site. The rate of 
introduction of damage by neutrons is 9.1 centers/cm* 
per fast neutron/cm?, a value considerably greater than 
that observed in neutron-bombarded germanium where 
a value of 1.6 cm™ has been obtained.!?-8 

The energy level found here in lightly bombarded" 
material may well be responsible for the activation 


2 Cleland, Crawford, and Pigg, Phys. Rev. 99, 1170 (1955). 
18 Cleland, Crawford, and Pigg, Phys. Rev. 98, 1742 (1955). 
4 “Tightly bombarded” signifies that the density of defects 


_.does not exceed the net donor or acceptor concentration. 
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Fic. 3. Carrier concentration in 2-ohm-cm, n-type silicon as a func- 
tion of temperature, following neutron or electron bombardment. 


energies in the range from 0.29 to 0.19 ev reported by 
Dreyfus* in more heavily bombarded polycrystalline 
material. It is likely that the photoconductivity edge 
at 0.86 ev’ corresponds to the excitation of electrons 
from the 0.27-ev level to the conduction band. 

The mobilities in the electron and neutron case are 
noticeably different, Fig. 2. The Hall mobility in the 
neutron-bombarded material is lower than that in the 
electron-bombarded material containing the same 
density of 0.27-ev acceptors. This result is discussed 
later in the paper. 


(b) The Upper Half of the Energy Gap 


The reciprocals of the Hall constant in five samples 
from the same n-type crystal (one unbombarded, one 
bombarded with electrons, and three bombarded with 
neutrons) are compared in Fig. 3. The behavior of the 
electron-bombarded sample reflects the presence of the 
previously found discrete donor level associated with 
a defect pair of 2.5-A separation. The neutron-bombard- 
ment results, especially the curves for samples 4 and 5, 
indicate that a broad spectrum of energy levels is 
present. 

At low temperatures in sample 5, between 77 and 
125°K, the energy level spectrum is completely filled 
with electrons; beginning at 215°K the fraction of 
filled centers decreases slowly with rising temperature. 
The number of carriers removed below 125°K was used 
to determine the rate of introduction of damage, 7, 
associated with the close-spaced pair of defects. It was 
found to be 5.6 cm-. This value is 40% smaller than 
that found for the 0.27-ev level but is still larger than 
that observed in neutron-bombarded germanium.'*-” 
The emptying of the levels as a function of temperature 
is much slower in the region above 125°K than in the 


electron-bombardment case where it corresponds to a 
single, discrete energy level. At the highest temperature 
at which measurements were made a significant fraction 
of the centers remain filled. The Fermi level at this 
temperature is 0.28 ev below the conduction band; the 
data indicate that the spectrum of energy levels extends 
even further from the conduction-band edge. 

These facts are in agreement with an interpretation 
in terms of the close-spaced donor-acceptor pair seen 
in the electron-bombardment case, here modified to 
have a spectrum of allowed spacings ranging upward 
from 2.5 A. The observed spectrum of energy levels is 
then a consequence of the fact that as the spacing of 
the donor-acceptor pair increases, the donor becomes 
a more favorable site for an electron, and consequently 
produces a deeper level. 

A model of neutron damage may be obtained by 
considering the individual processes which produce the 
stable damage configuration observed at the end of 
bombardment. Under bombardment with 1-Mev elec- 
trons one expects that displacements to a range of 
positions greater than 2.5 A should be possible but only 
two types of defects are produced, those with a discrete 
spacing of 2.5 A and those with spacings greater than 
50 A. A possible model of the damage process which 
accounts for this behavior, first suggested by Brown,!® 
is (a) that the primary damage® consists of vacancy- 
interstitial (V-I) pairs with a range of spacings, (b) 
that there is a barrier for the final jump which reunites 
a vacancy with an interstitial; (c) that one member of 
the pair, say the interstitial, is mobile; (d) that diffusion 
carries this member either to a position close to the 
vacancy where it is caught producing the 0.16-ev level 
or else to a favorable location near some other lattice 
defect, in which case the 0.27-ev level is produced at 
the site of the stationary member of the pair. In the 
neutron case we take cognizance of the fact that the 
\-I pairs are created in a highly disturbed region, and 
may consequently have stable spacings greater than 
the one allowed in an undisturbed lattice. It follows 
from this model that the greater the spacing of the 
primary damage the more probable the production of 
the 0.27-ev level becomes, relative to that of the 0.16-ev 
level. This is in agreement with the data. In the electron 
Case No.27/No.16 is 0.061, while in the neutron case it is 1.6. 

The data for sample 4, which received less bombard- 
ment, are not significantly different from those just 
discussed, but those for sample 6 exhibit an anomalous 
behavior at low temperature, Fig. 4. The log of the 
carrier concentration plotted as a function of reciprocal 
temperature exhibits a slope of 0.035 ev. At first sight 
this suggests that there is an energy level 0.035 ev 
below the conduction band ; however this interpretation 
is not tenable, since the Fermi level at the temperature 
where these data were taken is much deeper within the 
forbidden gap. 


16 W. L. Brown (private communication). 





NEUTRON 
Similar behavior has been observed in silicon con- 
taining a high concentration of arsenic, but not so much 
as to cause degeneracy.'® The donor concentration as 
well as the defect concentration in the present case are 
three orders of magnitude smaller, however, indicating 
that the processes in the two cases are not related. 

It has been suggested that such behavior could arise 
from macroscopic fluctuations in the concentration of 
the chemical donor in the crystal. The effect of such 
fluctuations is magnified as the donor is compensated 
by bombardment. If this explanation were valid, the 
observed behavior for neutron or electron bombardment 
should be the same; in fact, however, sample 8, Fig. 4, 
which was bombarded with electrons until the density 
of bombardment defects exceeded the density of 
chemical donors does not show this effect, giving rather 
the slope characteristic of the 0.16-ev level. 

The behavior can be best explained by ascribing it 
to bombardment-induced inhomogeneities. In the neu- 
tron case, each collision produces an elongated damage 
site, perhaps 100 A in diameter and 1000 A in length, 
containing a large number of defects. The resistivity 
of these sites tends to become high as the temperature 
is lowered, but the resistivity of the sample reflects 
chiefly the remaining low-resistivity matrix. This sepa- 
ration of the crystal into damaged regions of high 
resistivity and undamaged regions of normal resistivity 
is an oversimplification since the effective Debye length 
at room temperature is of the same order as the spacing 
of the damage sites, (10° A). If it were not for this fact 
the computation of Hall constants and mobilities would 
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16 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
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have ‘little meaning. At low temperature where the 
breakup into high- and low-resistivity regions is ac- 
centuated the validity of these measured quantities 
may be questioned. 

The anomalous mobility behavior expected for a 
crystal containing such defects has also been ob- 
served and is shown in Fig. 5. The drop in the Hall 
mobility with decreasing temperature is much faster 
than that expected on the basis of charged-center 
scattering, which indicates that another mechanism is 
acting. Similar mobility behavior has been seen follow- 
ing neutron bombardment of germanium," in nickel- 
doped germanium," as well as in unbombarded silicon 
containing a high density of chemical donors or ac- 
ceptors.'® In the first two cases it was ascribed to inho- 
mogeneities in the crystal, and in the last impurity-band 
conduction. It is apparent that this behavior in sample 
6 cannot be attributed to the latter process, since the 
sites produced by bombardment occupy only a small 
fraction of the volume, and since the effect persists to 
high temperature. Impurity-band conduction within 


17 Tyler, Newman, and Woodbury, Phys. Rev. 98, 461 (1955). 
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Fic. 6. Lifetime as a function of temperature in 2-ohm-cm, 
neutron-bombarded n-type silicon. The injection level is held 
constant. The dotted line shows the lifetime observed after 
electron bombardment. 


the sites where the defect density may be greater than 
10'* cm™* cannot account for the observed behavior 
since no more than 10~ of the crystal volume is con- 
tained in the sites. The most reasonable explanation is 
that the effect is due to the scattering by neutron 
damage sites with dimensions comparable to the electron 
wavelength. The effect is sufficiently great so that a 
determination of the density of charged scattering sites 
cannot be made at any temperature. The same effect 
accounts for the low mobility in the p-type crystal 
mentioned above and in the less heavily bombarded 
n-type specimens. 


(c) Lifetime Measurements 


The transient-recombination lifetime in the neutron- 
bombarded samples differs significantly from the 
behavior observed after electron bombardment. The 
temperature dependence of the lifetime is not com- 
patible with an interpretation in terms of either of the 
two defects found to act as recombination centers in 
electron-bombarded crystals. The absence of a discrete 
activation energy, Figs. 6 and 7, and the observed 
dependence of the magnitude of the lifetime on injection 
level can best be explained on the basis of a spectrum 
of recombination centers near the middle of the energy 
gap. 

Let us examine the transient lifetime in a sample 
containing a fixed density of centers as a function of 
their location in the forbidden gap. The solution for 
moderately large injection'* may be written 


7 po(N°+-no+m:+6n)+7n0(N-+ pot pitsp) 
f not pot N°N-/N+énN-/N+5pN°/N 
N°= Ny (mo+m)-, 


N-=Npi(potpi)™. 
18 G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 





WERTHEIM 


This solution is invalid when 6n and 6p dominate in any 
term. Nonexponential decay and injection-level-depend- 
ent behavior are then to be expected, since the differ- 
ential equations of recombination can no longer be 
treated as having constant coefficients. 

Equation (1) may be specialized for recombination 
centers located at least 3kT below the Fermi level in 
n-type material, to obtain 


1 1+(prt8p)/N 


Onn (No+6n) 


(2) 





T= 


1 
TpVpN 


We note that nonlinear or large-signal effects may 
occur for 6n<npo provided only that p;, N and 6p are of 
the same order; that is, they are found when the density 
of recombination centers is small and when these 
centers are located far from the minority-carrier band. 
Under these conditions one finds 7 increasing with in- 
jection level as is usually observed in crystal as grown. 
It should also be noted that the smallest lifetime for a 
given density of recombination centers is obtained 
when ~iX<JN. 

In the samples under discussion mp is 2.2x10'* cm~* 
and the injection level is 10° cm~*. At room temperature 
p: is less than 6p for recombination centers more than 
0.41 ev from the valence band. The density of close- 
spaced pair centers in sample 1 is 8.7X10'* cm™ as 
determined from carrier-removal rates in more heavily 
bombarded samples. Of these only a small fraction is 
expected to lie near the middle of the gap. As a result 
the criteria for large-signal behavior are readily met. 
The analysis of the p-type data leads to the same con- 
clusion. The deep-lying levels which dominate recom- 
bination in these samples may be those producing the 
photoconductivity at 2.25 microns observed by Longo,’ 
and are tentatively identified with the pairs which 
produce the spectrum of levels extending from 0.16 ev 
below the conduction band toward the middle of the gap. 
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Room-temperature lifetimes in these samples are 
given by the following equations for an injection level 
of 10" cm™: 

3.9X 10° 
n-type r=~———(sec), 
7) 
4.3 10° 
p-type r~————(sec), 
yg 
where ¢ is the neutron flux. In the region studied the 
lifetime varies approximately as the square root of the 
injection level. 


CONCLUSIONS 


The effect of low-integrated-flux neutron bombard- 
ment on the carrier concentration in silicon is similar to 
the effect of low-flux electron bombardment. Of the 
two species of defect produced, one appears identical in 
both cases, and the other differs only insofar as it is 
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produced with a range of spacings rather than with one 
discrete spacing. Such similarities in the energy level 
scheme after gamma and neutron bombardment of 
germanium have been reported by Cleland ef al.” 
Mobility effects in the neutron and electron cases are 
similar at high temperature, but at low temperature a 
very rapid drop in the mobility occurs in the former. 
This has not been observed in the electron case, and is 
in agreement with the notion that neutrons produce 
localized inhomogeneities containing a high density of 
centers. The lifetime in neutron-bombarded material is 
dominated by centers near the middle of the forbidden 


gap. 
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We suggest that an important part of the temperature dependence of the elastic constants of perfect 
crystals arises from the elastic anisotropy itself without reference to the features of any model of the inter- 
action between the atoms. The intrinsic effect of the anisotropy is introduced via the local oscillatory 
rotations produced in a crystal by transverse acoustic vibrations. The elastic properties belonging to different 
directions are thereby mixed, in proportion to the temperature. A linear temperature dependence of the 
elastic constants and a partial averaging out of the anisotropy results. Application is made to the elastic 


constants of 8 brass. 


INTRODUCTION 


HE temperature dependence of the elastic con- 
stants of perfect crystals is usually considered!.* 
to be determined by the coefficients of the cubic terms 
in the displacement-energy function of the atoms or 
ions about equilibrium. These coefficients derive from 
some model of the interaction between the atoms, or 
ions and electrons. In the present paper we suggest, 
however, that an important part of the temperature 
dependence of the elastic constants of anisotropic 
crystals arises from the anisotropy itself, independently 
of the features of any particular model. 
The intrinsic role of the anisotropy is introduced via 
the local oscillatory rotations produced in a crystal by 
transverse acoustic vibrations. As a consequence the 


1M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954), Chap. VI. 

2C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948), Chap. III, 


elastic stiffnesses belonging to different crystalline 
directions are mixed, in proportion to the mean square 
rotation and hence to the temperature. This effect 
contributes a linear dependence of the elastic constants 
on temperature and on the anisotropy constant’ Cy 
—4(Cy—Ci2), and produces a partial thermal averag- 
ing-out of the anisotropy. For example, the smallest 
shear stiffness of the crystal is increased and the largest 
shear stiffness decreased by increasing temperature. 

We shall give estimates of the magnitude of the 
temperature dependence to be expected from this 
effect. For simplicity we shall consider only cubic 
crystals, although the treatment of other kinds of sym- 
metry is entirely analogous. Application will be made to 
the anomalous behavior of 8 brass,*:* viz., the smallest 
shear stiffness, }(Cui—C.2), increases with increasing 
temperature. 


~ 8J. S, Rinehart, Phys. Rev. 58, 365 (1940); 59, 308 (1941). 
‘C, Zener, Phys. Rev. 71, 846 (1947). 
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STIFFNESS TENSOR OF CUBIC CRYSTALS 


To discuss rotation it will be most convenient to 
construct the elastic stiffness tensor,® C;;x1, of a cubic 
crystal explicitly in terms of the Voigt elastic constants® 
Cu, Cro, Cag and of the anisotropy constant 


Co=Cu—3 (Cu — Cr). (1) 


The general requirements of an elastic stiffness 
tensor in a cubic crystal, expressed in the Cartesian 
coordinate system (%,%2%3) formed by the cubic axes, 
are’ ia * _ 

Canop= Canpo= Camen 


Canop= eumee 


= Cy, 
Cua. 


Direct examination of all components shows that the 
stiffness tensor, in the cubic axes coordinate system, 
must have the form 


Cane = Cal Omodnpt or 


+ C; Dm sdop— 2c "Om nom Om 2) (3) 


where bn.=1 when m=n and 6,,=0 when mn. 
(Repeated indices are not automatically summed.) In 
any other coordinate system (x;x2x3) obtained from the 
above coordinate system by rotation, the stiffness 
tensor transforms according to the rule® 

= Ox; Ox; OX, OX, 
Cijnt= ) Canes — . “ 


mnop OFm OFn OL OLy 


a (4a) 


, 


Ox; Ox; 


m OLm OLm 


(4b) 


ij. 


Upon using (4a) and (3), the general form of the 
Cartesian stiffness tensor for cubic crystals is seen to be 


Ox; OX; OX,_ Oxy 


Cij= Cunt 2C4 dbadu-¥ — —| (5) 
m™ OLm OLm Om OLm 

where Csint is the value in the cubic axes coordinate 
system given by (3). 

We shall always keep the coordinate system (x172%3) 
fixed in the laboratory while the crystal and hence the 
cubic axes coordinate system (%:%2%3) rotates. The dis- 
placement vector® u of an atom, 


u= r(final) — r(initial) 


51. S. Sokolnikoff; Mathematical Theory of Elasticity (McGraw- 
Hill Book Company, Inc., New York, 1956), second edition, 
Chap. IIT. 

®W. Voigt, Lehrbuch der Kristallphysik (B. G. Teubner, Berlin, 
1928), Chap. VII. 

7J. F. Nye, Physical Properties of Crystals (Oxford University 
Press, London and New York, 1957), Chap. VIII. 

§ B. Spain, Tensor Calculus (Interscience Publishers, Inc., New 
York, 1953), Chap. I. 
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then satisfies the relation 


OX j/ Om — 5 in = Um i= OU, / OX i. (6) 


We introduce (6) into (5). In doing so we shall require 
u to vary sinusoidally with time, and for the resulting 
Cijx1 we shall find the average, (C;;x:), over a complete 
cycle: 
(Cisne) = C sjnr + 2C of (taint jx) 54r+5 similar terms ] 
+ (quartic terms in u;;). (7) 

Finally we split «;; into symmetric and antisymmetric 
parts: 

€4j=4(uijtuy,), 


(8) 


wij= 3 (Uij—;;) 
so that, using (4b), (7) becomes 


(Cijx1)= Csirt Wool (wine jx) ber +5 similar terms | 


+ (quartic terms in u;;). (9) 


EFFECT OF TRANSVERSE VIBRATIONS 
To the purely mathematical result (9) we shall apply 
the value of (ww x) produced by a transverse acoustic 
vibration, even though the latter is by no means purely 
rotatory. For such a vibration we generally have 
u;;|<<1, so that quartic terms in (9) may be neglected. 
We then sum over all acoustic modes, each in its 
average excitation at a temperature 7. The resultant 
average ((C;;x:)) we interpret as the observed isothermal 
stiffness tensor C(T)jjx1: 
C(T) sjxr= Cajur 
+ 2C ol ((winco ja) ber +5 similar terms ]. 


For an acoustic vibration the displacement may be 
written as® 


(10) 


ui= ef age *+a,*e 4" |, (11a) 


where, in the mth vibrational state, 


(atgttg*+aq*aq) = (2n+1)h/4aMv~2kT/8r°Mv?. (11b) 


[Here e is the polarization vector, q is the propagation 
vector, v is the frequency, and M is the total mass. 
For simplicity we have taken T>T(Debye).] One 
finds directly that 


(cig jn) = (RT /160?M v?) (0X q) x(EXq) jx. (12) 


For a purely longitudinal mode, (w;«;,) vanishes. 

In the sum over acoustic modes, the details of the 
spectrum are unimportant and we may make Debye- 
type approximations. We assume, for each q, one longi- 
tudinal mode e!, and two degenerate transverse modes, 
e* and e’. Then 


kT 
Pat ( _ (any-*V f eal(erxaalerxa)n 
4M 


(13a) 


ORE, Peierls, Quantum Theory of Solids (Oxford University 
Press, Oxford, 1955), Chap. I. 


+(e’Xq)ix(e’Xq) jx Sr?g, 
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where 
(13b) 


V=volume Sr=2nv/q 


is the transverse wave velocity. The cubic symmetry 
° s. ‘ns x s 
of Sr permits (13a) to be'simplified to 


kT 
((WixW jz)) = —6,;(1 ~ba)(— ean) 3 


x v f agit = gig 2\Sr af (14) 


where gq; is the component of q along a cubic axis. 
Introducing an average transverse velocity Sr by 


fea —grq?)Sr? 


((wikW jk)) = — 6; ( 1 —65,;,)kT 6omS7°, 


Sr fat 1—qi’q~°), (15) 
(16) 


where m is the mass per unit cell. Equation (10) then 
gives 
C(T) sn= Cijxx—Co(T/T) 

X (6:8. +65 “et 64551 wank 36; id: |, ( 17a ) 
where 


Q2kT =3m8;’. (17b) 


(A typical value of To is 2X 10* deg.) Finally we rein- 
troduce Cy, C12, Cys, and? C’=3(Cy—Ci2) and find 
(noting that only rotatory effects have been considered) 

0C},/dT | y= Q, (18a) 
8C12/8T | y= —Co/To, (18b) 
OC 4 /AT | y= —Co To, (18c) 
whence 


(18d) 
(18e) 


ac’/aT | y= +Co 2 To, 
Co(T)/AT | y=-=- Cy (7 To, 
Co(T)=C(T) u—C'(T). 


(C’/aT | v)/(0Cu/9T | y) =}. (18f) 
DISCUSSION 
The isobaric temperature coefficient of an elastic 
constant C can be expressed as 
dC/dT | » 
=90C/8T | y+9C/dV | raV/dT| » (19a) 
=0C/dT | y+0C/dp| 7d InV/dT| 510 InV/dp| 7, 
(19b) 
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ie., an isochoric term plus a thermal expansion term. 
We suggest that an important! part of the isochoric 
term arises from the intrinsic effect of anisotropy, as 
expressed in Eqs. (18). 

A favorable test for these ideas is provided by an 
extremely anisotropic crystal such as 6 brass, where” 
Co may be as much as 80% of C44. In 6 brass, as is well 
known,’ the shear constant C’ has an anomalous 
isobaric temperature coefficient, being positive whereas 
in most substances it is negative. Zener* has proposed 
that this anomaly arises from a positive value of the 
thermal expansion term, i.e., a positive 0C’/dV | r. This 
should happen, according to Zener, as a result of the 
different volume dependences of the two terms com- 
prising C’ in Fuchs theory": an ion-ion exchange 
repulsion and an electron-ion attraction. Such an ex- 
planation is not consistent, however, with the more 
recent measurements of the pressure dependence of 
elastic constants by Lazarus.” Lazarus found that the 
thermal expansion term of (19) is not positive for C’ in 
8 brass. The anomaly must then result from a positive 
value of the isochoric coefficient 0C’/dT| y, and this 
can be explained by the intrinsic effect of anisotropy, 
according to (18d). Lazarus finds 0 InC’/dT | y~4xK 10+ 
deg whereas (18f) gives ~2X10~* deg for this. We 
may also compare (0 InC’/dT| y)/ (0 InCy/dT | vy)~—3 
from Lazarus data with the value ~—4.3 from (18f). 
For 8 brass we conclude that the intrinsic anisotropy 
effect plays a major role in the temperature dependence 
of elastic constants. 

In substances of small anisotropy we may expect 
other effects, such as those arising from imperfections, 
or from cubic terms in the strain-energy relation, to 
dominate the temperature dependence of the elastic 
constants. This would seem to be the case for KCl, 
NaCl, Cu, and Al; in these cases Lazarus’ measure- 
ments” show positive values of (8C’/AT | y)/ (AC u4/8T | v) 
whereas (18f) provides always a negative contribution. 
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(NH,)HSO, is ferroelectric in the temperature range between —3°C and —119°C. The symmetry of the 
room-temperature phase is P2,/c; the ferroelectric phase is also monoclinic, with space group Pc; and the 
lowest phase, which is piezoelectric, has triclinic symmetry P1. All three phases are pseudo-orthorhombic. 
The coercive field is very low: about 150 v/em at —13°C. The spontaneous polarization P, is about 0.4 
ucoul/cm? at that temperature, and rises to a maximum of about 0.8 zcoul/cm? just above — 119°C. P, falls 
to zero abruptly at the lower transition point. The higher transition is of second order, and the lower of 


first order. 





INTRODUCTION 


HE appearance of ferroelectricity in a good 
number of sulfates (and isomorphous selenates 
and fluoberyllates) renders advisable the dielectric 
examination of other sulfates. The chemically simplest 
ferroelectric sulfate to be found heretofore, by Matthias 
and Remeika,! was (NH4)2SO4. We have recently dis- 


covered remarkable dielectric anomalies in a number of ' 


other simple inorganic sulfates, and several new ferro- 
electrics among these. The first and very simplest of 
these new ferroelectric compounds is reported here. 
It is monoammonium acid sulfate, (NH,4)HSO,. 
(NH,)HSQ, is ordinarily obtained by slow cooling of 
(NH4)2SO, dissolved in concentrated H,SO,.? Crystals 
so obtained show excessive electrical conductivity, 
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Fic. 1. (NH,)HSO,: Dielectric constant vs temperature. 


1B. T. Matthias and J. P. Remeika, Phys. Rev. 103, 262 
(1956). 

2P. von Groth, Chemische Krystallographie (W. Engelmann, 
Leipzig, 1908), Vol. 2, p. 314. 


which renders dielectric measurements difficult. We 
have found that excellent crystals of (NH4)HSO, can 
be obtained by slow hydrolysis of chloroacetamide in 
dilute H2SO,, with 1 to 1 molar ratio of CICH,CONH, 
to H.SO,. These crystals are nonconducting at first, 
but must be stored in kerosene or silicone oil to prevent 
acquisition of atmospheric water. They should be 
thoroughly dried before dielectric testing, and main- 
tained so. A 2 to 1 molar ratio of CICH,;,CONH: and 
H,SO, produces excellent crystals of triammonium 
disulfate, (NH,4)3;H(SO,)>. 

We subsequently discovered that (NH,)HSO, can 
also be grown from the melt, and is one of the few 
ammonium salts which can be so crystallized. The 
melting point is 146.9°C. This is the best method for 
preparation of large water-clear crystals. The boules 
show an excellent cleavage plane, and the important 
dielectric axis (see below) is perpendicular to this. 

Both (NH,)HSO, and (NH,4)3;H(SO,)2 show striking 
dielectric anomalies, and (NH,)HSO, proves to be 
ferroelectric in the temperature range from —3°C to 
—119°C. As the temperature of (NH,)HSO, is lowered 
to the point of the transition at —119°C, the spon- 
taneous polarization drops sharply to zero and the 
dielectric constant shows a small but sharp drop. X-ray 
single-crystal diagrams show symmetry changes at 
—3°C and —119°C. Thus (NH,4)HSO, is the first pure 
material since Rochelle salt to show a ferroelectric 
phase sandwiched between two nonferroelectric phases.’ 

(NH4,)sH (SO,4)2 also shows similar dielectric anomalies 
at about —26°C and at —130°C. The intermediate 
phase is probably antiferroelectric. X-ray investigations 
to confirm the true behavior of this crystal in its various 
phases are in progress. 

(NH,)HSO, is also remarkable in that it shows an 
extremely low coercive field: EZ, is about 150 v/cm at a 
point 10° below its Curie point; and this field rises 
slowly over a temperature range down to — 119°C. The 
maximum value of E, is 1100 v/cm, just above — 119°C. 

The specific heat vs temperature curve shows a fairly 
broad anomaly in the neighborhood of —5°C, and a 
double peak in the region near — 115°C. In this latter 


3 See Shirane, Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 
1738 (1955). 
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feature it resembles the double peak in the specific-heat 
curve of (NH4)2SO,4 near — 50°C.‘ 


CRYSTALLOGRAPHIC PROPERTIES AT 
ROOM TEMPERATURE 


Groth? describes (NH4)HSO, as orthorhombic, with 
axial ratios a:b:c=0.6128: 1:0.7436. X-ray examination 
indicates the true symmetry at room temperature to be 
monoclinic, pseudo-orthorhombic. The symmetry of the 
pseudo-orthorhombic cell is B2;/a, with a= 24.90, A, 
b=4.549 A, c= 14.902 A, B= 90°18", and Z=16. The con- 
ventional designation for this symmetry is P2,/c, with 
a=14.51, A, b=4.549 A, c= 14.90. A, B=120°18’, and 
Z=8. The c axis is the same for both cells. 


DIELECTRIC BEHAVIOR 


The behavior of the small-field dielectric constant of 
this crystal, with the electric field along the c axis, at 
a frequency of 10 kc/sec, is shown in Fig. 1. Two transi- 
tions are indicated by dielectric anomalies: one at 
—3°C, and another at —119°C. While the dielectric 
anomaly at the upper transition is very pronounced 
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5 
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TEMPERATURE , °C 
Fic. 2. (NH4)HSO,: Spontaneous polarization vs temperature. 

(the value of ¢, rises to a peak value of 1420), the 
anomaly at the lower transition is very weak, and 
appears merely as an abrupt decrease in the dielectric 
constant from a value of 16 to 9. The dielectric constants 
€, and « do not exhibit any anomalies at these transi- 
tions, and their values remain practically constant. 

When a ¢ plate of the crystal is examined in a 
hysteresis bridge, the P vs E curve is linear at room 
temperature; and as the upper transition temperature 
is approached, the P vs E curve exhibits the familiar 
characteristics of a second-order transition. Below the 
upper transition temperature, and throughout the tem- 
perature region between the two transitions, well- 
saturated square hysteresis loops are obtained. The 
values of the spontaneous polarization and the coercive 
field are given in Figs. 2 and 3, respectively. 

A quantitative comparison of the coercive field E, of 
(NH,4)HSO, with that of other ferroelectrics cannot be 
made, since very few reliable data on the coercive field 
have been published for other crystals. This is not sur- 
prising, because the value of the coercive field is con- 


‘Hoshino, Vedam, Okaya, and Pepinsky, Phys. Rev. (to be 
published). 
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Fic. 3. (NHy)HSO,: Coercive field vs temperature. 


siderably affected by the previous history of the sample, 
inherent strain, method of mounting, etc., and possibly 
by defects and dislocations. It can be said that the 
coercive field observed in (NH4)HSO, is one of the 
lowest so far recorded, and is considerably smaller than 
E. for (NH4)eSO4. The values of the coercive field 
given in Fig. 3 represent the lowest obtained in meas- 
urements of several crystals. 

At the low-temperature transition, the value of the 
spontaneous polarization decreases abruptly to zero, 
and below this transition temperature one obtains only 
a linear P vs E curve down to liquid nitrogen tem- 
perature. Examination of the crystal in a newly- 
constructed Giebe-Scheibe piezoelectric detector re- 
vealed piezoelectric properties at all temperatures from 
—3°C to liquid nitrogen temperature. 

Pronounced thermal hystersis of about 7° 
noticed at the low-temperature transition. A thermal 
hysteresis of 1° was observed at the upper transition, 
but this is within the error of temperature measurement. 
The strain involved at the lower transition appears to 
be rather large; in a few cases crystals cracked to bits 
as they were taken through this transition. 

The extremely large value of the dielectric constant, 
the shape of the P vs E curve at temperatures slightly 
higher than the upper transition point, and the shape 
of the P, vs T curve lead one to conclude that the upper 
transition is of second order. On the other hand, the 
abrupt discontinuities in the P, vs T, €, vs T curves, the 
marked thermal hysteresis, and the occasional shatter- 
ing of the crystals indicate that the lower transition is 
probably of first order. 


was 


THERMAL MEASUREMENTS 


The variation of specific heat with temperature of 
(NH,)HSO, is shown in Fig. 4. As already remarked, 
the double maxima in the neighborhood of —115°C 
recall the thermal behavior of (NH4):SO,.4 The lower 
transition is of first order, with AQ~0.34 kcal/mole, 
and AS~2.1 cal/mole deg. The transition at —3°C is 
of second order, with AO™0.12 kcal/mole and AS~0.5 
cal/mole deg. 
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FURTHER CRYSTALLOGRAPHIC OBSERVATIONS 


It is interesting to note that at room temperature 
x-ray single-crystal diagrams of (NH,)HSO, reveal 
marked one-dimensional disorder along the ¢ axis, 
which is polar below the upper Curie point. Similar 
disorder is noted in (glycine)3-H2SO, and (glycine); 
-H,SeO, slightly above their Curie points.® 

The symmetry of the intermediate, ferroelectric 
phase is Pc, the twofold screw axis disappearing at 
the Curig point. Cell constants become a=14.26 A, 
b=4.62 A, c=14.80 A, 6=121°18’ at —30°C. The 


5 Hoshino, Okaya, and Pepinsky (to be published). 
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pseudo-orthorhombic cell is described in terms of space 
group Ba, with a=24.37 A, b=4.62 A, c=14.80 A, 
B~=90°. 

Below —119°C the symmetry is triclinic. Observa- 
tions at — 140°C show space group P1, with a= 14.24 A, 
b=4.56 A, c=15.15 A, B=123°24', a=90°, y= 90°. The 
pseudo-orthorhombic cell with space group B1 has 
a= 24.43 A, b=4.56 A, c= 15.15 A, B=91°12’, a=90°, 
y=90°. The crystal exhibits marked twinning in this 
phase. The twin plane is (001). 

The structures of the three phases of (NH,)HSO, 
have been under examination in Osaka University by 
Ogawa and Nitta.® 
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Theory of the Piezoelectric Effect in the Zincblende Structure 
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(Received March 18, 1958) 


A theory of the piezoelectric effect in the zincblende structure is developed on the basis of two assump- 
tions: (1) that the Born theory of a homogeneous lattice deformation is applicable, and (2) that each 
chemical bond is characterized by a vector bond dipole moment. The theory leads to an equation relating 
the macroscopic piezoelectric constant to the static and dynamic effective charges (properties of the bond 
moment), and a lattice parameter +14 which relates the internal strain (basis deformation) to the external 
strain. An x-ray method for measuring 714 is discussed; it utilizes the failure of Friedel’s rule in the anomalous 
dispersion region. An order-of-magnitude check of the theory is made on ZnS. Some remarks are made about 
the piezoelectric effect in wurtzite based on the same model. 


1. INTRODUCTION 


HE zincblende structure (space group 74° or 

F43m) is the simplest to show the piezoelectric 

effect.! In this structure there is only one piezoelectric 
constant, given by 


P.=eS4, Py=e14Ss; P= 145s, (1) 


where P,, P,, P, are the components of the polarization 
along Cartesian axes, ¢,, is the piezoelectric constant, 
and S4, Ss, Ss are the components of the strain tensor.’ 


1 W. Cady, Piezoelectricity (McGraw-Hill Book Company, Inc., 
New York, 1946). 

2 All notation in this paper follows that in M. Born and K. 
Huang Dynamical Theory of Crystal Lattices (Oxford University 
Press, Oxford, 1954) except as indicated below. For definition of 
the strain tensor see p. 134. 


Calculation of the sign and magnitude of this constant, 
and its relationship to the elastic and dielectric con- 
stants, has been the object of considerable effort since 
the early days of Born’s dynamical lattice theory.’ * 
Unfortunately, neither the earlier work nor the more 
recent attempts *? have been entirely satisfactory, 
owing to lack of precise a priori knowledge of the nature 


3M. Born and E. Bormann, Ann. Physik 62, 218 (1920). 

4M. Born and M. G. Mayer, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 635. 

5K. Huang, Phil. Mag. 40, 733 (1949). 

6 Y, LeCorre, thesis, Faculty of Sciences, University of Paris, 
Masson et Cie, Paris, 1955 (unpublished). 

7B. D. Saksena, Phys. Rev. $1, 1012 (1951). This theory is 
incorrect due to neglect of the “inner displacements”; this has 
been noted by LeCorre (reference 6, p. 1436) and J. L. Birman, 
Phys. Rev. 98, 1567 (A) (1955). 
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of chemical bond, and hence the interatomic forces, in 
the particular crystals studied. 

In the present work we shall assume (1) that the 
displacements of the lattice points under strain is that 
given by the Born theory, and (2) that each chemical 
bond (between nearest neighbors) is characterized by a 
vector bond moment always directed along the bond, 
as suggested by von Hippel.* Under strain, both the 
magnitude and direction of each bond moment will be 
altered, and the lowered site symmetry permits a net 
moment or polarization to be developed. We shall 
compute the x component of the net moment per four 
bonds and derive an equation like (1). In this way, we 
shall obtain an equation relating ¢4 to certain bond and 
lattice parameters. This equation may be used to 
determine the value of one unknown bond parameter 
if the others are known. For example, the static charge 
may be evaluated if the dynamic charge, the lattice 
parameter ys, and the piezoelectric 
constant are known. 


macroscopic 


2. HOMOGENEOUS DEFORMATION IN THE 
ZINCBLENDE STRUCTURE 


The homogeneous deformation of a structure is 
completely specified when the location of every particle 
in the strained state is given. In the unstrained state a 
particle is located at positions given by the vector® 

3 


x(l; R)=x(D)+x(k) => (1; +,)ay. 


i=l 


According to Born’s theory, under strain the particle 
initially at x(1; k) will be located at! 


x’ (1; k) = (1+ e)-x(1; k)+u(k). (2) 


In Eq. (2), 1 is the unit tensor, e the deformation tensor 
and u(k) the internal strain, or inner displacement of 
the kth particle. From (2) we can obtain an expression 
for the length, r, of a vector in the crystal space which 
initially had direction cosines (J, m, m) in the aj, ao, as 
axis system, and initially had length ro. We find 


r=rol 1+ec(l,m,n) ], (3) 


where ec(l,m,n) is the extension of this vector. (We 
shall imagine this vector to be between the particles 
at x(/; k) and x(/’; k’), that is, the vector is taken along 
the bond between nearest neighbors.) From (2) we can 
also determine the angle, cosa(/jm,n), between the 
deformed vector, which initially had direction cosines 
(l, m, n), and the original x axis. It follows from Born’s 
theory that the relative inner displacement of the two 
particles comprising the base, u(k’,k)=u(k’)—u(k), 
can be taken (to first order) as a linear function of the 

§ A. von Hippel, Z. Physik 133, 158 (1952). 

® Reference 2, p. 129. 

1 Reference 2, p. 129. Note we use ¢ as the deformation tensor 
instead of u as in reference 2. 
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strain tensor S, that is" 
u(k’,k)=y-S, 


where y is a tensor of the third rank, defined by (4). 
Because of the symmetry of the zincblende structure 
y, like the piezoelectric tensor e, has only one inde- 


pendent component” 14= Y25= Ys. Hence 


u(k’ k)e=yieSs, Uk’ ,R)y=yisSs, Uk’ ,R)e=Vi4Se. (5) 


In the Appendix, explicit formulas which utilize (5) are 
given for the extension ec(/jm,n) and the direction 
cosine : cosa(/,m,n). 

The lattice parameter y14, which couples the internal 
strain to the external strain, is obviously of great im- 
portance. In Born’s earliest work based on the point 
ion model of the lattice, it was shown that for the zinc- 
blende structure‘ 


yu (C»—Cu)/€, " (6) 


where Cj. and C44 are the elastic constants, and @ is a 
lattice sum depending on the interionic forces. Hence 
vis is related to the failure of Cauchy’s relations in a 
given crystal. In general, it should be possible to com- 
pute 714 from the interatomic law of force in the crystal, 
but that is not within the scope of this paper. 

Here we shall discuss the possibility of measuring 14 
by precise x-ray methods. We shall derive an expression 
for the crystal structure factor when the crystal has 
been subjected to a homogeneous deformation (2). Let 


y(n) =mbi+n2b2+nsbs (7) 


be a general vector in the Fourier (reciprocal) space 
which corresponds to the unstrained crystal.!* When the 
crystal space is deformed as given by (2) the Fourier 
space will also be deformed. The general vector in this 
space will now be 

y’(n)=y(n)-(1+e)"=y(n): (l-e+ ---). (8) 
Since 

|y(n) | =sind/2, 


where 6 is the Bragg angle, \ the x-ray wavelength, 
we find 
sind’ siné 
—=—[1-eru)], 9) 
ny r 


where er(A,u,v) is the extension of the Fourier space 
vector y(n) whose direction cosines are initially (X, u, v) 
with respect to the bi, be, bs system (see Appendix). 
From (9) it is apparent that strain causes a shift in the 
location of the reflection, and in fact if this shift is 
precisely measured it may provide an accurate method 
of measurement of the applied crystal strain. 

4 Reference 2, p. 135. 

2 J. Nye, Physical Properties of Crystals (Oxford University 
Press, Oxford, 1957), p. 124. ‘ 

18 Reference 2, p. 214. 

4 R.W. James, The Optical Principles of the Diffraction of X-rays 
(J. Bell and Sons Ltd., London, 1950), Chaps. 1-4. 
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The crystal structure factor’ under strain is 
S'(y'(M)) =X fe L exp[2miy’(n)-x’(1; k)], (10) 
k 1 


where 
Sun) = | fe(n)| exp(2migx) 


is the complex atomic scattering factor of the th 
particle and ¢; is the phase angle. When the sums over 
l and & are carried out for the zincblende structure, 
we find for the square of the structure factor from (2), 
(5), and (8) 


| S’(y(A)) |?= | Fiestas) |?+ | Fe (Avhahs) |* 
+2| FP’ xe (ihehs) g (11) 


where 


F,.(hyhohs) = | fie | e?t ioe 1+ ¢* i(hitha) 1 ex i(hiths) 
er itheths)] 


[and similarly for Fy (AiA2hs) |, and 


| F’ ex: (Ayhohs) | 
=2|F;| | Fx-| cos{ 2m (di— ge) +30 (hit het hs) 
+ (22/a)yis(hrSsthoSst+hsSe)}. (11b) 


In (11b) a is the cell side. The corresponding expression 
for the unstrained crystal is 


| S(y(h)) |?= | Fx (Ayhohs) [24 | Fe (hiyhohs) |? 
+2| Fix (hihohs) |, (12) 


where the difference between (11) and (12) is in the 
last term, in which we take y:4=0 in (11b) to obtain 
(12). Hence the change in intensity of an (4, ho, hs) 
reflection when the crystal is strained is proportional to 


I’ (Ayhohs) —I (hyhohs) = |S’(y’(A)) |?—- | S(y(A)) |? 
=2| F'n: (Ayhohs)|—2| Fee (Aihehs)|. (13) 


We consider two cases illustrating the use of (11) or 
(13) to determine y14 for particular crystals. If the 
material is such that the atomic scattering factors of 
the two particles of the base (k and k’) are essentially 
equal,’® f=f.= fx then, away from anomalous dis- 
persion (¢.=¢x'=0), the (222) reflection" will be 
essentially absent in the unstrained crystal. Under 
strain, the intensity of this reflection will be proportional 
to 


32| f(222) |*{1—cos[ (4a/a)yia(Sst+Ss+Se) ]} 
o~32 | f (222) |\216(9?/a*)y12(Set+SstSe)’. (14) 


From (13) we see that the change in (222) intensity is 
quadratic in the strain, so that the magnitude, but not 
the sign, of 14 could be determined from it. 

On the other hand, we may take advantage of the 
failure of Friedel’s rule'® in the region of anomalous 
dispersion to determine ys. From (11), the difference 
in intensity of (h, h, h) and (h, h, h) reflections in the 


(11a) 


18 For example GaAs, InSb, and sir ilar compounds. 
16 Coster, Knol, and Prins, Z. Physik 63, 345 (1930). 
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strained crystal is proportional to 


I' (kh) —1' (h) =64| fel | fr| sin 3xrh 
+ (2x/a)yish (S4t+S5+Se) yt 


In the unstrained crystal this difference is given by 
I(h)—I(h)=6A| fe} | fe | sin($ah). 

From (15), if 4 is even (for example 4= 2) 

I'(h)—I' (hy~6A4| fe | fer| (4/a)yis(Sst+Ss+Se). (15a) 


We see that intensity difference, (15a), is proportional 
to the applied strain with constant of proportionality 
directly related to y14. To determine | fx! | fe|(n) we 
may use (16) with / odd. 

The problem of determining 7,4 is then one of very 
precise measurement of the intensity differences (14), 
(15), (16). In view of the inaccuracies inherent in 
measurements of individual intensities, it is probably 
preferable to perform an experiment in which the 
intensity differences are directly measured. Further, to 
avoid changes in mosaic structure (and hence secondary 
extinction) produced by mechanical] strain, it may be 
preferable to obtain a uniform crystal strain by appli- 
cation of an electric field (converse piezoelectric effect). 
In zincblende, the components of applied field F,, E,, 
E, are related to crystal strain by! 


EAy=S4, E,ay=Ss, (17) 


Thus, in Eqs. (14), (15), and (16) the intensity differ- 
ences may be produced by an applied field, and as long 
as we are not in a region of field strength where electro- 
strictive effects (quadratic in field strength) are im- 
portant, we may use (17) to estimate the strain.!” 


(15) 


(16) 


Edy= Se. 


3. BOND MOMENTS 


Each atom in the zincblende structure is tetra- 
hedrally surrounded by four nearest neighbors of the 
other sort. For example, the atom at the origin is at the 
center of a tetrahedron, with its nearest neighbors in 
the four tetrahedral directions [111], [111], [111], 
[111]. We focus our attention on the four chemical 
bonds between an atom and its nearest neighbors. In 
the unstrained state these bonds are equivalent, and 
neither covalent nor ionic but a mixture of these two 
“pure” types.!® We shall characterize the mixed bond 
by defining a vector bond moment, u(r), which has the 
direction along the line joining nearest neighbors and a 
magnitude that is a linear function of bond length. 
Then for the bond dipole moment under strain we take 


0 
v= alr) -+—(0e)-ro-eo(Lon) n'(I,m,n). (18) 
r 


11J. Hengstenberg, Z. Physik 58, 345 (1929) used a similar 
technique for KCl. In that material it is the electrostrictive effect 
which produces the strain. 

18 Some of the evidence is reviewed in J. Birman, Phys. Rev. 


109, 810 (1958). 
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In (18), u(r) is the vector bond dipole moment of the 
bond which initially had direction cosines (l,m,n) in 
the aj, a2, a3 axis system, u(r) is the magnitude of the 
initial bond moment, ro the initial bond length, ec (l,m,n) 
is defined in (3), and n’ is a unit vector pointing along 
the strained bond direction. We define a static effective 
charge g*, and dynamic effective charge g¢ by 

(19a) 


BI ro) = q*To, 


Ou 


—(r9)=q". (19b) 
or 


We may then write (18) as 


u(r) =p(l,m,n)n’ (1,m,n), (20) 
where 


u(l,m,n)=roLg*tq%ec(1,m,n) ]. (20a) 


We now compute the total x component of the four 
bond moments pointing from one atom toits four nearest 
neighbors. This is the x component of the dipole moment 
per tetrahedron. When it is multiplied by the density 
of tetrahedra, we obtain the x component of the crystal 
polarization: P,. In terms of quantities defined in Eqs. 

3), (A.1), (A.2), (20), and (20a) 


a Be | 2 3 
an > ’ ) coma ‘“ % ’ ) 
v3 v3 v3 v3 v3 v3 
1 a | 1 : Nee 
+u(— -—-—; ) cosa( ot ane -) 
v3 3 3 V3 v3V3 
1 1 1 1 1 1 
+u(. omen ae ) cose —-—— ) 
v3 v3 v3 v3 v3 V3 
: 3 1 | 1 
hee ah to) 
v3v3 V3 v3 v3 V3 


To 4yuu 4 
=| (08 (-=*--) +4014] 5. (21) 


3X v3r6 


and 
P.=p20"', (22) 


where o‘=density of tetrahedra.* Hence, since Pz=e1454, 


ro f4yu 4 
eu= +4yu9"— -9)--(—“+-) ‘ot. (23) 
v3 V3r9 3 


In deriving (23) we have neglected any local field 
effects, but these may easily be included. Thus if the 
x component of the local field is &,'°°, the polarizability 
per tetrahedron a‘, the « component of crystal polari- 
zation given by (21), and N a local field factor (Lorentz, 


° * That i is, the number of tetrahedra/cm?=4/a*; also, in (23), 
(25) romav3/4. 
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TABLE I. Various constants for ZnS (zincblende). All values 
are in appropriate units of cgs esu. 


C4 4.36X 10" # 
oe 5.68X 104 # 
ec «1919 
dis 


C14 


at 


at =q29+q5 
K 
a 5.41X 10-8 ¢ 


® See reference 1, p. 159. 

+ Calculated from data in references 3 and 4. 

¢ See reference 1, p. 229. 

4 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 

¢N. F. Mott and R. W. Gurney, Electronic Processes in Ionic Crystals, 
oor U niversity Press, Oxford, 1948), second edition, p. 12. 

tR. G. Wyckoff, —— Structures (Interscience Publishers, Inc., 
New Vork, 1948), Vol. 


Onsager, etc.) then 
6,'°= NP, 
and 
P,=p,'(1+ Na‘s') 


so that 


4 ae 
e14= Ana’ (Fay “(. +-)| 
v3 To 


X(1+Na'e)ot. (25) 
Only terms of first order were kept in Eqs. (23), (25). 


4. DISCUSSION 


If the assumptions of our theory are correct, (25) is 
the fundamental equation of piezoelectricity in the 
zincblende structure. In the classical Born theory, 
based on the assumption of point ions, (that is, g*=q*) 
a similar equation arises.* According to Born’s early 
theory, the piezoelectric effect is due entirely to the 
inner strain, a result also obtained from (25) in the 
special case that g*=q?. If é14, vis, and g? can be deter- 
mined experimentally, then (24), or (22) could be used 
to determine g* and hence to characterize the bond in a 
given material with zincblende structure. 

A crude estimate of the order of magnitude of the 
various terms in (23), and (15a) can be made for ZnS 
(zincblende). We first estimate y14 from (6). Using the 
data in Table I, y1s~3X 10~* cm. We may also estimate 
via from (25) if we assume g*= g?=0.5|e|.!8 Using the 
necessary data from Table I we find yyy~1.5X 10-° cm. 
Hence, for ZnS yi4 may be about 1 A. If a strain 
S~10~ can be produced, the basis deformation (5) is 
about 10 A. This strain might be obtained either 
mechanically, or by application of an electric field of 
about breakdown field strength namely &,~2X 10° 
esu and piezoelectric coupling [Eq. (17) ]. The corre- 
sponding change | in x-ray intensity for this strain can 


ad WE Estimated by A. Lempicki. 
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be estimated from (15) and (16) by the ratio 


I'(2)—I'(2) 
= —~0,05 


~ 1(A)—1(4) 


(26) 


In obtaining (26) we have assumed the ratio of atomic 
scattering factors which arises to be ~1. Because of 
the smallness of the predicted 6 for ZnS, it may not be 
possible to determine 14 experimentally for this 
material by conventional techniques, as previously 
mentioned. However, the experimental situation may 
be more fortuitous for other compounds with zinc 
blende structure, or if ZnS whiskers can be obtained. 

It also can be seen that order-of-magnitude agree- 
ment is obtained for ZnS when the appropriate quanti- 
ties from Table I are substituted in (23) or (25). 

It is worthwhile to point out that insofar as the 
assumptions of the theory are correct, they may be 
applied to give an insight into piezoelectricity in the 
wurtzite structure. The ideal wurtzite structure is 
also characterized by the four nearest neighbors of an 
atom being at the corners of an ideal tetrahedron. 
Hence, if the piezoelectric polarization results primarily 
from the unbalance of nearest neighbor bond moments 
under strain, it would follow that in wurtzite the 
piezoelectric constant €33 would be considerably greater 
than e3; and é;5, since the latter two constants essentially 
measure contributions to the strain polarization from 
more distant than first neighbors. In addition, for a 
material (like ZnS) which is dimorphous, crystallizing 
in both zincblende and wurtzite structures, the constant 
€33 in its wurtzite structure should be numerically close 
to the constant e33’= (1/V3)ei4 in its zincblende struc- 
ture, if, as seems likely, y14 is the same in the two 
structures. These predictions of the model cannot, at 
present, be tested since there are no reported measure- 
ments of the necessary constants. The writer believes 
it would be of great interest to see such measurements 
made. 

5. SUMMARY 


The theory presented here, based on the Born lattice 
theory and on von Hippel’s bond moment model, seems 
able to give a quantitative account of the piezoelectric 
effect in the zincblende structure. The importance of 
measuring the inner strain produced by a given me- 
chanical strain (essentially y14) has been emphasized. 
Certain predictions have been made about the relative 
magnitudes of the piezoelectric constants in wurtzite, 
and the relationship between piezoelectric constants of 
materials which can exist in both zincblende and 
wurtzite structures. It would be worthwhile for these 
constants to be measured. Finally, the equation of 
piezoelectricity derived (23) and (25) may permit 
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quantitative estimation of the bond moment of zinc- 
blende structure materials to be made, so that these 
materials may be ordered according to increasing 
ionicity or covalency of the bond. Comparison with the 
predictions of electronegativity scales may then be 
fruitful. 
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APPENDIX 
1. Bond Extension 


Let oo=x(l'; k’)—x(l;k) be the vector joining the 
nearest neighbor atoms in the unstrained crystal. Under 
strain this vector becomes 


o= (1+8)-o0+7°S, 
where we have used (2) and (4). Now let 
r=|o|=[o-o }!=rol1t+ec(/,m,n) ]. 


only first-order terms, we find 


o~ | 00 | ’ 

Keeping 

ec (l,m,n) = 2PS\+m?So+n?S 3+lmSot+lnSs+mnS 4 
+ (y14/r0) (LSst+mS5+nSs), 


where (/,m,n) are the direction cosines of the vector oo 
in the aj, ay, a; (unstrained) axis system. 


(A.1) 


2. Bond Direction Cosine 
From 


a1-0= || cosa(l,m,n)=rol.1+ec(l,m,n) ] cosa(l,m,n), 
we find to first order 


cosa (},m,n) = 1.1 —ec(l,m,n)+ €22 |+-mery+ner: 
+ (y14/0)S4, 


where €z, is a component of the deformation tensor, 
and the other symbols have previously been defined. 


(A.2) 


10 


3. Extension of y(n) 
From 
yo(n)= | y(n) | 
and 


y(n) = ly’ (n) | = Ly’) -y’ (n) P= y(n) [1 — er Ayu») J, 
we find 
er (Ayu,v) =A2S + y?2Sot v°S3+AuSe+AVS5st+yvS, (A.3) 


for the extension of the general Fourier space vector 
y(n). 
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Recombination Properties of Gold in Silicon 


G. BEMsKI 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received May 21, 1958) 


The presence of gold atoms in the silicon lattice decreases the lifetime of excess electrons and holes in 
p- and n-type material. The capture of electrons in p-type silicon occurs through the gold donor level with 
a capture cross section, ono, of 3.51075 cm? (at 300°K). This capture cross section varies as 7~?-5 between 
200° and 500°K. In n-type silicon the electron capture cross section, ono, is 5X 10~® cm? at 300°K and is 
temperature independent; the hole capture cross section, po, is 1X 10~* cm? at 300°K and varies as T~4. 
The capture in this case occurs through the gold acceptor level. 


INTRODUCTION 


OLD is one of the few elements outside columns 

III and V known to be electrically active in 

silicon. A donor level at 0.35 ev from the valence band 

and an acceptor level at 0.54 ev from the conduction 

band have been reported.'? 

The present paper describes experiments whose 

purpose was to determine the recombination properties 
of gold in silicon single crystals. 


NATURE OF GOLD LEVELS 


Collins et al.,? in their investigation on the properties 
of gold in silicon, concluded that the same gold center 
gives rise to both of the observed energy levels, since 
within their experimental errors the concentrations of 
the donor levels and the acceptor levels agree. Since 
this result is important for the interpretation of the 
recombination process, an additional check has been 
made by comparing the gold concentration with the 
concentration of donor levels introduced in p-type 
silicon. 

Several gold-doped crystals have been grown by the 
Teal-Buehler technique’ (0.001 inch per second, 50 
rpm). The gold concentration has been calculated from 
the distribution coefficient? and has been measured by 
a neutron activation analysis. The concentration of 
donor levels has been obtained from conductivity 
measurements. The results are listed in Table I. Within 
experimental error, a one-to-one correlation of donor 
levels is found. This result substantiates the conclusion 
of Collins et al.2 A neutral gold atom, therefore, can 
either accept or donate one electron. In other words, 
in the presence of an ionized gold donor level the 
acceptor does not exist, and vice versa. The position 
of the Fermi level in the silicon determines, therefore, 
the type of the active levels. As a result of this, in 
n-type material only the acceptor level at 0.54 ev from 
the conduction band is active and in p-type material 
only the donor level at 0.35 ev from the valence band 
is active. 

The behavior of gold in silicon is therefore similar 


4 E. A. Taft and F. H. Horn, Phys. Rev. 93, 64 (1954). 
2 Collins, Carlson, and Gallagher, Phys. Rev. 105, 1168 (1957). 
3G. K. Teal and E. Buehler, Phys. Rev. 87, 190 (1952). 


to that found in germanium, where it has been shown 
by Dunlap*® and by Woodbury and Tyler® that a gold 
atom gives rise to one donor and three acceptor levels. 


MEASUREMENTS 


The lifetime of excess minority carriers has been 
measured in gold-doped silicon as a function of the 
conductivity type, resistivity, and gold concentration. 

The gold concentration has been obtained by one of 
the two methods mentioned before or from a determi- 
nation of the concentration of levels as obtained from 
conductivity measurements. 

The lifetime has been measured by the injection- 
extraction method’ or with a Van de Graaff accelerator, 
using the technique described by Wertheim.’ For 
several samples, the lifetime has been measured as a 
function of temperature and as a function of injection 
density. 

RESULTS 


Since a different gold level is active in n-type and 
p-type silicon, respectively, recombination processes in 
these two types can be considered separately and each 
can be described in terms of the single-level recombi- 
nation theory.” The injection-extraction method’ can 
yield the steady-state lifetime, particularly if the plateau 


TABLE I. Comparison of gold concentration with the concentration 
of gold donor levels in p-type silicon crystals. 


Gold concentration (cm~) 


Determined from Calculated from 
activation distribution 
analysis coefficient 


6X10" 


Donor 
concentration 
(cm™$) 
6X 1044 
6X 1044 > 
6X 1084 


Sample 
1 6.5X 10" 


2 5X 10 6X 10" 
3 7X10" 6X 10% 


* Obtained from temperature dependence of resistivity. 
» Obtained from resistivity change between gold-doped and undoped 
portions of the crystals. 


*W.C. Dunlap, Jr., Phys. Rev. 100, 1629 (1955). 

5 W.C. Dunlap, Jr., Phys. Rev. 97, 614 (1955). 

®H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 

7R. H. Kingston, Proc. Inst. Radio Engrs. 42, 829 (1954). 

8G. K. Wertheim and W. M. Augustyniak, Rev. Sci. Instr. 
27, 1062 (1956). 

® W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 

10 R. N. Hall, Phys. Rev. 87, 387 (1952). 
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Fic. 1. Lifetime vs temperature in p-type silicon measured by 
the injection-extraction technique. The electron capture cross 
section, ono, varies as 7~$ with temperature. 


portion of the pattern is observed. This plateau can be 
adjusted to be of a duration several times shorter than 
the lifetime itself and is proportional to the time during 
which the injected carriers diffuse back to the junction. 
Accordingly, the plateau length measures the steady- 
state minority carrier density under conditions of 
forward bias. Similarly to the photoconductivity case, 
the Van de Graaff method gives the transient lifetime. 
The solutions for the two cases have been obtained by 
Shockley and Read® and by Sandiford," respectively. 
For the case of a p-type semiconductor and low injection 
density, they are 


7 po(Mo+m1) +7 nol Pot pit N (1+ po/ pr] 
PpotN (1+ po/pi) "(1+ pi/ po) 


, (1) 





Tst. state = 


and 
T pol Mot+m+N (1+20/m)* | 
+rnolpotpitN (1+ po/pi)*] 
PotN (1+ po/p1) "(1+ pr/ po) 


» (2) 
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x —t2x0'5 cu3 
Po «3x 10'S cu5 

















Pp 
s 2 EEE 
T=Tyo(T Mies 


nag 




















109/ T(°K) 


Fic. 2. Lifetime as a function of temperature in p-type 
silicon measured by the Van de Graaff method. 


—, J. Sandiford, Phys. Rev. 105, 524 (1957). 


where 7,0 and tao are the lifetimes (mean lives) in 
strongly n-type and p-type material, mo and po are the 
equilibrium concentrations of electrons and holes, n; 
and ; are the densities of electrons and holes for the 
case that the Fermi level coincides with the recombi- 
nation level, and N is the density of gold levels. In 
n-type semiconductors, mo and m, are exchanged with 
po and fi. 

The only difference between these two equations lies 
in the fact that in the steady-state solution the density 
of centers, NV, appears explicitly in the numerator only 
in the term describing the capture of the majority 
carriers, while in the transient case NV is present sym- 
metrically in both the majority and minority carrier 
capture terms. Under high injection the density of 
excess carriers, 6x, needs to be considered. For the case 
in which the densities V in the foregoing equations are 
negligible, the steady-state lifetime takes the form 


T po(%o-+2,+6n) +t nol pot pitén) (3) 
Pe ae ey ae " if "e « 
not potéin , 


The quantities 7,0 and 7 0 in all of these expressions 
are related to the capture cross sections, oo and ono, by 
1 1 


Tpo=———_ and 
VpNopo 


_— i ’ 
v,N Tn 


where v, and 2, are the thermal velocities of the carriers. 
From measurements of lifetimes and the knowledge of 
N, one can obtain the capture cross sections ¢ po and oxo. 


p-TYPE SILICON 


Data were obtained on four p-type, gold-doped 
crystals of varying resistivities. Typical results showing 
the temperature dependence of the lifetime are shown 
in Fig. 1. For this particular crystal the concentrations 
are N=2X 10" cm™ and po= 1.2 10'* cm™. The data 
were obtained by the injection-extraction method with 
injection densities of the order of 10-10'® cm~*. It can 
easily be verified that the terms in V [Eq. (1) ] can be 
neglected ; and since 6m is not negligible Eq. (3) applies. 
It can be simplified because 


in<po, bn>mo, bn>n, 


po> pi, 


and 
dn> p: (at all temperatures up to 500°K). 


Equation (3) therefore becomes 
T=Tnot7 po(dn/ po), (4) 


with 6n/po~ 10-*-10~. Since no dependence of lifetime 
on én was found, we conclude that in the temperature 
range between 200°K and 500°K the second term in 
(4) is smaller than the first one. This implies that 
T p0<Tn0(po/6n), which puts a lower limit on oppo. 

The observed increase of + with temperature must 
therefore be due to the temperature dependence of Tao. 





RECOMBINATION PROPERTIES OF Au 


The best fit to the data is obtained with a T* dependence 
of tno, which implies that ono is proportional to 7-4, 
since v, varies as J}. Figure 2 gives results obtained on 
a crystal with V=5X10" cm™ and po=3X10'® cm. 
The lifetime was measured by the Van de Graaff 
technique. We have in this case 


N (1+ po/pi) < po, 
and 
po> No. 


Hence the transient solution (2) yields 
\ ees Tno(1+ p1/ po) +7 poN/ po. (5) 


Since V/po=5X10~*, the second term is even smaller 
than in the case of Fig. 1. A good fit to the data is 
obtained with the same, 7°, temperature dependence 
of tno and neglecting the second term. The average 
value for ono (300°K) from all four p-type crystals is 
3.5X10-% cm*. We also conclude that o,0(300°K) 
> 10-* cm’. 
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Fic. 3. Lifetime as a function of temperature in n-type silicon 
measured by the Van de Graaff technique. The electron capture 
cross section, ono, is temperature independent. 


n-TYPE SILICON 


Figures 3-5 represent the temperature dependence of 
the lifetime in three n-type, gold-doped silicon crystals. 
The transient measurements in Fig. 3 are for the case 
of N=3X10" cm™, m= 1.5X 10" cm-, thus, 


No> po, M>Mm, N>p~i, po<fr, 
po<.N (1+ mo/m1)(1+m1/no)+, 


and én small. 
Accordingly, Eq. (2) reduces to 


T= Tpot tno(N/no), 


with N/n=2. From these results alone it is not 
possible to separate the relative contributions of tno 
and 7,0. The separation will be possible from results 
on different crystals. 

Figure 4 represents results of a steady-state measure- 
ment with V=1X10" cm™, m=1.210" cm™, and 
bn~5X 10" cm. The steady-state Eq. (2) becomes 


T= T pot Tnodn/ (5n-+no), (7) 


' (6) 


IN Si 
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Fic. 4. Lifetime as a function of temperature in n-type silicon 
measured by the injection-extraction method. The theoretical 
curve is drawn for ono independent of temperature and apo 
varying as T-‘, 


with 6n/(én+)~0.3. In this case a variation of 7 
with 6n is observed, which indicates that both terms 
are significant. 

To obtain a better separation of the two terms, a 
high-resistivity crystal has been grown, with N= 6X 10" 
cm~* and m=8X10" cm. The lifetime has been 
measured by the injection-extraction technique with 
bn~6X10"* cm. Since mo/m~ 10°, and N [Eq. (1) ] 
can be neglected, Eq. (3) applies and simplifies in this 
case to 

T=TpotTno- (8) 


The data are shown in Fig. 5. The lifetime 7 is found 
to be independent of 6n as required by (8). 

The three n-type crystals give us three experimental 
situations in which the ry0 term is smaller than the tno 
term as in Figs. 3 or 5, or predominates as in Fig. 4. 
In all three cases a fit is obtained with on0(300°K)=5 
X10 cm? and on0(7) temperature independent, and 
¢po(300°K) = 1X 10~ cm? and oy0(7) varying as T-*. 


DISCUSSION 


The room-temperature values of the capture cross 
sections and their temperature dependence, are tabu- 
lated in Table IT. It is apparent that: 


GOLD CONCENTRATION = 6x10'4 cm 5 
No: 8x 10'S cm 5 
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Fic. 5. Lifetime as a function of temperature in high-resistivity 
n-type silicon measured by the injection-extraction method. The 
temperature variations of ono and op are consistent with those of 
Fig. 3 and Fig. 4. 
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TABLE II. Capture cross sections for electrons and holes 
in n-type and p-type, gold-doped, silicon. 








p-type 
ono(cm?) opo(cm?) 


3.5X105 >1078 


n-type 
ono (cm?) 


5x 1071 


opo(cm?*) 


1x 107% 


300°K values 

Temperature 
dependence 

Capture at Au? 


T2545 


Independent :* 
Au* 


Au Au® 








(1) The capture of excess carriers by oppositely 
charged gold atoms shows a pronounced temperature 
dependence, while capture at neutral atoms does not. 

(2) In n-type silicon at temperatures below 300°K 
the hole capture cross section due to negatively charged 
gold exceeds considerably the electron capture cross 
section at neutral gold atoms. 


These two facts are consistent with the notion that 
the existence of either of the gold levels depends on the 
position of the Fermi level. They are also in accordance 
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with Lax’s’? prediction that a charged center ought to 
exhibit a temperature dependence of the capture cross 
section in the form of T7-", where can be between 1 
and 4, and that a neutral center should have a weaker 
temperature dependence. 

The values of the capture cross sections when extra- 
polated to 77°K agree quite well with those observed 
by Davis," particularly in the case of charged centers. 
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12M. Lax, Second Symposium of Semiconductors, Washington, 
D. C., October, 1956 (unpublished). 
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Optical Properties of n-Type InP 


R. NEWMAN 
General Electric Research Laboratory, Schenectady, New York 


(Received May 26, 1958) 


Measurements of the intrinsic absorption edge of n-type InP at 77°K and 300°K are reported. Differ- 
ences are found in the spectra of samples of differing origin. The effects are believed due to impurities. 
Reflection and absorption spectra in the vicinity of the reststrahlen peak are shown. The reststrahlen 
wavelength is 30.5 u, the static and high-frequency dielectric constants are e=15 and e.=10.6. Free- 
carrier absorption and reflection spectra are shown. A brief discussion of the implications of the various 
optical and electrical measurements as regards the conduction band structure is given. 


INTRODUCTION 


HIS note reports some of the optical properties of 
n-type InP. The material used came from two 
sources: a polycrystalline ingot prepared at the Battelle 
Memorial Institute (BMI) containing a free-carrier 
concentration at room temperature of n=5X 10'5/cm', 
and polycrystalline ingots prepared at this laboratory 
having room-temperature carrier densities between 
2X10" and 5X10'8/cm*. None of the ingots were 
intentionally doped; the carriers presumably resulted 
from the presence of uncontrolled and unidentified im- 
purities. The state of compensation of the impurities is 
also unknown. 


A. Intrinsic Electronic Absorption 


Figure 1 shows the intrinsic electronic absorption 
spectra of InP at 300° and at 77°K.! This is the absorp- 
tion process which is due to the excitation of an electron 


1F. Oswald, Z. Naturforsch. 9a, 181 (1954). 


from the valence to the conduction band. The data were 
taken using a Perkin-Elmer monochromator incorpo- 
rating a diffraction grating for high dispersion. The 
spectral resolution was between 2X 10~ and 1X 10- ev 
for the data shown. 

Consider first the spectra for the BMI material. At 
both 77°K and 300°K the curves show a break at an 
absorption coefficient of about 10 cm-'. Above the 
break point the slope of the curve is steeper than 
below. The slopes above the break are of the same 
magnitude as the slopes at comparable absorption 
coefficients and temperatures for such materials as 
InSb.? For the latter, calculations have indicated that 
the transitions are direct.’ The absorption above the 
break point in the BMI InP, in all probability, may 
be regarded similarly as due to direct processes. How- 


2V. Roberts and J. E. Quarrington, J. Elec. 1, 152 (1955); 
G. W. Gobeli and H. Y. Fan, Bull. Am. Phys. Soc. Ser. II, 2, 
121 (1957). 

*H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 

‘E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 
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Fic. 1. Intrinsic absorption edge of InP at 77°K and 300°K. The different curves refer to different ingots as discussed in the text. 


ever, until additional experimental evidence at higher 
absorption coefficient is obtained, or until one has 
greater theoretical understanding of the functional form 
(e.g., temperature dependence) of the absorption near 
the threshold, the question should not be regarded as 
settled. 

A problem which remains is to understand the origin 
of the absorption below the break point for the BMI 
material and its relationship, if any, to the spectra of 
the General Electric (GE) material. We will consider 
only the low-temperature spectra where the differences 
between different materials are most pronounced. For 
comparison with the spectrum of the BMI material, we 
have shown a spectrum of one ingot of GE material 
over roughly the same total range of absorption coeffi- 
cient and portions of the spectra of several other GE 
ingots of differing carrier density. The viewpoint that 
shall be adopted is that the spectra of the various 
ingots may be considered to result from a superposition 
of the absorption which we have characterized as due 
to direct processes and an absorption arising from a 
process of as yet undetermined origin. The magnitude 
of this latter process we suppose to be an extrinsic 
property. It is smallest in the BMI material and larger 
in the GE ingots. 

Samples taken from the various ingots failed to show 
significant differences when inspected visually either 
with visible light in an ordinary microscope or in a 
polarizing microscope equipped with an infrared image 


converter to permit examination of the interiors of the 
samples. The densities of crystal boundaries and micro- 
scopic inclusions and the magnitude of the strain 
birefringence were comparable in all cases. No effects on 
the spectra were found with either annealing or thermal 
quenching. It is therefore not felt that the mechanical 
state of the samples would account for the observed 
differences in the spectra. 

In a like manner it is not felt that the differing con- 
centrations of free carriers could account for the ob- 
served effects. It would be expected that a free-carrier 
effect would be a monotonically increasing function of 
carrier concentration. This did not appear to be the 
case. 

In a further attempt to characterize the material, 
mobilities were measured in the various samples as a 
function of temperature (300°K to 20°K). The BMI 
material had the highest mobility (3400 cm?/volt sec 
at room temperature) and its temperature dependence 
showed a clear-cut separation into regions in which, 
respectively, lattice and impurity effects were dominant. 
The GE materials had much lower mobilities (1800 to 
2400 cm?*/volt sec at room temperature) with no 
evidence for lattice scattering in the temperature range 
covered. In other measurements,** with samples having 


5 F. J. Reid and R. K. Willardson (to be published). 

6 M. Glicksman, data presented at Chicago American Physical 
Society Meeting, March, 1958 [Bull. Am. Phys. Soc. Ser. II, 3, 
120 (1958) ]. 
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Fic. 2. Reflectance spectra (300°K) of InP for two samples having 
different free electron densities as noted. 


free-carrier densities comparable with the highest (2 to 4 
X10'"/cm*) used in this work, room temperature 
mobilities of about 4000 cm?/volt sec have been ob- 
tained. All this indicates that the GE material contained 
much higher total concentrations of impurities than 
did the BMI material. It is therefore suggested that the 
differences in the absorption spectra might be under- 
stood in terms of an impurity effect. Specifically, if the 
impurity content were high enough, the impurity 
“tails” at the edges of the bands’ could give rise to 
the enhanced absorption at lower energies. It is of 
interest that somewhat similar effects have been ob- 
served in highly compensated GaSb.*® 


B. Lattice Vibrations 


Figure 2 shows the reflectance spectrum of the BMI 
material in the vicinity of the reststrahlen peak. It also 
shows the reflectance spectrum of a GE sample con- 
taining 5X10'® carriers/cm*. The latter will be dis- 
cussed below. From an analysis of the first curve (BMI) 
one can obtain the k=0 optical mode frequencies, 
Fusy0.043 ev and hw,0.036 ev, the static dielectric 
constant, ¢9=15, and the high-frequency dielectric 
constant, ¢«,= 10.6. Similar data on InP have been 
obtained previously.* Complimentary to the reflectance 
data of Fig. 2, Fig. 3 shows a portion of the spectrum of 
a BMI sample in the lattice absorption range. The 
presence of the relatively weak subsidiary peaks in 
addition to the main lattice band is of interest. These 
subsidiary bands are presumably combination fre- 
quencies (e.g., optical and acoustical). 

Using the reststrahlen frequency and the values of 
the static and high-frequency dielectric constants, it 
has been shown that polar scattering is the important 
lattice scattering contribution for the electron mobility.” 
To calculate the mobility, a simple conduction band 

7R. H. Parmenter, Phys. Rev. 97, 587 (1955). 

8 A. K. Ramdas and H. Y. Fan, Bull. Am. Phys. Soc. Ser. II, 3, 
121 (1958). 

® Picus, Burstein, and Henvis, Bull. Am. Phys. Soc. Ser. II, 2, 


66 (1957). 
10H. Ehrenreich (to be published). 
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with a minimum at k=0 and an effective mass of 0.07 
was assumed. These assumptions are based on the 
belief that the InP band structure is similar to that of 
InSb and InAs. The results of the calculation give a 
temperature dependence for the mobility in good agree- 
ment with published data. The room-temperature 
mobility determined by lattice scattering alone is 6900 
cm?/volt sec. An independent calculation’ which in- 
cludes the effects of impurity scattering yields a mobility 
value in agreement with the observed mobility for 
uncompensated material. 

The agreement between experimental and calculated 
mobilities lends strong support to the aforementioned 
band structure model. However, it should be pointed 
out that the sensitivity of the polar scattering contribu- 
tion to the quantity (eo—€,), with its relatively large 
experimental uncertainty, sets a limit on the reliability 
of the theoretical calculations and hence on the infer- 
ences concerning the reliability of the assumed effective 
mass value. 


C. Free-Carrier Effects 


Figure 4 shows the room-temperature free-carrier 
absorption in n-type InP. The curves show an absorp- 
tion coefficient which varies as \?* and is proportional 
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Fic. 3. Absorption spectrum (300°K) of an InP sample 
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to free-carrier concentration. The effects of temperature 
in the 300°K to 77°K range were small. 

The reflectivity spectrum of Fig. 2 for the sample 
with 5X10'* carriers/cm* (dashed curve) shows a 
minimum in the reflectivity at about 0.06 ev. (The 
reflectance spectra of the other samples available for 
measurement were indistinguishable from that of BML.) 
It is believed that this minimum in the reflectance 
results from the contribution of the free carriers to 
the electric susceptibility in a manner described recently 
for Ge and InSb." It can be shown that to a good 
approximation the frequency of this minimum is equal 
to (1/22) (4rne?/m*e)', where the symbols have their 
usual significance. Using this formula one calculates an 
effective electron mass of 0.2 electron mass unit for 
this case. 


D. Further Discussion 


It is not immediately obvious that the data that have 
been presented furnish a consistent picture of the 
conduction band structure of InP. The observation of 
an intrinsic absorption edge which appears to be due to 
direct transitions lends some support to the previously 
cited theoretical estimates that have been made for 
the conduction band parameters. It will be recalled 
that these estimates suggest that the band minimum 
occurs at the origin of the zone and that it is charac- 
terized by a small effective mass (0.07). Consistent with 
this is the observation, from magnetoresistance, of an 
isotropic mobility (or mass) for fairly pure InP.* On 
the other hand, the present reflectivity measurements 
have indicated a relatively large effective mass of 0.2 at 
the 5X10'’ carriers/cm* level. Also magnetoresistance 
measurements on less pure samples have indicated an 
anisotropy in the effective mass with band minima 
located at points removed from the zone origin.® In 
summary, these various pieces of evidence suggest a 
picture in which the effective mass is a rather strong 
function of carrier concentration (or Fermi level), being 
characterized by an isotropic, small effective mass at 
low carrier densities and an anisotropic, larger effective 
mass at higher carrier densities. To determine if this 
interpretation was sustained by an entirely different 
type of measurement, the thermoelectric power was 


1 W., G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 
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measured at room temperature in a series of samples of 
differing carrier density. As examples of the results, at 
the low-concentration limit (n= 5X 10'%/cm*, O&— 400 
pv/°C) the data, when analyzed according to the 
method of Howarth and Sondheimer,’ indicate an 
effective mass of 0.03. For the most highly concentrated 
sample (n= 5X 10'8/cm*, Q=— 100 uv/°C) the effective 
mass was calculated to be 0.2. The uncertainties in the 
analysis weaken the conclusions which can be drawn. 
However, they seem, at least, consistent with a small 
effective mass value at low concentrations, and the 
possibility of a strong concentration dependence of this 
value. If this picture is, indeed, correct, then at the 
present time the various evidence points toward the 
existence of a complex conduction band structure in 
InP with a minimum at the zone origin and other 
relative minima at other points in the zone at closely 
the same energy. 
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Bombardment of Cadmium Sulfide Crystals with 30- to 60-kev Electrons 
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The dependence of induced conductivity in CdS crystals on the rate of arrival and the energy of impinging 
electrons is reported. These results lead to a qualitative picture of the conduction, excitation, and recombina- 
tion phenomena in CdS which is satisfied by the simple model of a sulfur vacancy, and an analytical expres- 
sion which involves the mobility of carriers, their effective masses, the number of ground states in the 
forbidden gap (for pure but not perfect crystals) and their positions as a function of temperature. The red and 
green luminescence observed under irradiation by electrons is qualitatively explained. The equation for the 
induced conductivity is derived from the expression for two-carrier conductivity and the definitions of the 
steady-state Fermi levels for holes and electrons. An empirical fit to the observed data yields 
o=eu,N, exp(kTal —E,,°)/kT for 1<J, and o=e(untpmp) Ne exp[kTB8(1—1,)—Es,°J/kT for 1>I,. The 
data reported herein were obtained by using monoenergetic bombarding electrons in the range of 30 to 60 kev. 
An interesting field effect is reported but no clear interpretation is available to the authors. Corroborating 


data employing ultraviolet irradiation are described. 


INTRODUCTION 


HE purpose of this paper is to present results of 

experiments relating the conduction, excitation, 

and recombination processes in cadmium sulfide to the 

intensity and energy of monoenergetic bombarding 
electrons. 

This study, began as an investigation of the depend- 
ence of the conductivity induced in CdS on the energy 
of the bombarding electrons. The immediate result was 
the lack of agreement with the conclusions of Ryvkin 
et al.' that above 10 kev the conductivity per unit of 
incident energy flux is constant. A more extended in- 
vestigation has led to measurements analogous to those 
reported in the optical range of electromagnetic radia- 
tion.? The techniques provide a different approach to 
the study of compound semiconductors such as CdS. In 
particular, the results of Rose,*’ Klick,‘ Broser and 
Warminsky,* and Kréger® will be considered. 


EXPERIMENTAL METHOD 


The CdS crystals employed in the experiments to be 
described were grown by a variation of the vaporization- 
crystallization method described by Czyzak ef al.’ In 
their final prepared condition, they measured up to 
approximately 5 mmX5 mm with thicknesses ranging 
up to 3 mm, and had electroplated indium electrodes. 
Electrical lead wires were fastened to the indium plate 
with DuPont 5584 silver paint. Spectrographically, the 
crystals were analyzed to have the impurities shown in 
Table I. Shown also in Table I are the dark resistivities 
of several of the crystals. 

An electron microscope, RCA model EMB, provided 
a beam of monoenergetic electrons of energies from 30 


1S. M. Ryvkin e¢ al., Zhur. Tekh. Fiz. 24, 961 (1954). 

2 A. Rose, Proc. Inst. Radio Engrs. 43, 1850 (1955). 

3A. Rose, Phys. Rev. 97, 322 (1955). 

4C. C. Klick, Phys. Rev. 89, 274 (1953). 

5]. Broser and R. Warminsky, Ann. Physik 7, 289 (1950). 
6 F. A. Kréger, Physica 20, 1149 (1954). 

7S. J. Czyzak et al., J. Appl. Phys. 23, 932 (1952). 


to 60 kev in steps of 5 kev. Provisions were available for 
adjusting the beam intensity. The crystals were held in 
special fixtures which could be inserted through a port 
in the projection lens of the microscope. A brass cap 
with two apertures was fitted over the crystal holder. 
Through one aperture the total beam current could be 
measured, while through the other the beam would 
impinge upon the crystal. In this manner all but the 
absorbed electrons could be collected by the cap. The 
CdS crystals were mounted to provide for temperature, 
optical, and electrical measurements. The vacuum pro- 
vided for the electron microscope was 10~ mm Hg. The 
maximum beam current, measured at the sample posi- 
tion, was ~5X10~* ampere. 

Crystal conductances were measured while the beam 
energy and the beam current were varied. The estimated 
accuracy of the energy values is +1°% and the estimate 
of energy spread is 0.1%. The values used for the beam 
current are arbitrary units proportional to the measured 
current. For observations of luminescence, the beam 
was adjusted for maximum current. The only changes 
made in the beam were made with the focusing controls, 
except when a decrease in beam current was desired. To 
observe the effect of an applied field, an external dc 
voltage source, variable over the range 0-2000 volts, 
was used. Spectrometer observations of the crystals 
under electron bombardment were made through the 
front porthole in the projection lens of the microscope. 
A Hilger constant-deviation spectrometer with camera 
attachment was used for the spectrograms. 


CATHODOCONDUCTIVITY 


The results of measurements of the conductance in- 
duced by electron bombardment (cathodoconductivity), 
as a function of the electron energy, are given in Fig. 1. 
Except for the value at 30 kev, the increase in con- 
ductance with energy is virtually linear. These results, 
though in a different energy range from that reported by 
Ryvkin e¢ al.,! do not agree with their findings. They 
found that the induced conductivity per unit of energy 
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TABLE I. Spectrographic analyses and some dark resistivities of the crystals used in this study. 


Resistivity (dark) 
(108 ohm cm) 


Crystal 

Color 
Light yellow 
Dark yellow 
Light yellow 
Light yellow 
Light yellow 
Light yellow 
Dark yellow 
Medium yellow 
Light yellow 
Light yellow 
Light yellow 
Light yellow 
Amber 

Amber 

Very light yellow 


7.64 
72.6 
No contacts 
No contacts 
1.43 
250 
67.7 
3.24 
0.86 
6.0 
No contacts 
No contacts 
No contacts 


ee 


Analysis 


Mg (%) Si (% Cu (% 


a 


<0.001 
<0.0005 


4 


<0.0001 
<0.0007 


<0.003 
<0.003 
<0.001 see 
tae <0.0003 
<0.0003 
<0.004 
<0.001 


<0.0008 
<0.0008 
< 0.0004 
<0.0004 


<0.003 

cee <0.001 
<0.001 oe 
<0.003 
<0.001 
<0.001 
<0.001 
<0.001 


<0.0003 
<0.0003 
<0.0005 
<0.001 

<0.0015 


<0.001 cee 
eae <0.00005 
<0.00005 


<0.00005 
<0.0005 


<0.0001 


*® No analysis. Crystal grown from CdS powder showing these impurities: <0.0003 Mg; <0.003 Cu. From past experience crystals of this type are 
always at least an order of magnitude purer than the bulk powder from which they are grown. 


is independent of the incident beam energy above about 
8 kev. 

Figure 2 shows a typical curve for the conductance 
of a CdS crystal as a function of the incident beam 
current for a beam energy of 50 kev. Carrier yield, 
defined by Q.=No. of carriers/No. of absorbed elec- 
trons, calculated from our data gives values from ~ 10° 
at the lowest incident beam current to ~ 10‘ for beam 
currents above about 1X 10~* ampere. Secondary proc- 
esses are ignored for this calculation, but will be con- 
sidered in the discussion. 


EXCITATION 


All of the various types (see Table I) of crystals 
available were made to emit red and/or green light in 
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Conductivity induced in CdS crystal under electron 


bombardment as a function of electron energy. 


the electron beam. It was found that the emitted colors 
were internally transmitted and at times the whole 
crystal appeared to glow, which may have been due to 
this internal transmission and reflection. It was always 
easier to get crystals to radiate red light (i.e., luminesce 
with a lower beam intensity) than green. Higher im- 
purity levels apparently depress the luminescence, as 
observed by Klick.‘ 

The electron beam could be defocused to cover most 
of the face of a crystal and cause it to luminesce red, but 
the beam had to be much more concentrated (i.e., of 
higher local intensity) to cause green luminescence. This 
relationship always existed regardless of how easy or 
difficult it was to cause any emission. The beam cross 
section determined the limit on the size of the colored 
areas. In our case, the red areas were as large as about 
5 mm in diameter and the green areas were about 2 mm 
maximum diameter. 

Using one of the Type 1 crystals, the electron beam 
was adjusted so that there was only a red spot about 2 
mm in diameter. A dc field of about 1000 volts/cm was 
applied across the crystal. After a few seconds, the red 
spot was observed to change to green. New apparatus 
is now being constructed to study this phenomenon 
further. Tentatively, the field effect might be explained 
on the assumption of a localized avalanche effect even 
though the fields were one to two orders of magnitude 
smaller than is normally required. 
| The spectral analysis, employing Kodak I-L plates, of 
the luminescence produced in the crystal while in the 
electron beam gave a green peak at about 5200 A and a 
red peak at about 7200 A. These values were corrobo- 
rated_by“analysis of crystals irradiated with ultraviolet. 
If the temperature of the crystal (irradiated by ultra- 
violet) is reduced by submersion in liquid air, the visible 
red peak disappears and the green peak breaks up into 
several peaks, as others have observed.*-" If the 

8 R. W. Smith, Phys. Rev. 105, 900 (1957), 


9 J. Lambe, Phys. Rev. 98, 985 (1955). 
1 Lambe, Klick, and Dexter, Phys. Rev. 103, 1715 (1956). 
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Fic. 2. Conductivity induced in CdS crystal under 50-kev electron 
bombardment as a function of beam current. 


electron beam is caused to impinge on an aluminum 
target placed near the crystal, the x-rays produced are 
of sufficient intensity to cause the crystal to luminesce 
both red and green. We believe that this is the first time 
luminescence in CdS crystals under x-ray irradiation at 
room temperature has been reported. Figure 3 shows 
how the luminescence (both red and green) and the 
conductivity vary with the intensity of the incident 
ultraviolet light (qualitative agreement under electron 
bombardment is observed, but quantitative data are not 
yet available). It should be noted that the green 
luminescence is just becoming noticeable at J, and thus 
coincides with the break in the conductivity curve. 


DISCUSSION 


Several models have been proposed to explain the 
interesting characteristics of cadmium sulfide. For ex- 
ample, it has been suggested that sulfur vacancies could 
satisfy the requirements of Kréger’s® exciton model for 
the interpretation of the green edge luminescence ob- 
served at 77°K. Lambe’ suggests that the exciton model 
is not valid on evidence obtained at 4°K, but retains the 
model of the sulfur vacancy to explain green edge 
luminescence at low temperature. Rose* generally de- 
scribes the photoconductive processes on the basis of two 
classes of states within the forbidden gap. Bube™ sug- 
gests that sulfur and cadmium vacancies satisfy the 
requirements of the two classes proposed by Rose. On 
the assumption of Rose’s model explanations for non- 
linear photocurrent-light curves, infrared quenching, 
thermally stimulated currents, and some other related 
phenomena are claimed. The model proposed in this 


u R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955). 
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paper is in general agreement with those proposed above 
with a few exceptions. 

It is proposed that in very pure CdS crystals sulfur 
vacancies account for most of the phenomena observed. 
Specifically, transitions to energy levels in the forbidden 
gap involving non-ionized and singly ionized final states 
or transitions from energy levels in the forbidden gap 
involving nonionized or singly ionized initial states 
provide the necessary recombination rates to postulate 
two classes of states in the gap.?? In particular, the 
recombination centers are classified as follows: 


Class I= ionized center; 
Class II=non-ionized center. 


However, the numbers of occupied states of the two 
classes respectively are not unrelated on the basis of the 
above assumption. In fact, it is because of the relation- 
ship of the population of the two classes of states that 
the following description of the results reported in this 
paper can be made. 

The particular crystal arrangement used to obtain the 
data given in Fig. 2 was a thin (~250 micron) CdS 
crystal with indium electroplated on one side and an 
approximately 100-angstrom layer of copper sputtered 
on the other side. The copper side was placed toward the 
electron beam. The beam itself was less than 50 microns 
in diameter and since the depth of penetration of 50-kev 
electrons is of the order of 10 microns, it is believed that 
secondary processes involving electromagnetic radiation 
are responsible for creation of free carriers throughout 
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Fic. 3. Luminescence and conductivity of a Type i CdS crystal 
as a function of the intensity of irradiating u'traviolet light. The 
drooping of the luminescence curves at high intensity is considered 
due to temperature increase in the crystal. [Figure after A. 
Vuylsteke and Y. T. Sihvonen (to be published). ] 
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the crystal. The production of visible green and red 
luminescence throughout the crystal is not a necessary 
consequence of these secondary processes. In fact, it is 
probable that only in the immediate vicinity of the 
electron beam is the carrier density sufficiently high to 
give appreciable visible luminescence. This effect would 
mask lesser amounts of luminescence from other areas, 
particularly when internal reflection occurs. 

For the development that follows, it will be assumed 
that the entire crystal participates homogeneously in 
the conductivity. This assumption may not be entirely 
correct for the case of the electron beam; nevertheless, 
the following development fits the gross response of the 
CdS crystal in an electron beam and should apply even 
better to more extended sources. 

From these experiments (Fig. 3) it is observed that 
the cathodoconductivity o is a function of the bom- 
barding beam current. The conductivity for a semicon- 
ductor is given by 


T= Neunt peu y, (1) 


where n and p are the carrier densities and u, and yw, are 
their respective mobilities. The steady-state Fermi levels 
(SSFL) for electrons and holes are defined by 


n=N,exp(— Eyn/kT), (2) 
p=, exp(—Ey,/kT), (3) 


where V,, and V, are the number of effective states/cm* 
in the conduction and valance band, respectively, Esn 
is the energy separation of the conduction band and the 
SSFL for electrons, and E,;, is the energy separation of 
the valence band and the SSFL for holes. Differentiating 
Eqs. (1), (2), and (3) and combining, we have 


da/dI =e(du,/d1)N. exp(— Esn/kT) 
— (eunN /kT)(OEsn/ OT) exp(— Esn/kT) 
+e(du,/dI)N, exp(—E;s,/kT) 
—(eupNo/kT)(OEs,/01) exp(—Ey,/kT). (4) 


If one assumes that the curve of o versus I corresponds 
to increasing occupancy of the recombination centers 
until at S in Figs. 2 and 3 these centers become satu- 
rated, then, beyond S, a second recombination accounts 
for the change in properties of the crystal. This corre- 
sponds to a gradual raising of the SSFL for electrons 
accompanied by very little movement of the SSFL for 
holes until the ground states within the band gap be- 
come saturated. 

Above saturation free holes play a significantly more 
important role in the response of the semiconductor 
since the rate of free hole generation equals the rate of 
free electron generation. Furthermore, since below satu- 
ration the holes generated are trapped almost im- 
mediately, their mobility and (du,/d/) are negligibly 
small. Above saturation, however, the mobility for 
electrons has reached a maximum and (du,/d/)=0 


1525 


whereas uw, and (du,/d/) cannot now be neglected. The 
above results are expressed as 


(OEs,/01)=0, (Ou,/dJ)=0, for I<Is, (5) 


b 
and 


(dn/dI)= (dp Ol), (Ou,/dl)=0, for I>Ts. (6) 


Therefore, for the first branch of the curve in Fig. 2 
(I <I) the conductivity becomes 


I 
a= f [e(du,,/d1)N. exp(—Eyn/kT) 
0 


— (enN./RT) (OE sn/A1) exp(—Eyn/RT) MI, (7a) 


o1=eunN. exp[— (Esn°—kTal) kT |, (7b) 


where 


Ejn=E seo —kTal. (8) 


Equation (8) is the empirical relationship satisfying the 
theoretical results for 7<J. If one now applies Eq. (6) 
to Eq. (4), the conductivity for 7>7, becomes 


I 
si f [e(aup/Al)N. exp(—Era/kT) 
Is 


—e(tin-tM,) N/kT (0E;p/81) 


Xexp(—Ey,/kT) ]dI (9a) 


=e(un+uy) NV, exp{ —LEs,°—kT8(I—Ts) ]/RT}, (9b) 


where 


Esp= Ey,°—kTB(I—Is). (10) 


Here again Eq. (10) is the empirical relationship satis- 
fying the theoretical results for />TJs. 

The solid lines in Fig. 2 show the fit to the experi- 
mental data. The values of the parameters are 


a=1.45X 10° amp; 
oo= eunN, exp(— Ey,°/kT)=7.2X 10-* mho, 
B=0.36X 10° amp; 


o,=C(Un twp) NV, exp(— E,,°/kT)=2.0X10-*mho. (11) 


Equating the conductivities at saturation and as- 
suming the mobilities of holes and electrons to be nearly 
equal, the number of recombination centers is found to 
be ~10'°/cm’. A different calculation, which assumes 
only the visibly green area to five microns depth to be 
saturated by the entire electron beam, yields a recombi- 
nation-center density of ~ 10'*/cm*. These values reason- 
ably represent the limits of recombination-center den- 
sity for these crystals. 

Equations (8) and (10) of the above development 
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imply that the net rate of production of the carriers 
(n= fr), by whatever primary and secondary processes 
are involved, depends on the number of carriers already 
present. The above experiments do not, however, dis- 
tinguish the dependence of the excitation rate f from 
that of the lifetime 7 on the intensity of radiation. 


PHYSICAL REVIEW VOLUME 


SNYDER, 


iii, 


AND SIHVONEN 


ACKNOWLEDGMENTS 


The authors wish to express their appreciation to Dr. 
G. M. Rassweiler, Mr. D. R. Boyd, and Dr. R. N. 
Hollyer, Jr., for stimulating and critical discussions and 
to Mr. C. D. Woelke for growing and preparing the CdS 
crystals to our specifications. 


NUMBER 6 SEPTEMBER 15, 1958 


Paramagnetic Resonance Spectrum of Gadolinium in Hydrated 
Lanthanum Trichloride* 


M. WEGER AND W. Low 
Department of Physics, The Hebrew University, Jerusalem, Israel 


(Received May 15, 1958) 


The paramagnetic resonance spectrum of Gd** in LaCl;-7H:O was measured and found to agree quite 
well with a spin Hamiltonian with dominant coefficients }.°=+0.0131 cm™, b:?==F0.0075 cm™! at room 
temperature, and 6.°= +0.0099 cm, b2?= 0.0115 cm™ at liquid air temperature. 


1. INTRODUCTION 


HE paramagnetic resonance spectrum of Gd** in 

LaCl;-7H,O was investigated in the hope that 

this substance might be suitable for a maser operation. 

The long relaxation time of the Gd** ion and its esti- 

mated zero-field splitting (0.1—0.3 cm) appeared 

promising. These estimates seem to have been confirmed 
by experiment. 

There has been considerable work on the absorption 
spectra of the hydrated rare earth ions including those 
of gadolinium.! It was hoped that these results might be 
of some help in interpreting the optical spectra. More- 
over, gadolinium seemed to be a logical starting point 
for the investigation of other chlorides of this series 
having similar crystal structures. 


2. CRYSTALLOGRAPHY AND EXPERIMENTA 
TECHNIQUE ig 


(a) LaCl;-7H,O is a triclinic crystal for which no 
crystallographic data seem to be available. Since the 
crystal has no magnetic axis of symmetry, the determi- 
nation of its magnetic axes is somewhat more involved 
than in the trigonal and hexagonal crystals so far in- 
vestigated. The directions of all the magnetic axes must 
be determined from the resonance spectrum. The 
method used here is as follows. The crystal is rotated 
independently around two nonparallel axes and the 
direction of maximum splitting of the resonance spec- 
trum is determined. (This direction will be called hence- 
forth the z axis.) The crystal is then rotated in a plane 


* Supported by the U. S. Air Force, Office of Scientific Research, 


Air Research Development Command. 
1G. H. Dieke and L. Leopold, J. Opt. Soc. Am. 47, 944 (1957). 


perpendicular to the z axis and the positions of maxi- 
mum and minimum splitting in this plane are measured 
(henceforth called x and y axes, respectively). These 
axes are found to be mutually orthogonal, as expected. 

(b) A conventional 3-cm microwave spectrometer is 
used. One of the two axes of rotation mentioned above 
is furnished by the magnet which can be rotated in a 
horizontal plane. The second axis is obtained from a 
crystal mount in the cavity which can be rotated in a 
vertical plane (see Fig. 1). To avoid diminution of line 
strength due to nonorthogonality of the steady magnetic 
field Ho and the rf magnetic field, the crystal is mounted 
in the cavity at a point where the rf magnetic field is 
vertical. The crystal mount is rotated by an aluminium 
disk graduated in degrees. The disk is detachable to 
facilitate work at liquid air temperatures. Accurate 
alignment of the disk is ensured by a pin and hole 
arrangement. Backlash is about 3°. 


RESULTS AND INTERPRETATION 


At room temperature, at a frequency of 9373 Mc/sec, 
absorption lines were found at the following magnetic 
fields (in gauss) : 


3097 
3157 
3339 
y axis 3667 
4200 
(three coinciding 
lines) 


1607 
2181 
2738 
x axis 3329 
3991 


913 

1789 

2618 

z axis 3433 
4246 

5082 4728 

6034 5514 


The widths of the lines were of the order of 20-30 gauss. 
The spin Hamiltonian which has been applied to this 
spectrum is 





PARAMAGNETIC 
H=B(goS2H2+gySyHy+ 25H) 
+b [3S2—S(S+1)]+4b2(S,2+S_2) 
+bf{ (7/12)SA—[4S(S+1)—5/12]S? 
— oS (S+1)+ (1/20)S?(S+1)*} 
+62(7/12)[S2(SP+S_2)+ (SP4+S)S? 
— (2/14) (S(S+1)+5)(S,2+S_*) ] 
+bé[ (49/24) (Sy24+S2)]. (1) 
The normalization has been chosen to agree as much as 
possible with Bleaney e/ al.2 The energy levels of the 
above Hamiltonian are calculated by a perturbation 
method to the third order in },°, b.”, and to the first 
order in b,°, 64, bs’. The expression for the energy levels 
is 
2 axis: 
t= 6g.5SH.+b[3S/—S(S+1) ] 
+4 (bo*)*{ (S+S,) (S—S.+1)(S+S,—-1) 
x (S—S,+2) '(82g.H.+12b.°(S,—1) ] 
— (S—S,)(S+5.+1) (S—S,—1)(S+5,+2)/ 
[62g.H.+12b2°(S+1) ]} 
+b. (7/12)S;4—[4S(S+1)—5/12]S2 
— oS (S+1)+ (1/20)S?(S+ 1)*} ; 















































INCHES 


Fic. 1. Cavity arrangement. (a) Cavity; (b) crystal mount; 
(c) graduated disk; (A) iris; (B) metal plate; (C) positioning hole; 
(D) scale; (E) pin. 


ede Scovil, and Trenam, Proc. Roy. Soc. (London) 


A223, 19 (1954). 


RESONANCE 


SPECTRUM 


x axis: 
E=6g.S H.—}(b2— b2") [3S —S(S+1) ] 
+335 (3bo°+be?)*{ (S+Sz) (S—S:+1)(S+S,—1) 
X (S—S.+2)/[82g-H.—6(b2°— bs") (S:—1) J 
— (S—S,)(S+5.+1)(S—S.—1)(S+5.+2) 
[82g,H2—6(b2°—b,”) (S:+1) ]} 
+[3bo—$b2+ (35/8)b4] 
X {(7/12)SA—-[48(S+1)—-3]S2 
— oS (S+1)+ (1/20)S?(S+1)?} ; 
y axis: 
E=8,5S,H,— }(b!°+6,)3S8,7—S(S+1) 
+ yg (3b2°— b2”)?{ (S+.S,) (S—S,+1) (S+S,—1) 
X (S—S,+2)/[B2g,H ,—6(b2°+ b2”) (Sy—1) ] 
— (S—S,)(S+S,+1) (S—S,—1)(S+5,+2) 
[82g,H ,—6(b2°+5.7) (Sy+1) ]} 
+[$b.+ 32+ (35/8)bs*] 
x {(7/12)S,4—[4S(S+1)—§]5,2 
— oS (S+1)+ (1/20)S?(S+1)?}. 
Se Os 


The coefficients 5;~*, bs;~* of polynomials in Sz, 


transforming like the imaginary components of the 
spherical harmonics Y,’, Y 4‘ were not determined, since 
they do not effect the splitting along the x, y, and z axes 


in the first order. 

Since the splitting (0.54 cm 
applied frequency (0.3 cm™), a successive approxima- 
tion had to be applied. Firstly, the coefficients gz, g,, g:, 
be”, b2?, were calculated by the least square method using 
first order perturbation calculation which is linear in the 
coefficients. The second and third order corrections were 
calculated using these coefficients; the third order cor- 
rections are of the same order of magnitude as the 
second order corrections in this case. These corrections 
were applied to the lines }«>— } and corrected values of 
£2, Sy) 8 Were obtained. Using these g values and the 
second and third order corrections mentioned before, 
the corrected 5,°, bo? were calculated. Next, the eigen- 
values and derivatives of the eigenvalues with respect to 
the coefficients were computed, again by perturbation 
calculation to the third order. With these new eigen- 
values and derivatives, a further correction to the 
coefficients was computed by least squares. The coeffi- 
cients 54°, by’, b,4 were estimated from the deviations of 
these corrected eigenvalues from the experimental data. 

The values of the coefficients, thus calculated, are 
g2= 1.998+0.003, g,=2.000+0.003, g.=1.989+0.003, 


b= +0.0131340.00005 cm—, 

b.?= 0.00752+0.0002 cm- , 

b= +0.0002+0.0001 cm- 
36. — 362+ (35/8)b¢=0.0000+0.0001, 
$b9+ 862+ (35/8)b44= +0.0002+0.0001. 


1 


') is comparable to the 
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Fic. 2. Zero-field 
energy levels. 


a 
2 


Thus, at zero field, the energy levels consist of four 
doublets with the relative separation of roughly 0.13, 
0.13, and 0.28 cm~, as is shown in Fig. 2. Only the 
relative signs of the 6 parameters were determined. 
Thus the order of the levels has not been established. 
Agreement of the calculated with the observed values of 
energy levels is within 20 gauss. The deviations seem to 
be caused mainly by the neglect of fourth and fifth order 
terms in the perturbation calculation and by the neglect 
of terms in the spin Hamiltonian which transform like 
spherical harmonics of the sixth order (Y¢°, Y¢?, Ye*, Ye°). 

Somewhat less accurate measurements were carried 
out at liquid air temperature. The splitting along the z 
axis was found to decrease, the lines at weakest and 
strongest fields being at 1287 and 5592 gauss. The 
splitting along the x axis however increased, the corre- 
sponding lines being at 1400 and 5625 gauss. The 
splitting along the y axis did not change significantly 
from the room temperature value. The magnetic axis 
rotated less than 5° from the room temperature direc- 
tions. The coefficients 52°, by? at liquid air temperatures 
are thus found to be 


b= +0.0099+0.003 cm™, 
b,?= +0.0115+0.0007 cm™. 
These results should only be used with considerable 
reservations at still lower temperatures. 
4. THEORY 


The splitting of the 4/7 8S7/2 ground state of Gd** by 
the crystal field has been discussed by Van Vleck and 


LOW 


Penney.’ The splitting cannot be caused by a first order 
process for an S state, nor by second order perturbations 
in the crystal field and spin-orbit coupling. The selection 
rules (AL=+1, no change in parity for LS coupling; 
L odd, change in parity; or Z even, no change in parity 
for matrix elements of the crystal field connecting any 
state with an S§ state) forbid interference of the two 
processes. LS coupling or the crystal field acting alone 
cannot produce any splitting of the *S state. One 
therefore has to consider higher order perturbations. 
Each coefficient of the spin Hamiltonian has to be 
considered separately as there may be a number of 
mechanisms responsible for the magnitude and sign of 
each one. Pryce,‘ for example, proposed a process 


(4f7 8S|We|4f%6p 8D)(4f°6p 8D] Vaxia| 4/7 8S), 


where W,, is the operator of the spin-spin interaction 
and Vaxiai is the axial component of the electrostatic 
potentials. This mechanism can be seen to give rise to a 
splitting, as the matrix elements of the spin-spin inter- 
actions connect states with AL=+2 and same parity 
and then cause interference with the axial crystal field 
(AL=+2) in the second order. Other mechanisms 
operative within the 4/7 manifold or including higher 
excited configurations can be constructed. Some of 
these have been listed by Hutchison ef a/.° It seems, at 
present, impossible to distinguish the mechanism of the 
splitting from the few coefficients determined from the 
paramagnetic resonance spectrum. The complex tem- 
perature dependence of the splitting points to the 
existence of a considerable number of mechanisms. 


5. CONCLUSION 


It is seen that the large zero field splitting (0.5 cm™) 
makes the perturbation calculation converge extremely 
slowly, so that quite considerable labor of computation 
is involved. Faster convergence could have been ob- 
tained by working at 1-cm wavelength, but unfortu- 
nately no adequate magnet was available. Alternatively, 
the manual labor of the calculations could have been 
diminished somewhat and slightly better accuracy ob- 
tained by use of an electronic computer. 


3 J. H. Van Vleck and W. G. Penney, Phil. Mag. 17, 961 (1934). 
4M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 

5 Hutchison, Judd, and Pope, Phys. Soc. (London) B70, 514 
(1957). 
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Conductivity of Nonpolar Crystals in Strong Electric Field. II* 


Jrro Yamasuitat 
Radiation Laboratory, University of Pittsburgh, Pittsburgh, Pennsyloania 


(Received April 21, 1958) 


The distribution function of the “hot electron” is investigated in germanium for the case of a small applied 
electric field, where both acoustical- and optical-mode scattering exists. The electron energy loss due to the 
interaction with the optical mode is found to be quite large and it eliminates large parts of the quantitative 
discrepancy between the previous theory and experiment. 


I. INTRODUCTION 


N the previous paper,! which we shall denote as I, 
we investigated the conductivity of nonpolar crystals 
in a strong electric field. We used a simplified model in 
which the energy surfaces are assumed to be spherical 
and the ‘conduction electrons interact only with acous- 
tical modes of vibrations. We solved the Boltzmann 
equation approximately for this model and found that 
the conduction electron distribution is not Maxwellian, 
and nonohmic current characteristics follow from the 
new distribution of electrons in the strong electric field. 
Although the simplified theory can give a qualitative 
description of observed nonohmic current in germanium 
and silicon, the result is by no means satisfactory in the 
quantitative sense. 
Let us denote the distribution function by 


f(k) = fo(E)+Kig(B), 


as usual. Here K and E are the wave number vector and 
energy of conduction electrons, respectively, and z is 
the direction of the applied field. Then, as seen in I, 
fo(E) is given by 


fo(E) = (E/kT + p)” exp(— E/kT). (1) 


Here ? is defined by 
3a po” a 


Qe", 
16 ¢ 


(2) 
where yo is the low-field mobility for pure lattice 
scattering, c is velocity of sound waves, F is the in- 
tensity of the applied field, & is the Boltzmann constant, 
and T is the absolute temperature. If the field is suffi- 
ciently weak, we can expand the distribution function 
and keep only terms of the first order in p: 


fo(y)=N ye 1+p In(y+p) ], 


where V, is the normalization constant and y= E/kT. 
Now, we define a quantity o by 


(3) 


4 o={u(F)—p0}/po. (4) 


* This research was in part supported by the United States Air 
Force through the Air Force Office of Scientific Research of the 
Air Research and Development Command. 

¢ On leave from the Institute of Science and Technology, 
University of Tokoyo, Tokoyo, Japan. 

1 J. Yamashita and M. Watanabe, Progr. Theoret. Phys. Japan 
12, 443 (1954). 


By using (2) and the usual current expression, we have 


2 a 
o=—pfi+— f In(y+p)yte-“dy 
Va 0 


ee 


-{ In(y+p)ye-“dy}. (5) 


0 


According to observations for m-type germanium 
samples, ¢ is proportional to F? and the absolute value 
of ¢/F? is about —1.5X10~7 cm’ v~ at room tempera- 
ture.2 Equation (5), on the other hand, gives a value 
about two hundred times larger than that observed. 
As we shall see later, the large discrepancy should be 
ascribed to the oversimplification of the model. 

An assembly of conduction electrons which is in 
equilibrium with a lattice in a strong electric field 
would receive more energy from the field than it can 
dissipate by interaction with acoustical modes of vibra- 
tion. Since the dissipation rate of energy by the interac- 
tion with acoustical modes increases with increasing 
electron energy, the average energy of the assembly of 
electrons must increase in the strong electric field so as 
to transfer more energy to the lattice and maintain the 
electron in an equilibrium state. Therefore, the dis- 
crepancy mentioned previously suggests that the average 
energy loss of an electron in colliding with a phonon 
is greater than has been considered in paper I. On the 
other hand, we know that the temperature dependence 
of mobility in n-type germanium is given by a 7—!- 
instead of a 7—'* law. We can imagine three possible 
mechanisms underlying this deviation from a 7—!- law: 
(1) interaction with optical modes of vibration, (2) 
intervalley scattering, and (3) K dependence of the 
electron effective mass. However, the second effect can 
be eliminated as too small, judging from the acousto- 
electric effect observed by Weinreich.’ In the following 
we shall consider the effects upon the hot-electron 
problem of scattering with the optical modes, assuming 
that the deviation from the 7—'* law depends only 
upon conduction electron-optical mode interaction 4 
Thus ‘we are considering effect (1) as most important 
and yet we cannot deny the possible importance of (3). 


2 J. B. Gunn, in Progress in Semiconductors (John Wiley and 
Sons, Inc., New York, 1957), Vol. 2, p. 213. 

3G. Weinreich, Bell Telephone Laboratories 
communication). 

*T. Morgan, Bull. Am. Phys. Soc. Ser. IT, 3, 13 (1958). 
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II. BOLTZMANN EQUATION 


We use a simplified assumption that the shape of 
the energy surface is spherically symmetric in k space, 
although the assumption is not correct in n-type 
germanium and silicon. We neglect also the Coulomb 
interaction between conduction electrons.’ Then we can 
describe the Boltzmann equation, 


[0f/dt]r+[0f/dt].=0, (6) 


for a system which consists of conduction electrons and 
both acoustical and optical modes of vibration. Here 
the operator [0 //dt]r is given by 


af) eF dg i? df 
| -~(«H +8 +-K—), (7) 
aly ih dE m dE 


and the operator [0 //d#]- consists of two terms: 
[0 f/dt]-=[0f/dt lect [0 f/dt op. (8) 


Evaluation of the first term is not difficult, because we 
can expand the functions fo(E+tw,), fo(E—fhw,), and 
exp(fw,/kT) with respect to fw, (fw, is a frequency of 
the acoustical mode of vibrations), and retain terms 
through second order in fw,. After some computations 
we get the following expression (see I) : 


af) AL @fh s/E df 
| -—| e+ —+26 )— 
Otl.. ~/EL dE’ kT dE 
2E K, 
+—fo— (ee (9) 
kT 2mc? 


(10) 


where A is defined by 
A=9VC*m3 (kT) /2eMhi(2m)!; 


V is the volume of the crystal, m is the effective mass 
of the conduction electron, M is the mass of the ion, 
and C is a coupling constant between conduction elec- 
trons and the acoustical mode of vibration.’ On the 
other hand, the operator [0 f/0t]., is given by® 


of B 1 
-| =— —{[E(E+hw) }} 
Ot Sop hw »/E 


XL fo( E+hw) exp(hw/kT)— fo(E) ] 

+¢(E)LE(E—hw) }'[ fo(E—hw) — fo(E) exp(hw/kT) | 

— K.g(E)[LE(E+hw) }!+ €(E) exp(hw/kT) 

X[E(E—hw)}}}. (11) 

5 According to the experiment of K. Seeger, o depends on the 
number of conduction electrons [K. Seeger, Bull. Am. Phys. Soc. 
Ser. II, 3, 112 (1958) ]. We wish to express our gratitude to him 
for helpful discussions about the hot-electron problem. 


6 Here C is defined according to F. Seitz, Phys. Rev. 73, 549 
(1948). 


Here B is defined by 


VD'n® = sh’? 1 

B= (—) ——_—_— ), (12) 
tMh*(2m)!\2m exp(hw/kT)—1 

where ftw, the characteristic energy of an optical phonon, 
is assumed to be a constant, D is a coupling constant 
between conduction electrons and the optical mode of 
vibrations, p is the first nonvanishing reciprocal vector 
of the lattice, and e(Z) is a step function equal to one 

for E>hw and equal to zero otherwise. 
Inserting (9) and (11) into (6) and equating the 
terms of the same angular dependence, we have a 

pair of equations, 


~ 


A FE? 2E B 
= FE? fo!’+ (—+ 28) f+ ~ ol sex 
JE kT aT SS hw/E 


x [LE( E+hw) }¥{ fo(E+hw) exp| hw kT) = fol E)} 
4+e(E)[E(E—hiw) ]}¥{ fo(E— ftw) — fo(E) exp (hw/kT)}] 


eF dg 
= (+32) (13) 
h dE 


and 


B 


Ay 
[(E+hw)! 


E 
+ 
2mc hw 
eFh\d fo 
+(E) exp(hw #T)(E~ha)"}}e()=( \— (14) 
m/JdE 


In general we cannot expand the function fo(E+7w) or 

fo(E—thw) with respect to ftw, because fw is not neces- 

sarily small as compared with £. Therefore, by including 

interaction with the optical mode of vibrations the 

problem becomes more difficult to solve. However, if the | 
intensity of the applied field is small enough, we need 

to consider only terms linear in p, and we can solve the 

problem approximately. 


Ill. SMALL QUADRATIC CHANGES IN MOBILITY 
Let us assume that 
fo(E)=x(E)N m exp(— E/T) 


and 
g(E)={(E)N , exp(—E/kT), 


where J,, is the normalization constant of the usual 
Maxwell distribution function: 


Nn f exp(—E/kT)\/ EdE=1, 


and fo(Z) is assumed to be normalized in the sense 
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S fo(E)\/ EdE=1. Then, Eqs. (13) and (14) become 


A EF 
=| x"+ (22) 
VE kT] 


B 
+—— IL E(E+ ha) 


hiun/ 


VHx(E+hw) —x(E)} 


+¢(E)LE(E—hw) | —y(E)} exp(hw/kT) | 


eF dé ¢ 
= (19 +3|—-— r) (15) 
h dE ki 
[AVE 


t > 
—+ -[(E+hw)! 


| 2mce hw 


ify (E— hw) 


+¢(E) exp(hw/kT)(E—hw)*] R I 


eFh dx x 
= ( )(- -~), (16) 
m1 dE kT 


As seen from (16), ¢ is of first order in F, so that the 
right-hand side of (15) is quadratic in F. If we neglect 
terms of the order of the magnitude of F*, we see from 
(15) and (16) that x(£) is constant and K,¢(E) is also 
we have 


respectively. 


constant. Inserting ¢(£) into (15), 


FE? B 
(ex"-- x'+2Ex') + ( — ) 
kT Ahw 


x ((E(E+he) }[x(E+hw) —x(E)] 


+ €(E) exp(hw/kT)[E(E—hw) x (E— hw) —x(E)]} 


E 


Let us now put 
x(E)=1+4+ pt(E)— p(é) (18) 


for small values of p; then we have the following 


equations: 


I B 
(#e"-—e+ ae ) + ( —) 
AT Ahus 


X {LE(E+hw) }iLE(E+hw) — &(E)) 
+¢(E) exp(hw/kT)[E(E—hw) }} 


E 
X [é(E—hw) — &(E) ]}+ (—- 1)=0 (19) 
kT 


NONPOLAR 


CRYSTALS 
and 


g(E) = 


2 /(- )| B 2me? 
, a 
m dE 2mc? A hw 


X[(E+hw)'+€(E) exp (hw ee | 


dfo dé 

om -(¢— - ~— [1+ pF t= #1) exp —E/kT). 

dE dE iad 
(20) 


Here (£) means the average value of §(F), which is 
defined by 


(¢ Vm f €(E) exp(-E RT)\/EdE. (21) 


Since Eq. (19) still has to be solved, we introduce here 
a rather crude approximation. We expand §(E+fw) 
and §(E—%w) with respect to ww, and take terms 
through the second derivative of §(£) into account. 
Then we obtain finally a simple second-order differential 
equation : 


I at 
[s+ {4[a ‘(x+1)] ltt-e(x)e ACee—n7y 

A dx 
B 


+[-st+204 —{[a(x+1) }} 


+(sx—1)=0, (22) 


dé 
—e(x)e*[x(x— vv] ta 


dx 


where x=E/ftw and s=fw/kT. A solution of (22) is 
easily found to be 


~ | * (1—su) 
n(a)=n(a»)+exp| -f O(s)dz — =- 
z0 z0 R(u) 


xexp| f (wae fd (23) 
z0 


--}YR(x), 


where n=dé/dx and 


Q(x) =[—sa2+ 22+ (B/A){ 

R(x) = [22+ (B/A){---}], 
and «o is any small value of «. In order to determine the 
value for small values of «, it is more convenient to start 
from (17). By expanding x(E+#w) and x(E—fw) with 
respect to fiw, we have 


Bl dx 
{24+— —[a(x+1) ]!+- px 
A2 dx* 


dx 


B 
+ | —sx?+ one taet 1) }}+p—2px 


ax 


+p(sx—1)x=0. (24) 
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) at 320°K. 


TABLE I. Computed values of [&(x) —(£)] and n(: 





Ratio at 
n(x) 320°K 
0.0173 2.01 
0.0210 1.49 
0.0220 1.56 
0.0217 1.26 
0.0207 1.10 
0.0193 1.00 
0.0164 0.96 
0.0134 0.85 
0.0118 0.96 
0.0113 1.00 
0.0108 1.01 
0.0102 1.01 
0.0096 1.01 
0.0081 1.01 
0.0062 1.02 
0.0051 1.03 
0 1.05 


&(x) —(&) 


—0.0176 
—0.0159 
—0.0138 
—0.0116 
—0.0095 
—0.0075 
—0.0049 
—0.0007 
+0.0005 
0.0028 
0.0050 
0.0071 
0.0091 
0.0126 
0.0155 
0.0166 
0.0183 








—— 
ran oo 
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DOS ROmD ORS 





| 


We see easily that this equation has a solution for small 
values of x: 


x(x)=1+p(84/3B)x!. (25) 


The parameter o which shows the degree of departure 
from the ohmic law is also given by 


o--f - = +0200) [tents / reer (26) 


where I(x) is defined by 


T(x) =x0/xe7 = [| 
hs 
(Lett) e(adexts—19) | (27) 


By using g(£) in (20) with the condition p=0, we can 
derive the usual formula for mobility. The two param- 
eters A and B are determined so as to give the observed 
value of the mobility of n-type germanium at room 
temperature (3900cm?v~'sec') and the observed 
value of the temperature dependence of mobility in 
the temperature region from 100°K to room temperature 
(that is, 7—1-®*), Since the parameters A and B involve 
temperature, it is more convenient to introduce a new 
parameter J by 


(2mc?/tw)(B/A)=Js/(e’—1), 


which is independent of temperature. By using observed 
values we determine J as about 0.14, so that the con- 
tribution from the optical mode of vibrations to electron 
scattering is rather small below room temperature. 
However, the effect of the optical-mode scattering for 
the energy loss of conduction electrons is remarkable 
even at room temperature, because it is proportional 
to the factor B/A, which is (Aw/2mc*) times larger than 
Js/(e’—1).7 Therefore, an assembly of conduction elec- 


7 Since we use a simplified model, it is rather difficult to define 
the effective mass uniquely. Here we assume that it is determined 
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trons can dissipate much more energy to the lattice 
by interaction with the optical mode of vibrations than 
expected from the previous computation in I. After some 
numerical computation we have obtained the theoretical 
value of ¢ /F? for 320°K and 90°K. They are — 1.31077 
and —1.6X10~ cm? v~, respectively.* These are to be 
compared with the corresponding experimental values 
of? —1.5X 10-7 and —2.8X 10 cm? v2." In Table I we 
show some values of [ («)—(£) ]and n(x) at 320°K. Next, 
we must estimate the error which is introduced with the 
replacement of [£(x+1)—£(x)] by (x)+4dn/dx. By 
solving (23) we obtain numerical values of ¢(x) and 
n(x) for many points along x, so that we can examine 
the accuracy of the approximation by computing the 


ratio 
[ewtaare* : "|/tee+0) 


If this ratio is close to unity, the expansion of §(E+w) 
with respect to Aw may be justified. The result of this 
computation is depicted in Table I, and we see that 
the ratio is fairly close to unity except for small values 
of x. Thus we have found that the nonohmic current 
is a small applied field is given approximately by 


j=eFuo(1—«p), 


where « is about 0.00425 and 0.057 at 320°K and 90°K, 
respectively. Although the present solution is meaning- 
ful only for small applied fields, we may regard it as the 
first part of a series expansion representing the true 
solution of (17). Thus, we suppose that it exhibits the 
nonohmic features of the current in #-type germanium 
fairly well, as long as xp is much smaller than one. 
Since p=1 corresponds to an applied voltage of 185 
volts/cm at room temperature, the value of ep=0.2 at 
room temperature corresponds to an applied voltage 
of 1000 volts/cm. Therefore, the theory predicts that 
the mobility at room temperature is reduced to 0.8 of 
the low-field mobility, when the applied voltage becomes 
1000 volts/cm. This prediction is in reasonable agree- 
ment with observations.” 

Since the value of o predicted with the previous 
theory is about two hundred times larger than observed, 
the agreement of the present theory with experiment is 
rather surprising. Although the model used here is still 
too simple, we may say that a large part of the quantita- 
tive discrepancy between the theory and experiments 
is eliminated by considering both acoustical and optical 
modes of scattering. 


by a relation 1/m= (1/3) (1/mi+1/m2+1/ms;), and the observed 
values of the cyclotron mass; m,:=1.58 and m:=m,;=0.082. By 
using the values c=5.4X105cm sec™! and 6=320°K, we obtain 
the value (hw/2mc*) = 800. 

8 By using another value (hw/2mc?) =400, we have found that 
the value of « becomes about twice the value obtained by the 
assumption (hw/2mc?) =800. As long as we discuss the order of 
magnitude of o, the ambiguity in the effective mass is not serious, 

® Arthur, Gibson, and Graville, J. Electron 2, 145 (1956), 

1 J. B. Gunn, J. Electronics 2, 87 (1956), 
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Quenching, Stimulation, and Exhaustion Studies on Some Infrared 
Stimulable Phosphors 


SEYMOUR P. KELLER AND GEORGE D. Pettit 
Research Laboratory, International Business Machines Corporation, Poughkeepsie, New York 
(Received May 8, 1958) 


As a continuation of earlier work on the two phosphor systems SrS:Ce, Sm and SrS: Eu, Sm, studies of 
the quenchings and the enhancements of fluorescent emission by visible and infrared radiation have been 
made. Two stimulation bands have been measured and the relative efficiencies of exhaustion and of stimula- 
tion of visible emissions by the two bands have been studied. These data have been correlated with the 
simplified band-theory model that had been proposed earlier. The measurements indicate that the two 
stimulation bands are associated with the same center. This can be represented by the assignment, to that 


center, of two energy levels within the energy gap. 





INTRODUCTION 


N a previous paper! we reported on an investigation 

of two infrared stimulable phosphors. One phosphor 
system consisted of SrS activated with Ce and Sm, 
which was designated as S-1, and the other system con- 
sisted of SrS activated with Eu and Sm, which was 
designated as S-2. We measured various optical proper- 
ties such as spectra of transmission, excitation, fluores- 
cence, phosphorescence, stimulation, and stimulated 
emission. Relative storage efficiency as a function of 
various exciting wavelengths was determined as well as 
the time characteristics of phosphorescence and of 
infrared exhaustion. The dc photocurrents as a function 
of the wavelength of incident light were studied. On 
the basis of these measurements we presented a simpli- 
fied band-theory model which correlated the experi- 
mental results with the electronic structures of the 
activators. 

An essential feature of the conclusions drawn pre- 
viously was that one could treat the activator ions 
almost as free gaseous ions. The activators are rare- 
earth ions, and the electrons involved in excitations, 
stimulations, and trapping are thought to be the 4f 
electrons. In the case of the rare earths, the Russell- 
Saunders approximation holds and the L-S coupling is 
larger than any crystalline field interactions. Since the 
crystal field interactions are small’ due to the shielding 
of the 4f electrons by the 5s°5p* electrons, one can talk 
about the ions as if they were almost free. Hence we 
used language involving concepts such as term signa- 
tures, ionization potentials, valences, stability of empty 
or half-filled orbitals, etc., and our results were under- 
standable on the basis of these concepts. 

In the previous investigation certain quenchings and 
enhancements of fluorescence had been observed and 
were tentatively explained. In the present work we have 
extended the region of measurements and will explain 
more adequately the mechanisms involved in the various 
quenchings and enhancements of the fluorescent emis- 
sions. Further, in the previous work, we measured a 


1 Keller, Mapes, and Cheroff, Phys. Rev. 108, 663 (1957). 
2S. P. Keller, J. Chem. Phys. 29, 180 (1958). 


stimulation band in each phosphor located around 1 u. 
There also had been reported elsewhere*® an exhaustion 
of stored energy by means of visible light. In addition, 
we had observed a decaying photocurrent when the 
sample was irradiated with 590-my light following 
previous uv excitation. This decaying photocurrent was 
similar to that observed when the excited sample was 
irradiated with 1-u light. In the present work we have 
measured more accurately both bands and have found 
them to be stimulation bands, each with roughly equal 
efficiencies of exhaustion and roughly equal efficiencies 
at stimulating visible emissions. We will extend the 
model proposed previously and will explain the data 
reported here in terms of this extended model. 


CHEMICAL PREPARATIONS 


The preparations were described in detail earlier.’ 
S-1 consists of SrS, 6% SrSOx, 6% CaFs, 0.02% Ce, and 
0.02% Sm. S-2 consists of SrS, 6% SrSO., 6% CaFo, 
0.02% Eu, and 0.02% Sm. The percentages are ex- 
pressed in terms of molar percent. The materials were 
intimately mixed, dried, and heated in H.S for two 
hours at 1100°C in quartz boats. The fired materials 
were then ground, sieved, and sprinkled on a surface 
that had been wetted with a 0.1% solution of Duco 
cement in amyl acetate. In reference 1 we mentioned 
that we found no changes in the wavelength location of 
various emissions when different fluxes were used. 
Generally, different fluxes affect the intensities of 
emissions, but not the wavelength locations. In the 
present investigation we are not concerned with such 
effects. 


INSTRUMENTATION 


The apparatus used was that which was described 
earlier.| Two monochromators were used in series. 
Radiation from a dc Xe arc lamp was focused into a 
Perkin-Elmer 112U monochromator. The resultant 
monochromatic radiation was incident upon the sample 
which was in the form of a peripheral ring on a disk 


§“Report on phosphors,” Institute of Optics, University of 
Rochester, 1945 (unpublished). 
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Fic. 1. Fluorescence spectrum resulting from 280-my 
excitation of S-1. 


that could be rotated. The light emitted from the 
phosphor was then focused into the second mono- 
chromator, a Perkin-Elmer (P.E.) 98, detected and 
automatically recorded. Either monochromator could be 
scanned over the spectral region of interest. In fluores- 
cent spectra measurements exciting radiation from the 
P.E. 112U was incident on the sample and the emitted 
light was analyzed by the P.E. 98. The measurements 
of the wavelength dependence of quenching or enhance- 
ment of fluorescence were effected by irradiating the 
sample with uv light from an externally mounted Hg 
lamp while the same area was irradiated with mono- 
chromatic light from the P.E. 112U. The resultant 
fluorescent spectra were determined for different wave- 
lengths of quenching or enhancing light from the P.E. 
112U. For the stimulation and stimulated-emission 
spectra, the phosphor was maintained at a constant 
level of excitation during the measurement by rotating 
the disk while an additional source of exciting radiation 
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Fic. 2. Fluorescence spectrum resulting from 280-my 
excitation of S-2. 
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was incident at a point away from the viewing point. 
For the stimulation spectra, the P.E. 98 was fixed while 
the P.E. 112U was scanned over the range of stimula- 
tion. For the stimulated emission, the P.E. 112U was 
fixed at some stimulating wavelength while the P.E. 98 
was scanned to analyze the emission. Measurements of 
efficiencies of exhaustion and efficiencies of stimulation 
of radiant energy are referred to the exhaustion and 
the stimulation of radiant energy effected by infrared 
light. The exact methods used in effecting the measure- 
ments will be described in greater detail in the appro- 
priate sections. 

The probable errors in wavelength due to repro- 
ducibility, calibration, slit widths, etc., amounted to 
+1 to +2 my over the spectrum covered. Repro- 
ducibility of certain spectral measurements was much 
less because of problems of reflected light. These 
problems were encountered when we had to subtract 
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Fic. 3. Quenching and enhancement of Sm fluorescence cor- 
rected for constant number of photons of quenching and enhancing 
light. 


reflected light from emitted light, especially when they 
were close to each other in wavelength. 


EXPERIMENTAL RESULTS 


1. Quenching and Enhancement Studies 


The normal fluorescence spectra excited by 280-my 
radiation of S-1 and S-2 are presented in Fig. 1 and 
Fig. 2, respectively. In each phosphor the three sharp 
structures at 568, 600, and 650 my have been associated 
with the Sm center. In the case of S-1 the peak and 
shoulder located at 490 and 533 my, respectively, have 
been associated with the Ce center. Each center repre- 
sents the +3 ion in an excited state. In the case of S-2 
the Eu center, present as the +2 ion, has an emission 
at 590 mu [as seen in Fig. 2 (d) of reference 1 ], which 
is however masked by the Sm emission. 

As was mentioned earlier, the amount of quenching 
or enhancing of the various parts of the fluorescence was 
determined by measuring the fluorescence with the 
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simultaneous irradiation of the sample with uv exciting 
light and visible or infrared quenching light. Zero 
quenching represents the unchanged fluorescence level. 
Figure 3 shows the results for the Sm emissions in both 
S-1 and S-2. The difference in the wavelength locations 
of the quenching peaks is probably within the experi- 
mental reproducibility. It can be seen that the three 
peaks at 568, 600, and 650 my are quenched in the 
infrared region but enhanced in the 650-750 muy region. 
We were unable to extend the readings to shorter wave- 
lengths because of the problems of reflected light. 
Figure 4 presents the results for the Ce emission in the 
case of S-1. It should be noted that a reciprocity exists 
between the Ce and the Sm emissions, namely, where 
the Ce emission is enhanced the Sm emission is quenched 
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Fic. 4. Quenching and enhancement of Ce fluorescence cor- 
rected for constant number of photons of quenching and enhancing 
light. 


and where the Ce emission is quenched the Sm emission 


is enhanced. Once again we were limited in going to 
shorter wavelengths because of difficulty with reflected 
light. Since there was essentially no observable Eu 
emission in the case of S-2, no quenchings or enhance- 
ments could be determined. 


2. Stimulation Spectra 


In the earlier work! there was a slight unexplainable 
difference in the infrared stimulation peaks for S-1 and 
S-2. Upon remeasuring the stimulation spectra this 
discrepancy was removed. It had been determined else- 
where® that 590-my radiation caused an exhaustion of 
stored energy after the sample had been excited by uv 
radiation. Upon investigation, it developed that this 
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Fic. 5. Stimulation spectra effected by measuring the relative 
intensity of stimulated light as a function of the wavelength of 
stimulating light, corrected for constant number of photons of 
incident light. 


visible exhaustion band was effective in producing 
optical emission. As a result the stimulation spectrum 
covering the visible region was determined. The meas- 
urements were carried out by setting the P.E. 98 at a 
fixed wavelength, located in the stimulated emission, 
and scanning the P.E. 112U, thus determining those 
wavelengths effective at causing stimulated emission. 
In the case of S-1, the P.E. 98 was fixed at approxi- 
mately 490 my, the peak of the Ce emission. In the 
case of S-2, the P.E. 98 was fixed between 560 and 
590 mu, within the emission band of Eu. The results are 
shown in Fig. 5. We could go no further towards shorter 
wavelengths due to problems of reflected light. 


3. Stimulated Emission 


The measurement was made by fixing the P.E. 112U 
at some fixed stimulating wavelength and scanning the 
P.E. 98 to determine the stimulated-emission spectrum. 
The measurements were made at different stimulating 
wavelengths. Problems due to reflected light were 
minimized with the use of interference filters in the 
incident beam. Figure 6 presents the results for S-1 
and Fig. 7 presents the results for S-2. Comparisons of 
intensities for different spectra are not meaningful. 
Some of the data are incomplete as shown by dotted 
lines or incomplete curves, This arises from the inability 
to complete the measurements due to problems of 
reflected light. The spectra obtained by stimulating 
S-1 with 590-my light and S-2 with 620-my light were 
not obtained by continuously scanning the P.E. 98. 
Instead, at discrete but closely spaced wavelengths, we 
measured the reflected light from an exhausted sample 
and then measured the sum of the reflected plus the 
stimulated light from the excited sample. The difference 
of these two measurements was taken to be the stimu- 
lated emissions for each phosphor. In this fashion we 
were able to determine the stimulated emission closer 
in wavelength to the reflected light and were able to 
determine the complete spectra as shown in Figs. 6 
and 7. The different wavelengths of stimulating light 





- ee 


STIMULATING 4 =590my STIMULATINGA *625my 











LIGHT 


STIMULATING A =70O0mpm STIMULATING A =800my 








INTENSITY OF EMITTED 











500 600 
WAVELENGTH OF 
EMITTED LIGHT (my) 


STIMULATING A =950my 


RELATIVE 














500 600 
WAVELENGTH OF 
EMITTED LIGHT (my) 


Fic. 6. Stimulated emission spectra for different wavelengths of 
stimulating radiation in the case of S-1. 


produce different stimulated-emission spectra. The 590- 
and the 950-my stimulation bands produce the same 
emission, and in the case of S-1 the emission spectrum is 
that of Ce while in the case of S-2 the emission spectrum 
is that of Eu. The 950-my stimulation band coincides 
with the quenching band of the Sm emission as shown 
in Fig. 3 and with the enhancement band of the Ce 
emission as shown in Fig. 4. It is seen that stimulation 
with light in the Sm enhancement band (equivalent to 
the Ce quenching band) around 700 my produces the 
568-, 600-, and 650-mu Sm peaks* in addition to the Ce 
emission in S-1 and Eu emission in S-2. 


4. Exhaustion Efficiency and Efficiency in 
Stimulating Optical Emission 


We make a distinction between exhaustion efficiency 
and efficiency in stimulating visible light output. The 


* Actually, the two observed spikes are displaced by about 
10 my to longer wavelength and the energy corresponding to this 
emission is thus decreased by about 0.03 ev. This energy shift 
may be explained by assuming a narrow band of allowed energies 
for the excited state of the centers as was done in reference 2. 
The band results from crystalline-field splittings of excited states. 
By making appropriate assumptions as to thermal relaxation 
times in this band, we could explain this shift. It is not important 
to the results of this paper to concern ourselves with this shift; 
however, we are investigating it further. 


KELLER AND G. D. 


Pet sit 


STIMULATING A =620 my 


+ 
| 
| 


STIMULATING 4 *650my 





| 


i 





STIMULATINGa * 700m, 























400 $00 600 
WAVELENGTH OF 
EMITTED LIGHT (my) 


STIMULATING» *950myu 





RELATIVE INTENSITY OF EMITTED LIGHT 











500 600 
WAVELENGTH OF 
EMITTED LIGHT (my) 


Fic. 7. Stimulated emission spectra for different wavelengths of 
stimulating radiation in the case of S-2. 


stored energy can be exhausted by means of radiation- 
less, or thermal, recombinations. We wanted to deter- 
mine whether the processes involved in each stimulation 
band were the same. If the ratio of the rate of exhaustion 
effected by a particular wavelength of light to the rate 
effected by 950-my light is the same as the ratio of the 
amount of emitted light caused by that wavelength to 
the amount of emitted light caused by 950 my, then 
the same degree of stored energy is released in the form 
of emitted light for both wavelengths. Using the emitted 
light resulting from 950-my stimulation and using the 
amount of exhaustion caused by given amounts of 
950-mu stimulation as standards, we have measured 
relative efficiencies in causing visible emissions and 
relative exhaustion efficiencies for different wavelengths 
of light. 

The method of measuring the exhaustion efficiency 
of a given wavelength is described below. 


(1) With a given excitation of a completely exhausted 
sample, we measured the decaying visible emission 
resulting from 950-my stimulation. This emission start- 
ing from time ‘=0 is defined as primary emission. 

(2) With the same excitation of a completely ex- 
hausted sample, we irradiated the sample with a given 
wavelength of light, A, (e.g., 590 my), for a time 4;. 
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(3) Following this irradiation we exposed the sample 
to 950-my light and measured the decaying light output 
which we define as secondary emission. 

(4) We superimposed this element of secondary 
emission on the primary emission by means of a trans- 
lation along the time axis. We call this time where the 
waves become coincident, /,. The area under the 
primary emission curve between /=0 and ¢, is due to 
the exhaustion caused by \,. 

(5) We measured off on the decaying primary emis- 
sion curve the time /; from /‘=0. 

(6) The ratio of the area under the primary emission 
curve between ‘=0 and /; to the area between /=0 
and ¢; we define as the ratio of the exhaustion efficiencies 
of A; and 950 mu. 


By varying \; we have determined the wavelength 
dependence of the exhaustion efficiency. The data are 
presented in Fig. 8 for S-1 and S-2. The exhaustion 
curve is analogous to the stimulation curve in Fig. 5, 
and the exhaustion whether caused by either 590-mu 
or 950-my stimulation goes by the same process. 

The efficiency in stimulating optical emissions was 
measured by storing energy with a constant amount of 
exciting uv light and then by stimulating the phosphor 
with a given wavelength of stimulating light. The 
optical emission is one varying in time and the total 
light output was detected by a phototube. The maxi- 
mum height of the signal was taken as a measure of the 
energy released by means of optical transitions.® It was 
determined that this measure was directly proportional 
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Fic. 8. Exhaustion efficiency as a function of the wavelength of 
stimulating light with a constant number of photons of stimu- 
lating light incident on the sample. 


5G. Cheroff and S. P. Keller, J. Opt. Soc. Am. 47, 440 (1957), 
showed that the rise times of the stimulated emissions from each 
phosphor were essentially the same. 
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TABLE I. Exhaustion efficiencies and efficiencies at stimulating 
optical emission caused by 590-my light compared to the corre- 
sponding efficiencies of 950-my light. 


Exhaustion eff. of 590 my’ 
(——— eff. of ——~] 
Stimulation eff. of 590 mu 
(———— eff. of 950 ~) 


to the intensity of stimulating light, whether the light 
was located at 590 mu or 950 mu. As a result we made 
our measurements by irradiating the samples with a 
constant number of photons of stimulating light, the 
peaks of which bands occur at 590 and 950 my. The 
efficiencies of exhaustion and of stimulation of optical 
emission of the 590-my light relative to those of the 
950-my light are presented in Table I. The ratio of the 
exhaustion efficiencies equals the ratio of the stimulation 
efficiencies, within experimental accuracy, for S-1 and 
S-2. This indicates that the exhaustion of the phosphor 
by 590-my light results in optical emissions and not in 
thermal emissions if one assumes that exhaustion of the 
phosphors by 950-my light goes only by optical emis- 
sion. From this one concludes that the 590- and the 
950-mu stimulations go by means of at least very 
similar mechanisms. The difference of the efficiencies 
for the two phosphors is surprising in view of the fact 
that, as will be discussed later, both the 590- and the 
950-my stimulations are associated with th Sm centers 
in each phosphor. If, as we shall assume, the two stimu- 
lations are associated with the same center, then it is 
difficult to understand why the ratios of the various 
efficiencies are not unity without assuming inequalities 
of transition probabilities. However, it is of course 
unlikely that transitions involving different levels would 
have the same probabilities. 


CONCLUSION 


In the previous work! we proposed an energy band 
model that was consistent with all of the facts. We drew 
a simplified energy level diagram in which the distance 
between any one level and the conduction band was 
the ionization potential of the center responsible for 
that level in the SrS matrix. Before we present these 
diagrams we propose to make a modification concerning 
the 590- and 950-my stimulation bands. From Figs. 6 
and 7 we see that the 590- and 950-my bands produce 
the same emission. From Table I we see that each band 
is essentially equal at releasing the stored energy 
(which energy is due to trapped electrons) and each 
band is essentially equal at producing optical emission. 
From these facts we conclude that both bands are 
associated with the same center in the phosphor. This 
center has been proposed to be an electron trapped at 
a Sm** site which, of course, produces a Sm*? site. We 
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Fic. 9. Energy level diagram for S-1. 


now propose that the electron is trapped in an outer 
orbital of Sm**, a situation we represent by (Sm**)-¢ 
which at a point far from the site appears to be Sm**. 

Stimulation by 950-my light can release this outer 
trapped electron. We propose that stimulation by 590- 
mu light excites an inner electron from the (Sm**)-é 
site which is immediately followed by the outer electron 
dropping into the vacated inner orbital. We have looked 
for an emission corresponding to this latter process but 
have not found it. Possibly, the outer electron dissipates 
its energy thermally in making the transition to the 
inner orbital. The hypothesis of two sets of levels for 
the (Sm**)-e~ center supplies an answer to a problem 
that was pointed out in reference 2. In that work the 
fluorescence spectra of SrS phosphors activated by 
single rare-earth ions were measured and energy level 
diagrams for each rare-earth ion were presented. It was 
pointed out that there appeared to be an anomaly since 
in S-1 and S-2 the Sm*? center has an ionization 
potential of approximately 1.2 ev whereas the Eu*? 
center has an ionization potential of 2.6 ev.' In view of 
the fact that the ionization potentials of all the rare- 
earth ions of like charge are roughly equal whether they 
are free ions or in a SrS matrix, it seemed difficult to 
resolve the discrepancy in the ionization potentials of 
the two +2 ions. In the light of the above discussion 
concerning the 590-my exhaustion band we see that the 
actual ionization potential of Sm** is closer to 2.10 ev 
(590 my) than to 1.3 ev (950 my). (In reference 1 the 
value was listed as 1.2 ev in S-1 and 1.13 ev in S-2. 
Remeasurement indicates the value is 1.3 ev for both 
phosphors.) There is still the discrepancy in ionization 
potentials between the 2.6 ev for Eu*? and the 2.10 ev 
of Sm**, but this is not large and it can be understood 
if one assumes the Eu*? is in a substitutional site and 
the Sm** is in an interstitial site. An interstitial ion 
would be expected to have a lower ionization potential 
than a similar substitutional ion due to the greater 
interaction with neighboring charge distributions of 
the former site. The phosphors are made by the inclu- 
sion of Eu** and Sm** (it is because of electron trapping 
that the Sm achieves a +2 state), and hence the Eu*” 
might well be incorporated into the divalent-divalent 
SrS lattice in a substitutional site whereas the Sm** 
might not be. 
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We present in Figs. 9 and 10 the corrected energy 
band models of S-1 and S-2, respectively. In our dis- 
cussion that follows we will apply our remarks to S-1 
and Fig. 9 for the sake of brevity. What we say could 
also apply to S-2 and Fig. 10, but to avoid redundancy 
we will not present a detailed discussion of S-2. 

The uv excitation corresponds to the SrS base absorp- 
tion and it results in electrons being excited from 1 to 2 
(as indicated in Fig. 9) with holes remaining in the 
valence band. Holes can be trapped by levels 4 and 5 of 
Cet which becomes Ce** whose levels are shown dotted 
in Fig. 9. The Ce** can then trap an electron from the 
conduction band and become Ce** with a proper re- 
arrangement of levels, the electron occupying level 3. 
In this process we start out with Cet* in its ground 
state and end up with the Ce** in an excited state. The 
system returns to the ground state by transitions from 
3-5, 4 resulting in the 494-my peak and 533-my 
shoulder of the Ce emission shown in Fig. 1. 

In addition, an electron may be trapped at a Smt? 
site which becomes a (Sm**)-e~ site indicated by levels 
6 and 7. This site may trap a hole and the levels would 
undergo a rearrangement to become those represented 
by levels 9 and 8. The electron would occupy level 9 
and the process results in a Sm** center in the ground 
state becoming a Sm** center in an excited state. The 
system returns to the ground state by transitions from 
level 9 to level 8 resulting in the 568-, 600-, and 650-my 
spikes of the Sm** emission. 

If there are no holes available for trapping by the 
(Smt*)-e~ site (a not unreasonable situation since Cet* 
is more effective at trapping holes), then the electron 
remains trapped at this site. The net result of the uv 
excitation in this case is that a hole has become trapped 
by Cet and an electron has become trapped by Sm**. 
In addition to this storage of energy the uv excitation 
produces the fluorescence described. 

The electron trapped at the (Sm**) -e~ can be released 
in either of two ways. Stimulation with 950-my light 
causes the electron in the outer orbital to make a 
transition from level 6 to 2. The free electron will then 
recombine with the trapped hole at the Ce* site result- 
ing in the emission characteristic of the excited Ce** 
center. Stimulation with 590-my light causes an electron 
in an inner orbital to make a transition from level 7 to 
level 2. Again, the free electron will combine with the 
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Fic. 10, Energy level diagram for S-2. 
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trapped hole at the Ce** site resulting as before in the 
emission characteristic of the excited Ce*® center. In 
this process it is expected that a transition from 6—7 
would follow. As mentioned before, we have looked for 
an optical emission corresponding to this transition but 
have not observed it. These two mechanisms explain 
the first and last spectra of Fig. 6. In the middle spectra 
two of the three spikes at 568, 600, and 650 my, corre- 
sponding to Sm** emission, begin to appear as the 
stimulating wavelength is decreased from 950 mu. The 
heights of spikes go through maxima around 700 mu 
and then they get weaker again as the stimulating wave- 
length approaches the 590-my stimulation band. We 
ascribe this to the fact that free holes are being created 
in the valence band by excitation of electrons from the 
valence band to the levels corresponding to Ce* sites. 
(As the electron approaches the Ce** site there is a re- 
arrangement of levels to a configuration which will 
approximate that ascribed to the Ce** site. The energy 
for this electron transition would then be expected to 
be close to that required for 1—5 and 4, namely, 0.73 ev. 
From Fig. 13 of reference 1 we saw that the peak of the 
uv excitation was 0.85 ev more than the energy gap. 
This presumably is due to the distributions of states in 
the valence and conduction bands. If we assume that 
most of this 0.85 ev is taken up by the distribution in 
the valence band, the required energy for the promotion 
of an electron from the valence band to a Ce** site is 
within experimental uncertainty of the 700 mu reported 
in the stimulated emission spectrum of Fig. 6 and the 
quenching and enhancement effects in Figs. 3 and 4.) 
The free holes thus generated can then be trapped by a 
(Sm**)-e~ site resulting in an excited Sm** center. This 
in turn leads to transitions from 9-8 with the emission 
of the three spikes at 568, 600, and 650 mu. Hence, the 
appearance of spikes (only two are observed, the third 
being relatively weak normally) in the middle spectra 
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of Fig. 6 are explained. In the quenching and enhance- 
ment experiments there is further evidence for the 
process in which holes are generated in the valence band 
followed by their recombination with the (Sm**)-« 
sites. 

The quenching and enhancing data shown in Figs. 3 
and 4 are consistent with the above model. If the sample 
is irradiated by uv and 950-my light simultaneously, the 
latter empties level 6 of some of the (Sm**)-e~ centers 
and hence there are fewer electron-hole recombinations 
via a Sm** center, and so the Sm fluorescent emission is 
quenched. At the same time the rate of electron-hole 
recombination at the Ce** center is increased and so 
there is an enhancement of the Ce emission. 

If the sample is irradiated by uv and by light in the 
region of 700-750 my, according to our assumptions 
above the latter radiation raises electrons into Cet 
centers that had been formed by hole trapping. In this 
way the number of Ce** centers active in trapping 
electrons is decreased and the Ce emission during 
fluorescence is quenched. However, the hole screated in 
this process are free to recombine with electrons at 
(Sm**)-e~ centers and hence the Sm emission is 
enhanced. 

Presumably, if we irradiated the sample with uv and 
590-myu light, the effects would be the same as those 
described with the uv and 950-my excitation. This was 
experimentally too difficult for us to do because of 
problems of reflected light masking the emitted light. 

The above model with its interpretation of the experi- 
mental results ties together the data of this paper and 
the data of reference 1. In the various processes certain 
emissions should be detectable if the transitions are 
optical ones. We plan to search for these emissions and 
by doing so we hope to establish such things as the 
unknown positions of the Sm** levels (8 and 9 in Fig. 9) 
within the energy gap. 
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Certain ZnS crystals show electroluminescence predominantly near the cathode. The major emission from 
Cu-activated crystals occurs as a burst of light when the exciting voltage is suddenly removed, as electrons 
flowing back toward the cathode to neutralize the barrier charge recombine with ionized luminescent centers. 
This burst may be quenched by a voltage in the initial direction or enhanced by a voltage in the opposite 
direction. There is also a small steady component of emission due either to capture of electrons that entered 
the crystal from the cathode or to excitation of centers to discrete levels. In Mn-activated crystals, only the 
latter has been observed. 

These results, as well as the emission peaks obtained from copper-activated ZnS under sinusoidal voltage 
excitation, are explained in terms of ionization of luminescent centers in a barrier region. The “primary” 
peak, which predominates in powder samples and under low voltages in single crystals with metal contacts, 
is due to recombination of centers left over from the previous half-cycle. A capture cross section of about 
10-" cm? is deduced. The peak at about 150 to 170 phase degrees is due to recombination of ionized centers 
left in the neutral part of the crystal as the barrier width diminishes. A barrier space-charge density of (very 


roughly) 10'* e/cm® is deduced. The in-phase peak is analogous to dc electroluminescence. 


INTRODUCTION 


NE of the most interesting aspects of the electro- 
luminescence of ZnS is the rather complicated 
time dependence of the emission intensity under time- 
varying exciting voltage. In copper-activated ZnS 
powder samples suspended in a dielectric medium there 
is usually a “primary” peak and one or more “sec- 
ondary” peaks of emission per half-cycle, these desig- 
nations referring to the heights of the intensity maxima. 
Destriau' proposed that the phase displacement of the 
primary peak from the voltage maximum was due to a 
phase shift between the electric field within the phos- 
phor grains and that applied to the entire system. 
While this effect may play some role in powder sus- 
pensions, it is clearly incapable of accounting for the 
complicated changes in the emission patterns with 
voltage and frequency observed even in single crystals 
with metallic contacts. Payne, Mager, and Jerome® 
reported that the primary peak was in phase with the 
power absorption, which suggests that the emission is 
associated with the motion of free carriers. Thornton*® 
proposed a model based on field-enhanced thermal 
release of trapped electrons, which accounted well for 
voltage and frequency effects on the primary peak but 
failed to account satisfactorily for temperature effects. 
The secondary peaks are attributed by Zalm, Diemer, 
and Klasens‘* and Haake’ to trapping effects, although 
Destriau and Ivey® report that these peaks are in- 
fluenced by the metal electrode of the powder cell. 
In single crystals with metallic contacts, Piper and 


1 G. Destriau, Phil. Mag. 38, 700 (1947). 

2 Payne, Mager, and Jerome, Illum. Eng. 45, 688 (1950); 
Sylvania Technologist 4, 2 (1951). 

3 W. A. Thornton, Phys. Rev. 102, 38 (1956). 

*Zalm, Diemer, and Klasens, Philips Research Repts. 9, 81 
(1954). 

5C. H. Haake, J. Appl. Phys. 28, 117 (1957); J. Opt. Soc. 
Am. 47, 881 (1957). 

6 G. Destriau and H. F. Ivey, Proc. Inst. Radio Engrs. 43, 1911 
(1955). 


Williams’ found that the emission under sinusoidal 
voltage comprises an in-phase and an out-of-phase 
peak in each half cycle. They proposed that the former 
was due to excitation by electrons entering the crystal 
from the cathode and the latter to excitation by elec- 
trons field emitted from deep donors, the light emission 
supposedly occurring immediately after excitation. 
Under half-wave voltage excitation, this model would 
place the out-of-phase emission before the in-phase, in 
contradiction to the results of Watson, Dropkin, and 
Halpin.’ These workers observed that the in-phase 
emission was predominantly blue and the out-of-phase 
predominantly green, and proposed that the former 
was due to excitation of blue centers to discrete states 
with immediate emission and the latter to ionization 
of green centers with delayed emission. It was, however, 
then found that the color difference was not at all 
universal’ and that the out-of-phase emission comprised 
two distinct peaks, one before and one at the voltage 
zero."° Only the latter was attributable to the return 
of displaced electrons to ionized centers. For the former, 
the writer proposed a model based on an ad hoc as- 
sumption concerning the action of the field on trapped 
electrons, which had to be discarded when Birman"! 
showed it to be incapable of accounting for the relative 
voltage dependencies of the in-phase and out-of-phase 
peaks. 

The excitation of electroluminescence in ZnS is 
generally believed to occur by impact on the lumi- 

7W. W. Piper and F. E. Williams, Phys. Rev. 81, 151 (1952); 
98, 1809 (1955); Brit. J. Appl. Phys., Suppl. No. 4, 39 (1955). 

8 Watson, Dropkin, and Halpin, Phys. Rev. 94, 777 (1954); 
Enlarged Abstracts of the Electrochemical Society Spring 
Meeting, 1954 (unpublished), p. 42. 

®D. R. Frankl, Phys. Rev. 100, 1105 (1955); Sylvania Tech- 
nologist 9, 6 (1956). 

1D. R. Frankl, Enlarged Abstracts of the Electrochemical 
Society Spring Meeting, 1956 (unpublished), p. 38; D. R. Frankl 
et al., J. phys. radium 17, 731 (1956). ; 

4 J. L. Birman, paper presented at Electrochemical Society 
Spring Meeting, San Francisco, May, 1956 (unpublished). 
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nescent centers of fast conduction electrons. Calcu- 
lations by Burns’ and Piper and Williams’ and ex- 
periments by Neumark” and Cusano™ support this 
viewpoint. If this is correct, the observation by Ince’® 
that strong magnetic fields fail to produce perceptible 
quenching of electroluminescence shows that the 
acceleration of the electrons to impacting energies 
must occur in regions where the electric field strength 
is much greater than the average field strength applied 
to the crystal, that is in barrier regions. 

In the present state of the art of growing ZnS single 
crystals, various sorts of imperfections appear to give 
rise to internal barriers. For example, stacking fault 
planes appear to be highly effective barriers for current 
flow parallel to the c axis, as evidenced by the strong 
anisotropy of dark-conduction, photoconduction, and 
electroluminescence in these crystals.!* Even for current 
flow perpendicular to the c axis (parallel to the stacking 
fault planes), however, there appear in most crystals 
to be internal barriers. Loebner and Freund!’ and 
Diemer'® have shown that in certain crystals the 
emission of light occurs at discrete spots, similar to the 
observation in powders by Waymouth and Bitter.’ 
Similar crystals have been found in this laboratory. In 
crystals where the internal barriers are closely spaced 
throughout the crystal, the emission can be essentially 
uniform. The electroluminescent behavior of such 
crystals has already been described.*:” 

Still another type of barrier that can occur is that at 
the contact between the ZnS and a metal or strongly 
n-type semiconductor. Such “cathode barriers” were 
part of a model proposed by Piper and Williams.’ It 
appears that in crystals sufficiently perfect so that 
internal barriers are negligible, the cathode barrier 
plays the dominant role. A number of such crystals 
have been found in this laboratory, and the present 
paper will be denoted exclusively to them. Even though 
these crystals are usually less brightly electrolumines- 
cent than those with numerous internal barriers, the 
fact that a single barrier dominates their behavior 
makes them much more readily understandable. 

The barrier layer at the contact between a metal 
and an n-type semiconductor may be an exhaustion 
layer, in which the donors are present in their normal 
concentration but are partially or completely ionized; 
a depletion layer, in which the concentration of donors 
is less than in the bulk; or some intermediate type. For 
an exhaustion layer under an applied voltage V, large 
compared to the “built-in” voltage drop, the width 
and the maximum field strength are both proportional 


2, Burns, J. Electrochem. Soc. 100, 573 (1953). 

8G. F. Neumark, Phys. Rev. 103, 41 (1956); Sylvania Tech- 
nologist 10, 29 (1957). 

4 DP, A, Cusano, Phys. Rev. 98, 546 (1955). 

16 A. N. Ince, Proc. Phys. Soc. (London) B67, 870 (1954). 

16 Lempicki, Frankl, and Brophy, Phys. Rev. 107, 1238 (1957). 

17 E, E. Loebner and H. Freund, Phys. Rev. 98, 1545 (1955). 

18 G, Diemer, Philips Research Repts. 10, 194 (1955). 

1 J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 
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to V'. For a depletion layer, the width is constant and 
the field strength is proportional to V. At the instant 
when the voltage is applied, the applied field is uni- 
formly distributed throughout the crystal including 
the barriers, and there is a flow of current limited only 
by the bulk resistance of the crystal. Owing to the 
presence of the cathode.barrier, however, this current 
decays toward a smaller value, zero if the barrier is 
completely impenetrable. For an exhaustion layer, the 
theory developed by Von Hippel and co-workers” for 
photoconduction in F-centered alkali halides is directly 
applicable and the decay law of the current is, for a 
thin barrier, 

I= I(cosht/2r)-?, 
where (1) 

r= (2NoewV/e'P)-4, 


/ 
/ 


Nove=space-charge density, 4=mobility of electrons, 
V=applied voltage, e’=permittivity of crystal, and 
/=length of crystal. This equation predicts a current- 
decay which is initially flat and becomes essentially 
exponential after a few time constants. In the experi- 
ments of Von Hippel e al.,” only the exponential 
portion appears to have been observed. For a depletion 
layer, the initial decay is truly exponential with time 
constant r= RC, where R is the bulk resistance of the 
crystal and C is the capacitance of the two barrier 
layers (one at each end of the crystal) in series. 

As shown by Von Hippel et al.,”° the field strength at 
the cathode can readily become high enough so that 
field emission (tunneling) from the metal into the 
semiconductor occurs. The current will then decay to 
some final value greater than zero. In this event, the 
space charge of the tunneling electrons modifies the 
field distribution in the barrier. The transient solution 
has not yet been carried out, but Geller” has given an 
expression for the cathode field strength in an ex- 
haustion layer in terms of the ratio of final to initial 
current. If this ratio is small, as will certainly be the 
case at sufficiently low voltages, the effects of the 
moving charges are negligible. Then, according to the 
Fowler-Nordheim equation for field emission from a 
metal, the final current density-voltage relationship 
for exhaustion and depletion layers, respectively, will be 


J=CV exp(—BV-), 
J=C'V? exp(—B’V~), 


(exhaustion) (2) 
(depletion) (3) 


where C, C’, B, and B’ are constants. 

With either type of barrier, it is clear that the field 
strength near the cathode is much greater than the 
average applied field strength and consequently, as 
suggested by Piper and Williams,’ that electrons 
tunneling into the crystal from the cathode have the 
possibility of being accelerated to energies where they 
may impact-excite or ionize luminescent centers and 


” A. Von Hippel et al., Phys. Rev. 91, 568 (1953); M. Geller, 
Phys. Rev. 101, 1685 (1956). 
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Fic. 1. Crystal No. 2. Emission under 60-cycle half-wave 
voltage. Top, negative at left. Bottom, negative at right. Crystal 
length 1.22 mm. 


other levels too deep to be thermally ionized. As 
pointed out by Zalm,” this process will further con- 
tribute to the formation of the space-charge layer. The 
concentration of ionized centers at any distance from 
the cathode will build up to a steady value which is 
necessarily some function of the distribution of field 
strength in the barrier and of the probabilities of 
ionization and recombination. 

Emission of light occurs when an ionized center 
recaptures an electron or when a center excited without 
ionization returns to the ground state. Processes of the 
former type, involving free carriers, may be strongly 
affected by the presence of the field, in contrast with 
processes of the latter type which should occur with the 
normal time constant of the center in question. In the 
first category, we shall consider the recapture of 
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Fic. 2. Crystal No. 2. Potential and photosensitivity distributions. 
Distance measured from end shown at left in Fig. 1. 


1 Pp, Zalm, Philips Research Repts. 11, 353 (1956). 
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tunneling through the barrier, which gives 
steady dec light emission, and recapture of 
on removal of the applied voltage when 
flow back into the region of ionization to 
neutralize the positive space charge. 


EXPERIMENTAL METHODS 

a. Crystals—The crystals used in this work were 
grown by Kremheller®® and were selected on the basis 
of the existence of cathode barriers. The evidence for 
these will be given in a later section. Two of them 
(No. 1 and No. 2) were blue-fluorescent and electro- 
luminescent as grown, presumably due to accidental 
contamination with copper. Crystal No. 2 broke 
accidentally during the course of the work; the sur- 
viving piece (left half as shown in Fig. 1) is designated 
No. 2’. Crystal No. 3 was a portion of an initially 
green-fluorescent crystal, converted to blue fluorescence 
and electroluminescence by heating in a bed of ZnS 
powder containing 0.1% of copper metal powder, by 
G. Neumark. Crystal No. 4 was grown by G. Neumark 
from ZnS powder containing 0.1% of MnClo, and 





Fic. 3. Crystal No. 2. Emission under voltage pulse applied after 
2 min of infrared. Abscissa scale, 0.5 msec per major div. 


showed orange fluorescence and electroluminescence. 
All these crystals had dimensions of the order of some 
tenths of a millimeter. Air-drying silver paint electrodes 
were used, applied to opposite faces so that the field 
was perpendicular to the c axis. 

b. Circuits, etc.—Positive-going high-voltage (up to 
10 kv) pulses having rise time of a few microseconds, 
length variable from a few microseconds to several 
hundred milliseconds and repetition rate variable from 
0 to 10 kc/sec were obtained from a Beta Electric 
Corporation Model 2129 pulse generator. This unit 
consists essentially of a 4E27 tetrode driven by an 
Electropulse Model 1410A variable pulse generator. 
By choice of the polarity of the driving pulse, the output 
could be switched from zero to a selected positive 
voltage and back, or vice versa. Auxiliary circuits 
designed and built by Mr. J. Matarese made it possible 
to switch from the positive voltage to zero for a variable 
time, then to a negative voltage. The latter decayed 
exponentially to zero, but the time constant was 
sufficiently long that the voltage was essentially con- 
stant for the measurements described in this paper. 


2A. Kremheller, Sylvania Technologist 8, 11 (1955). 
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Light output measurements were made under these 
pulses and also under de and sinusoidal ac, with a 
Dumont Type 6292 photomultiplier calibrated against 
a laboratory standard RCA Type 1P28 photomultiplier 
by comparison on several electroluminescent crystals. 

Current measurements were made under dc using 
commercial meters, under 60-cycle ac using the bridge 
method previously described,’ and under voltage steps 
up to 500-volts amplitude with a rise time of about 20 
millimicroseconds, obtained from a mercury-wetted 
contact relay (C. P. Clare Manufacturing Company, 
Type HG1003). With these fast-rising steps, the spike 
of displacement current in the crystal and stray 
capacitance is initially much greater than the crystal 
current, and the bridge method is inapplicable since 
the requirements of gain, bandwidth, and rejection 
ratio of the differential preamplifier are too stringent. 
However, by using a 5000-ohm series resistance coupled 
via a simple cathode follower of about 5 pf (5 10~? 
farad) input capacitance to a Tektronix Type 535 
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Fic. 4. Ratio of steady light output to current. Ordinate units 
are of the order of 4X 10™ photons per electron. 


oscilloscope with Type 53B preamplifier, it was found 
that the spike decayed essentially completely in a few 
tenths of a microsecond and that the currents in some 
crystals could be measured thereafter. In these measure- 
ments it was necessary to use polystyrene insulation in 
order to avoid piezoelectric resonances in the usual 
crystal quartz insulators. Blank tests showed that there 
were no detectable leakage currents in the insulation. 


EXPERIMENTAL RESULTS 


a. Existence of Cathode Barriers —The existence of 
cathode barriers in the crystals selected can be as- 
certained from the distribution of light output under 
unipolar exciting voltage. An example is shown in Fig. 
1.* Although there is some light emerging from all parts 


* Note added in proof.—The brightness distribution shown in 
Fig. 1 is somewhat exaggerated by photographic reproduction. 
Visually, the brightness appeared more nearly uniform, but the 
shift with polarity was clearly discernible. 
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Fic. 5. Crystal No. 2. Effects of reapplication of voltage in initial 
direction. Heavy curve is the “normal burst’ of emission on re- 
moval of voltage. Thin curves are emission intensity under voltage 
re-applied after various intervals from 20 usec up. 


of the crystal, possibly due to scattering, the brightest 
region is that near the cathode under either polarity. 
Such a shift with polarity was absent in the uniformly- 
emitting crystals previously described.’ Measure- 
ments of the potential distribution along the surface 
of the crystal and of the photocurrent under excitation 
by a narrow movable slit of ultraviolet light, as de- 
scribed by Lempicki,” are illustrated in Fig. 2 and give 
independent confirmation of the existence of the 
cathode barriers. It is important to emphasize that the 
field was applied perpendicular to the c axis, so that 
internal barriers due to stacking faults were inoperative. 

b. Light emission.—An oscillogram of the emission 
from a copper-activated crystal under excitation by a 
single pulse of voltage applied after de-excitation of the 
crystal by infrared or heating is shown in Fig. 3. When 
the voltage is on, the emission rises in a few micro- 
seconds to a steady value that is a rapidly increasing 
function of the voltage. The ratio of emission intensity 
to current is shown as a function of voltage in Fig. 4. 
When the voltage is removed, there is a burst of further 
emission rising to a considerably higher intensity and 
then decaying to zero in some milliseconds. The in- 
fluence of an electric field on the emission intensity 
during this burst is shown in Figs. 5 and 6. In Fig. 5 
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Fic. 6. Crystal No. 2. Effects of reapplication of voltage in 
opposite direction. Héavy curve is the “normal burst”’ of emission 
on removal of voltage. Thin curves are emission intensity under 
reversed voltage re-applied after various intervals from 50 usec up. 


*3 A. Lempicki, J. Opt. Soc. Am. 46, 611 (1956), 
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the voltage was re-applied in the initial direction after 
various intervals; this produced a_ pronounced 
quenching. In Fig. 6, the voltage was re-applied in 
the opposite direction; this produced a pronounced 
enhancement of the emission intensity. 

In the curves of Fig. 5 for intervals greater than 
about 1 millisecond there is a slight increase of intensity 
preceding the quench. This “stimulation effect” 
increases with time and reaches a maximum about 
when the normal burst has decayed essentially to zero. 
It may still be seen, however, for several minutes after 
the normal burst. This discloses the important fact that 
not all of the ionized centers succeed in recapturing 
electrons during the normal burst. 
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Fic. 7. Light sums on sudden reversal of voltage. Ordinate 
units are of the order of 10° photons. 


In order to obtain information on the total number 
of ionized centers, the voltage was quickly reversed so 
as to promote the maximum amount of radiative 
recombination. The resulting light sums, measured by 
graphical integration of oscillograms, are shown in Fig. 
7. The light sum is seen to be roughly proportional to 
V", with m ranging from 2 to 3. This result is only 
approximate, owing to the difficulties of measuring the 
long tail of the emission burst and possibly to some emis- 
sion from the new cathode end of the crystal as the 
reversed voltage decays. 

Oscillograms of the emission under 60-cycle full-wave 
voltages are shown in the left side of Fig. 8. At low 
voltages, the prirhary peak shortly before the voltage 
maximum is the most prominent. With increasing 
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Fic. 8. Crystal No. 3. Light output under full-wave sinusoidal 
voltages. Left side: 60 cps; from top, 120, 180, 300, 400, 500 volts 
rms. Right side: 400 volts rms; from top, 180, 300, 500, 800, 1200 
cps. Zero of light output at bottom grid line. “Primary” peaks 
indicated by marks. 


voltage this peak moves toward zero phase, and the 
“secondary” peaks at about 150° to 170° and 90° 
become in turn the most prominent. The latter are best 
studied under half-wave voltage excitation, where the 
“primary” peak is much smaller. The present crystals 
gave results generally similar to those described 
earlier” for crystals with internal barriers. Observation 
of the emission from one end of the crystal by means of 
a narrow aperture showed that the primary peak occurs 
during the positive half-cycle and the secondary peaks 
during the negative half-cycle. 

Oscillograms under fixed voltage and 
frequency are shown in the right side of Fig. 8. The 


variable 


Fic. 9. Crystal No. 4 (0.1% Mn). Emission under voltage 
pulses. Abscissa scale, 1 msec per major div. Voltage on at 0, off 
at ~3 msec. 
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primary peak is seen to shift to the right and broaden 
with increasing frequency. 

The behavior of manganese-activated crystals is 
quite different from the foregoing, as shown, for example, 
in the oscillogram of Fig. 9. The emission is essentially 
in phase with the voltage pulses, and decays at a rate 
comparable to that of manganese-activated ZnS phos- 
phors excited in their characteristic absorption bands.” 
Quantitative measurements are difficult, owing to the 
greatly reduced sensitivity of the photomultiplier in 
the orange region of the spectrum. Exposure to room 
light (fluorescent lamps) results in a considerable 
increase in emission intensity under the voltage pulses, 
which decays over some minutes to a steady value. In 
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Fic. 10. Currents under voltage steps of about 20 
muysec rise time. 


many of the crystals studied, the final value was 
undetectably small. 

c. Electrical Measurements.—The transient currents 
under fast rising voltage steps of various amplitudes 
are illustrated in Fig. 10. As expected, the curves show 
a decay to a finite steady value that is strongly voltage- 
dependent. However, the absence of a well-defined 
exponential region makes a quantitative interpretation 
of the initial portions impossible. The steady currents 
plotted in accordance with Eqs. (2) and (3) are shown 
in Figs. 11 and 12, respectively. It is seen that Eq. (2) 


“4G. F. J. Garlick, Luminescent Materials (Oxford University 
Press, London, 1949), p. 69, Fig. 33. 
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Fic. 11. Steady-state current densities, plotted in accordance 
with Eq. (2). 


is a fair representation of the data in the lower voltage 
range but predicts too low a current at the higher 
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Fig. 12. Steady-state current densities, plotted in accordance with 
Eq. (3). Same data as in Fig. 11. 








2 


in Amps/cm- Voit 


v/v 





“1/2, “2 

Vim (Volts) 

© .04 05 06 07 08 
‘° 44 1 1 1 1 4 








Fic. 13. Crystal No. 2’. Current-voltage curves at 60 cps, 
plotted in accordance with Eq. (2). Dc curve shown for com- 
parison. Brackets indicate range of primary peak positions. 


voltages. Use of Geller’s® formula for calculation of the 
maximum field strength would make the discrepancy 
slightly worse at the highest voltages. 

Sixty-cycle ac current-voltage curves, plotted in 
accordance with Eq. (2), are shown in Fig. 13. It is 
seen that the form of Eq. (2) is a moderately fair 
representation of the data for instantaneous voltages 
up to those at which the primary peaks occur, but the 
parameters B and C depend on Vo. 


THEORY 


The experiments of Figs. 3, 5, and 6 are readily 
interpretable in terms of ionization of the copper centers 
in the barrier field, as has been proposed by numerous 
other workers.7:*!?:21.°5 For crystals with metallic 
contacts, in contrast with powder phosphors suspended 
in a dielectric, steady currents may be drawn and 
steady light is emitted. However, a greater emission 
intensity is obtained when the barrier is allowed to 
collapse and a cloud of electrons flows back to the 
region of the ionized centers. A similar result and mech- 
anism has been obtained by other workers.*!%.7,%.76 
The data of Figs. 5 and 6 support this mechanism by 
showing that the emission is readily influenced by 
applied fields. 


2G. F. Alfrey and J. B. Taylor, Proc. Phys. Soc. (London) 
B68, 775 (1955). 

26S. Nudelman and F. Matossi, J. Electrochem. Soc. 101, 546 
(1954). 


FRANKL 


We now apply this model to the emission peaks 
observed under sinusoidal voltage excitation. In brief, 
it is proposed that the events at a given end of the 
crystal (say for definiteness the ungrounded end) are 
as follows: 


1. During the quarter cycle —r<@<—7/2, the 
barrier widens and the number of ionized centers 
increases due to impact by electrons entering the crystal 
from the cathode. Light emission occurs due to the 
radiative capture of some of these electrons (or possibly 
due to excitation of some centers to discrete levels). 
This emission gives rise to the ““90-degree peak.” 

2. During the quarter cycle —7/2<@<0, this emis- 
sion process continues as the barrier width shrinks, and 
there is additional emission from ionized centers which 
are then in the neutral part of the crystal. This gives rise 
to the emission peak at about 150 to 170 phase degrees. 

3. During the quarter cycle 0<¢<7/ 2, the remaining 
ionized centers recombine with the increasing stream 
of electrons flowing through this then neutral part of 
the crystal. This gives rise to the “primary” emission 
peak. 

Since the ‘90-degree peak” process is analogous to 
the steady emission under dc, we assume that at every 
instant it follows the same law, which is approximately, 
from Fig. 4 and Eq. (2) 

L,=DJV"=DCV"* sin" exp[ — B(Vo sind)-*], (4) 


where D is a constant and n=2 to 3. 
The calculation of the “150-degree” peak will require 
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Fic. 14. Theoretical curves. (a) Rate of shrinkage of barrier, 
computed from Eqs. (7), (6), and (2). (b) Light output, computed 
from Eqs. (8), (10), and (4), taking m=2 in the latter. 
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a number of simplifying assumptions. It will serve 
mainly to indicate in a general way how an intensity 
maximum can arise. Specifically, we assume an ex- 
haustion-type _ barrier space-charge 
density, so that for any instantaneous voltage the 
corresponding ‘equilibrium barrier width” will be 
given by 


Beqg= (2e’V 


with constant 


/ 


Noe)'= (2e'/Noe)*(Vo sing)}, (5) 
and the equilibrium rate of change under the sinusoidal 
voltage will be 


db,,/dt= (e'/2N ve) 'wV o cosd(sing)}. (6) 
We further assume that the actual barrier width 6 is 
essentially equal to bq when the voltage is high and 
there is ample tunneling current to accomplish the 
neutralization of space charge at the required rate. 
However, near the end of the half-cycle this will not 
be true. The actual situation will be quite complicated, 
as the field in the bulk of the crystal reverses direction 
and the final neutralization is accomplished by electrons 
moving in the reverse direction. We shall ignore this 
complication and assume simply that the actual rate 
of decrease of the barrier width is given by the smaller 
of the two expressions 


db/dt=dbe/dt or J/Noe. (7) 
The form of this function is shown in Fig. 14(a). The 
resulting component of the emission intensity, due to 
the recombination in those centers which are left in 
the neutral part of the crystal as the barrier contracts, 
will then be given by 


L2«¢(b,Vo)db/dt, (8) 


where c(x,V)=steady-state concentration of ionized 
centers at distance x from cathode under voltage V. To 
evaluate this, we further assume that c is a function 
of the local field strength only, i.e., that 


cLE(x,V)]. 


c(x,V)= 
Then, from Fig. 6, 


beq( V) 
f c(E)dx « V, (9) 
0 


a solution of which, for the exhaustion layer case 


TABLE I. Barrier space-charge density, obtained from position 
of “150-degree”’ peak. Crystal No. 2’. 
Vo o. No 
(volts) (deg) (1018 em=$) 
425 160 1.3 
637 166 3 
850 170 9.5 
990 172 10 
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Fic. 15. Theoretical curves for “‘secondary”’ emission peaks, 
computed as in Fig. 14b, for several values of Vo. 


E=2V (beg—x)/beq?, is given by 


eu et, (10) 
The resulting emission intensity for the case n=2 is 
shown in Fig. 14(b). The total emission due to both 
processes is given by the sum of Eqs. (4) and (8). The 
computed results are given in Fig. 15. 

The theory cannot be expected to predict the 
emission patterns in quantitative detail, but does give 
qualitative agreement in respect to (a) the existence of 
the in-phase and out-of-phase maxima, (b) the shift 
of the latter to the right with increasing Vo, and (c) the 
trend of the relative voltage dependencies of the peak 
heights. 

If the two expressions on the right side of Eq. (7) 
are equated at the out-of-phase maximum, the resulting 
equation can be solved for the space-charge density 
Noe in the barrier. Some results, which are only very 
approximate owing to the crudeness of the theory, are 
given in Table I. j 

For the primary peak, the instantaneous emission 
rate will be given, according to the process described 
above, by 


L3= —dP,, dt=oPJ ¢, (11) 


where P.= total number of ionized centers remaining at 
time /, o=capture cross section of an ionized center, 
and J= current density at time ¢. The use of the current 
density in the expression (11) for the recombination 
rate implies that the drift of the recombining electrons 
is essentially their only motion; otherwise, J would be 
replaced by the product of concentration and thermal 
velocity. This assumption will be justified by the 
agreement with the experimental results, and its 
possible significance will be discussed later. The solu- 
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Fic. 16. Theoretical shape of “primary’’ peak, computed from 
Eqs. (12) and (2) for several sets of the parameters Vo/B? and 
3ew/oCB?, respectively, as follows: curve 1, 0.060 and 10~; curve 
2, 0.040 and 10~*; curve 3, 0.020 and 10-5; curve 4, 0.020 and 10~. 


tion of Eq. (11) is 
co re 
L3(¢) =P. J (¢) exp| —— f 11a! | (12) 
ea 9 


Since the current is a rapidly increasing function of the 
voltage, this expression is quite similar to that of 
Thornton,’ except that no temperature effects are 
included. 

Curves calculated from Eq. (12), using Eq. (2) as an 
analytical approximation for J, are shown in Fig. 16. 
The peak is seen to shift to the left and become nar- 
rower with increasing Vo or decreasing frequency, in 
agreement with Fig. 8. 

By differentiating Eq. (12), the maximum intensity 
is found to occur when 


dJI /dp= (a/we)J?. (13) 


Values of ¢ were computed from Eq. (13), using the 
observed currents and peak positions. Results on 
crystal No. 2’ are given in Table II. The constancy of 
¢ is probably within experimental error. Similar values 
were obtained on crystals No. 1 and No. 3. Thus, the 
agreement between theory and experiment is quite 
satisfactory. 
DISCUSSION 


It has been shown that various features of the electro- 
luminescence of certain ZnS crystals are explainable in 
terms of a simple barrier model, with excitation 
occurring by impact of electrons tunneling into the 
crystal from the cathode and being accelerated in the 
barrier field. In particular, it is not necessary to assume 
a separate excitation process due to electrons from 
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TABLE II. Capture cross sections, from Eq. (4). Crystal No. 2. 
Vv 


0 f 
(volts) 


J oe 
(cps) sing,, (10712 em?) 


226 60 0.91 0.8 
425 60 0.62 1.3 
500 0.91 15 
60 0.42 0.8 
500 0.68 0.9 
60 0.34 0.4 
600 0.50 0.8 
60 0.29 0.4 
600 0.41 0.8 


field-ionized deep donors, as in the theory of Piper and 
Williams.? 

The de and 90-degree peak emission may result either 
from the excitation without ionization of some centers 
or from the recapture by previously ionized centers of 
electrons coming from the cathode. If the latter is the 
case, the relatively low intensity is probably due to the 
low concentration of electrons in the barrier region, 
together with a possible decrease in capture cross 
section for fast electrons. 

The exact nature of the barrier remains, unfor- 
tunately, rather obscure. Figures 11 and 12 give some 
suggestion, by no means unambiguous, that it is of the 
exhaustion type. It seems plausible that there may be 
a thin depletion layer, which provides some initial 
ionization of deep donors and centers, and that the 
build-up of the ionization produces ultimately a barrier 
essentially of the exhaustion type. Zalm” has discussed 
this situation in some detail, although without pro- 
posing a mechanism for the initial ionization. 

The theory given for the 150-degree peak entails a 
number of specific assumptions, and therefore does not 
pretend to be quantitatively exact. Its principal virtue 
is the demonstration that an emission peak, having 
reasonably correct position and relative voltage de- 
pendence, can arise due to recombination with ionized 
centers in excess of the number corresponding to 
steady-state under the decreasing voltage. This result 
turns out to be rather insensitive to the detailed model ; 
for example, curves generally similar to those of Fig. 
15 can be obtained with concentration distributions 
quite different from Eq. (10), provided only that c 
decreases somewhat with distance from the cathode. 

The theory given for the primary peak is believed to 
be considerably more exact, being based only on Eq. 
(11) and the observed existence of some remaining 
ionized centers after field removal. The fact that some 
of the centers may remain ionized for a considerable 
time after removal of the excitation can be accounted 
for in a number of ways. Firstly, since the crystal may 
acquire a net positive charge in an exhaustion layer, 
complete neutralization will be prevented by the 
barrier at the opposite end. Secondly, there may well 
be a large density of shallow traps which greatly impede 
the motion of the electrons in zero field. These traps, 
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if shallow enough, might be field-ionized under an 
applied voltage. Thirdly, inhomogeneities in the dis- 
tribution of impurities might lead to the well known 
“wavy band” picture, in which the electrons would 
congregate in certain regions of the crystals and fail 
to reach other regions. 

It has been remarked that the form of Eq. (11) 
implies that the drift motion of the recombining 
electrons supersedes the thermal motion. This would 
be surprising for the average electron even in the 
barrier, and appears most remarkable in the bulk of 
the crystal. It may, perhaps, be rationalized by the 
assumption that the electrons are field emitted from 
very shallow traps and move only a short distance, 
essentially in the field direction, before being retrapped. 
This would require that the free lifetime be, at most, 
comparable to the collision time of about 10 sec. 
Thus, for traps of geometrical cross section, a density 
of at least 10% cm~* would be required. 

On the other hand, the data of Fig. 13, showing that 
the current depends not only on the instantaneous 
voltage but also on the voltage amplitude, suggest that 
there are field-excited conduction electrons whose life- 
times are at least comparable to the cycle period. This 
seems contradictory to the idea of very rapid retrapping, 
but may be due to excitation from deeper levels in the 
barrier field, the return to these being hindered by the 
shallow traps. These proposals are, of course, highly 
tentative, but, in any event, it is clear that the field 


must strongly perturb the distribution of electrons 
among whatever levels exist in these crystals. 

The theory leads to a value of about 107? cm? for 
the capture cross section of an ionized center. This 
rather large value suggests a Coulomb attraction. 

For the manganese-activated crystals, since only 
in-phase emission occurs, little direct inference can be 
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drawn concerning the mechanism. However, it seems 
reasonable to assume, as others have done, that the 
same excitation mechanism as in the copper-activated 
crystals prevails. It is somewhat surprising that no 
delayed emission from accidental copper centers is 
observed, especially in view of the fact that green 
emission from these crystals can be seen under extremely 
strong ultraviolet (3650A) excitation and that the 
photomultiplier is much more sensitive to these wave- 
lengths. It must therefore be assumed that in the present 
highly doped (about 10° Mn/cm*) crystals, the fast 
electrons make exciting collisions with manganese 
centers virtually as soon as they attain sufficient energy 
and before they can reach the ionization energy. 

Although the present study has been restricted to 
crystals showing clearly defined cathode barriers, 
similar mechanisms probably apply in the case of 
internal barriers, since the behavior of the light emission 
from such crystals is quite similar. However, a quanti- 
tative understanding will probably be much more 
difficult to attain. 
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N*, No*, N3*, and N,* ions have been identified in nitrogen gas by use of a mass spectrometer operated 
with the ion source in the pressure range from 10~* mm Hg to 0.6 mm Hg. Appearance potentials occur at 
15.5+0.2 ev for No*, at 15.8+0.3 ev for N4*, at 22.1+0.5 ev for N;*, and at 24.2+0.4 ev for N+; N;* ions 
thus are formed only at much higher electron energies than N2* but still at 2 ev less energy than N*. It is 
believed that the N,* is formed by the process N2++N2— N,** (excited vibrationally) and the N;* is 


formed by the process N2**+Ne 


+ N;*+N, where N.** is an excited ion. N,+ and N;* currents decrease 


with increasing E/p in the source, suggesting that they may be dissociated by molecular impacts. The Ny* 
ions are considerably more readily lost than the N3* ions. Since the formation of N3;* must necessarily 
release a nitrogen atom, this process constitutes a form of dissociation of Nz which may account for the value 
of the dissociation energy of 7.38 ev found by some methods. 


INTRODUCTION 


TUDIES by modern techniques since 1946 of 

mobilities of ions in gases disclosed the presence 
of molecular ions of types not previously known to 
exist.!:? Hornbeck and Molnar* confirmed the identity 
of the molecular ions in He, Ne, and A by mass spec- 
trometric analysis, but no further work has been 
reported on other ions of interest except for one recent 
paper by Dreeskamp.‘ The object of the present work 
was to identify ions in nitrogen by use of a mass 
spectrometer. 

It must be emphasized at the beginning that the 
entire purpose of the present work was to draw ions 
from a source in which they had many collisions, in 
marked contrast to the objective in normal, analytical 
mass spectrometry. Both the work of Hornbeck and 
Molnar’ in the rare gases and the mobility work indi- 
cated that the ions of interest would be greatly in- 
creased in abundance with increased gas pressure. 
Source pressures as high as 0.5 mm Hg were aimed for 
and successfully used, but while the pressures were 
extremely high for a mass spectrometer, they were 
barely adequate to form the desired ions in measurable 
numbers. 

Finally, the mobility work indicated that the unusual 
ions in nitrogen could not be strongly bound, a figure 
of 0.14 ev having been estimated by Kovar.® It was 
thus clear that the ions upon emergence from the ion 
source would have to be well removed from the effluent 
gas stream before being accelerated by the mass analysis 
accelerating system or they would surely be dissociated 
by even minor brushes at higher energies with gas 
molecules. 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command, and by a generous grant from 
Research Corporation. 

1 J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 

2R. N. Varney, Phys. Rev. 88, 362 (1952). 

3 J. A. Hornbeck and J. P. Molnar, Phys. Rev. 84, 621 (1951). 

4H. Dreeskamp, Z. Naturforsch. 12a, 876 (1957). 

5 Kovar, Beaty, and Varney, Phys. Rev. 107, 1490 (1957). 


EXPERIMENTAL METHOD 


The mass spectrometer used was a standard 90° 
sector-type single focusing instrument with the radius 
of curvature of the ion beam in the magnetic field 4.5 
cm. It is presented schematically in Fig. 1(a). A perma- 
nent magnet and an electromagnet were employed at 
various times. The electromagnet produced fields up 
to 4600 gauss at 1 amp. The tube, made of Pyrex glass, 
was out-gassed by prolonged heating until the back- 
ground mass spectrum was negligible. The tube and the 
analyzer were evacuated by two silicone DC-704 oil- 
diffusion pumps of rated speed 50 liters/sec each and 
rotary oil fore pumps. The ultimate pressure in the 
system was 1.5X10-* mm Hg before the experimental 
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Fic. 1. (a) Schematic diagram of mass spectrometer (the 
electron gun has been turned 90°). (b) The ion source. Dimensions 
of the orifices are: So—1 mm, S;—1 mm, S;—2.5 mm diameter; 
S;—0.35 mm X8 mm, S;—0.6X8 mm, S;—1X9 mm rectangular. 
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gas was introduced. Low gas pressure was measured 
with a VG-1A ionization gauge, and the experimental 
gas pressure was measured with a thermocouple gauge. 
Since the ion source was operated at relatively high 
pressures (up to 0.5 mm Hg), differential pumping was 
employed between the ion source region and the ana- 
lyzer, the pressure in the latter during operation being 
10~* mm Hg or less. The gas to be analyzed was ad- 
mitted to the ion source by means of a Type C Ultra- 
High Vacuum Valve. Highly pure gases obtainable 
commercially (Linde) with an impurity of about 2 
parts in 10° were used. The ion source, made of stainless 
steel, was so designed as to have considerable resistance 
to flow of gas into the tube. It was adopted after several 
changes had been made on it and is shown in Fig. 1(b). 
Electrons emitted by an indirectly heated oxide-coated 
filament were accelerated by voltage V, into the ioni- 
zation chamber through the orifices So and S;. Electron 
emission current was controlled by the space-charge 
control regulator. The emission was slightly affected 
by a change in pressure in the ion source, but it remained 
constant during several runs at the same pressure. The 
electrons collimated by a small auxiliary magnet on 
passing through the ionization chamber were caught in 
an electron trap which was maintained at higher po- 
tential than the chamber. The ions formed in the 
ionization chamber were caused to drift downward by 
a small electric potential Vy. (0.5-2 v) between the 
repeller and the exit slit of the ionization chamber. The 
ions passing through the slit S; were accelerated by the 
larger electric fields between the electrodes 2 and 3-4, 
and between 3-4 and 5. The electrodes 2, 3-4, and 5 
formed a system of two aperture lenses by means of 
which the ion beam was focused upon the entrance slit 
of the analyzer. A variable potential between the 
electrodes 3 and 4 permitted deflection of the ion beam 
so that it passed through the slit in the electrode 5. 
After the deflection by the magnet field the resolved 
ion beam traveling through the exit slit of the analyzer 
was collected by the ion collector. This current was 
measured with a vibrating reed electrometer and re- 
corded with a Speedomax recorder. The position of the 
mass peaks was determined by electrostatic scanning. 
It was observed that the ion intensity at the peak 
depended upon the ion accelerating voltage V;. There- 
fore, in the measurements of relative abundances of 
ions at the mass peaks, the same accelerating voltage 
V; (500 v) was used for all types of ions and the 
appropriate corresponding magnetic fields of several 
thousand gauss were applied. 


TEST OF MASS-SPECTROMETER PERFORMANCE 


To test the mass spectrometer, argon gas was first 
used as the atomic and molecular ions of argon were 
already well understood. 

In agreement with the results of Hornbeck and 


OE, B. Winn and A. O. Nier, Rev. Sci. Instr. 20, 773 (1949). 
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Fic. 2. A,* ion current versus the electron accelerating potential 
(uncorrected for contact potential difference) at two different gas 
pressures: I—at 0.052 mm Hg, II—at 0.165 mm Hg. 


Molnar, ions of mass 40 and mass 80 were found and 
were interpreted to be At and A.*. (Since the occurrence 
of A;* or Ay* has been suggested recently by Dalgarno,’ 
it is commented in passing that no trace amounting to 
1% of the A+ or As+ was seen at masses 120 or 160.) 
Variation of the energy of the ionizing electrons dis- 
closed onsets for A+ at 15.7 ev and for A»* at 15.0 ev 
in further agreement with the earlier work. At low gas 
pressures, the plot of As* ion current as a function of 
electron energy also corresponded. The only new finding 
was that at higher pressures than were used by Horn- 
beck and Molnar, the As* ion-current curve took a 
turn upward at higher electron energies, as shown in 
Fig. 2. It is suggested that this rise may indicate a new 
mechanism of ion formation even more sensitive to gas 
pressure and hence possibly involving three-body col- 
lisions according to the equation At+-A+A — A;*+A. 

The atomic and molecular ion currents increase with 
the pressure but ultimately decrease again at high 
enough pressures presumably because of excessive 
scattering of the ions at the higher pressures. The fall- 
off for At ions sets in above 0.06 mm Hg and for A:*+ 
ions above 0.175 mm Hg. The difference is due to the 
shorter mean free path of atomic ions in argon arising 
in turn from the readier charge exchange for A* ions 
than A;* ions in argon. The ratio of the molecular ion 
current to the atomic ion current is a function of the 
pressure and of the electron energy. The range of this 
ratio is from 1% to 20%. Order of magnitude of the 
atomic ion current is 10-” amp and of the molecular 
ion current is 107!” amp. 


7A. Dalgarno, Trans. Roy. Soc. (London) 250, 426 (1958). 
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Fic. 3. Ionization in nitrogen versus the electron accelerating 
potential (uncorrected). The lowest points correspond to currents 
of 2X10 amp. 


STUDIES OF NITROGEN GAS 

Following the testing of the apparatus with argon, 
nitrogen was introduced into the mass spectrometer. 
With suitable adjustment of the numerous variables it 
was found that ions identifiable as N+, Not, Nt, and 
N,* were all present. 

Figure 3 shows the currents of the various ions as a 
function of the ionizing electron energy. The onsets of 
ionization occur at 15.5+0.2 ev for N2*, at 15.8+0.3 ev 
for N4*, at 22.1+0.5 ev for N3*, and at 24.2+0.4 ev for 
N+. The onsets of N2* and N* are in good agreement 
with standard values.* The curves for N+ and N;* have 
much more rounded feet than for Nz* and N,*, the 
latter two curves being actually sharper than indicated 
in the figure. No attempts were made to obtain high- 
precision onset potentials because the requirement of 
high gas pressure in the source was intrinsically un- 
favorable to such a goal. The formation efficiency 
curves for all four ions as a function of the electron 
accelerating potential were taken at fixed gas pressure, 
at constant Vj, and with constant electron emission 
current. The ion accelerating voltage was also held 
constant and the magnetic field was adjusted for each 
ion peak. The electron collector was held at the same 
potential as that of the ionization chamber. The 
relative abundances of the N,* ions and of N;* ions 
amount to 3.5% of the N2*+ ions at optimum conditions. 
The ratio of the N* ions to the N2* ions varies from 
0.1 to 1.5. The relative abundance of the ions is indi- 
cated by the steepness of the ion-current curves, N2* 
being most abundant and N,* least. The abundance 
figures refer only to ions reaching the final collector 
and may be much altered from the source values by 
dissociation or scattering in flight. 


8F. H. Field and J. L. Franklin, Electron Impact Phenomena 
(Academic Press, Inc., New York, 1957). 


The ion-current peak heights were measured for all 
four ions as a function of gas pressure and are shown 
in Fig. 4 on a log-log plot. The current scale is arbitrary. 
The electron accelerating potential (50 volts) and the 
electron emission current were kept constant. Since the 
N,* ion current depends strongly, and the N;* current 
somewhat less strongly, on the ratio E/p in the ion 
source (see Fig. 5), the precaution was taken to obtain 
the ion peak heights for these ions at a constant ratio of 
E/p. It was established that the N+ and N-* ion-current 
peak heights varied linearly with gas pressure p, whereas 
the N;* and N,* ion currents increased quadratically 
with . As in the case of argon ions, a decline of the 
slopes at higher gas pressures occurs and probably 
represents a failure of ions to reach the collector because 
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Fic. 4. Ion currents of all four ions in nitrogen versus gas 
pressure. The electron accelerating potential was 50 volts for all 
ions. The N* and N2* lines have slopes of one, and the N;* and 
N,* lines have slopes of two. 


the high gas pressure exceeds the capacity of the pumps 
and permits scattering of the beam. Positions of the 
maxima of the ion-current peak heights versus gas 
pressure in Fig. 4 indicate that the mean free paths of 
the various ions are different. The N.* ions have the 
shortest mean free path followed in turn by those of 
Nt, N3t, and Nyt ions. The N,* ions have, by this 
observation, more than three times the mean free path 
of N2t. Such a conclusion is in good agreement with 
mobility data.? 

It was noticed that the ion currents of the various 
ions depended upon Vj2, the voltage between the ion 
repeller and the exit slit of the ionization chamber. The 
potential V3.2 serves to drive the ions out of the ioni- 
zation chamber and into the mass-spectrometer ac- 
celerating system, so that the ion currents might be 
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expected to rise as V1 is increased. However, the ions 
have many gas collisions within the ionization chamber 
so that the ratio E/p, where E is Vi2/d, may also be 
expected to influence the ion current. The variable, 
E/p, is familiar in ion mobility work as an indicator of 
the mean energy of impact of drifting ions. The curves 
showing N+ and N;* ion currents versus Vi2 or E/p 
increase in height up to 5 volts and then flatten. This 
observation suggests a simple saturation effect de- 
pendent on the value of V;2. But the N;* and especially 
the N,* ion currents are sensitive to the variation of 
Vi2 or E/p as may be seen from Fig. 5. Experimental 
variation of both V;2 and discloses that, for N3* and 
N,+, E/p is the significant variable. The decline of 
these ion currents with increasing E/p is evidence of 
the weak binding energy of these ions and the readiness 
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Fic. 5. Ion currents versus V2, potential between the ion repeller 
and the exit slit of the ionization chamber, or E/p. 


with which they are dissociated by more energetic 
impacts with gas molecules. 


ANALYSIS 


The ion-current peaks of all four ions depend line- 
arly upon the electron-beam current in the ion source. 
This seemingly trifling observation is significant as it 
means that in the formation process of both N;* and 
N,* only one N* or N2* ion is involved. The quadratic 
pressure dependence of the number of N3*+ and Nyt 
ions, given in Fig. 4, is considered to be sufficient 
evidence that these ions are formed by secondary 
processes. The processes are accomplished in two steps; 
first, ionization (with additional excitation for N3t 
formation) of an Nez molecule, and then collision of this 
ionized molecule with a normal Ne molecule. 

The onset potential of the N,* ion is so close to that 
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of the Nz* ion that it may be said to coincide within 
the probable error of the measurements. This suggests 
that the N,* may be formed by the following process: 
N.++N2— N,** (vibrationally excited), a process that 
was suggested as a hypothesis by Varney’ in connection 
with mobility measurements. The N;* ion, however, 
has an appearance onset at 22.1+0.5 ev which is much 
higher than for N:* ions and appreciably lower than 
for Nt ions at 24.3 ev. One is obliged to conclude that 
N;* is not formed directly from N2* nor from Nt. The 
process of formation of the N;* given by Dreeskamp* 
and by Luhr,!” N++N.2-— N;", is thus ruled out. The 
onset potential of 22.1+0.5 ev of the N;* ion suggests 
that the N;* ion is formed by the following reaction: 
N2*+*+N2— N3t+N, where Nz** is an excited ion, 
possibly to the well-established negative band system" 
of N2* with origin at 1847 A or 6.7 ev above the ground 
state of N*, or 22.276 ev above the ground state of Ne. 

Results of the mobility experiments®® on nitrogen 
ions in nitrogen gas support the presence of N,* at 
low E/p in agreement with the present work. The N;* 
ions are absent with Hornbeck-Varney type of ap- 
paratus since higher energy electrons are required for 
their formation which are not available in the mobility 
experiments. However, N;* ions may have occurred in 
the mobility work of Mitchell and Ridler'? who use a 
discharge type of ion source. 

The presence of N;* ions with considerable stability 
is an interesting finding as the ions seem to be ap- 
preciably more stable than N,*. It is .not surprising 
that N;+ and N¢* are rarely found together since much 
higher ionizing electron energies are needed to produce 
the N;* ions, and these conditions serve to dissociate 
the N¢ ions. 

The extensive debate in the literature’ over the 
energy of dissociation of N2* may be resolved by the 
present work. According to the analysis above, free 
atomic nitrogen is produced at 22.1 ev as a by-product 
of the N;* ion formation and at 24.3 ev as a by-product 
of the N* ion formation. Which mode of production of 
free atomic nitrogen occurs is likely to depend on 9, 
E/p, and available electron energies. The former 
reaction would lead to the 7.38-ev value of the molecular 
binding energy; the latter would give the 9.76-ev value. 
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The Fermi-Thomas-Dirac equation is modified to include correlations between electrons. An application 
is made to the equation of state. No numerical work with the modified equation is reported. 


I, INTRODUCTION 


INCE its invention by Fermi! and Thomas,’ and 

later modification by Dirac,’ the statistical model 
of the atom has been used by many authors‘ to study 
those properties of solids, and of heavy atoms, which 
may be expected to be reasonably independent of the 
detailed structure of the outer electron shells of the 
atom. Generally, such matters as the equation of state 
at high pressures,® and the development of the periodic 
system! are well treated by the model, indeed, in the 
latter case, the model is more accurate in predicting 
the values of the atomic number Z at which the first 
s, p, d, f, etc. electrons appear, than one has any right 
to expect. However, matters that depend upon the 
edge of the atom, such as the atomic diamagnetism, 
which is proportional to the mean square radius of the 
charge distribution in the atom, are poorly given by 
the model. 

The root of the trouble is twofold. In the first place, 
the original model supposes, at each point in space, a 
degenerate free electron gas, and the interaction 
between electrons is ignored, except for the mean 
screening effect of the electron cloud. This is an approxi- 
mation which is accurate for high density of electrons, 
therefore in the interior of heavy atoms. The first step 
in improving this part of the approximation was taken 
by Dirac,’ who included the exchange energy of a free 
electron gas, thereby accounting approximately for the 
tendency of electrons of like spin to keep away from 
each other, an effect which evidently reduces the energy 
of the system. Various efforts have been made to take 
into account the tendency of electrons of unlike spin 
to stay apart (because of their Coulomb repulsion), an 
effect which is clearly in the same direction, but these 
have been largely frustrated for lack of an adequate 
theory of this so-called correlation energy. This gap 
has now been, if not filled, at least penetrated, by the 
elegant work of Gell-Mann and Brueckner,® and of 
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Gell-Mann.’ This paper will be devoted to a minor 
extension of their work, which will lead to a modified 
Fermi-Thomas-Dirac equation. As a special application, 
we shall deal with the equation of state, though the 
modified equation is generally applicable. The manner 
in which we shall incorporate the correlations is exact 
at high densities, and probably not wildly wrong at 
any density. 

The second basic error of the model, not unrelated 
to the correlation energy, is rooted in the circumstance 
that electrons do not interact with themselves. A crude 
effort to take this into account was made by Fermi and 
Amaldi,* by simply multiplying the charge distribution 
each electron sees by the factor (Z—1)/Z. We shall 
not discuss this correction here, though it would be 
easy to incorporate it into the model in the manner of 
Fermi and Amaldi. 

We shall also work at the absolute zero of tempera- 
ture. The procedure for going to a finite temperature 
exactly is given by Feynman, Metropolis, and Teller,* 
and can be carried over with much pain, though with 
no difficulties of principle, for those problems in which 
the temperatures are comparable with the atomic 
energies. 


II. CORRELATION ENERGY 


We consider a degenerate electron gas of maximum 
momentum fr, and density (number of electrons per 
unit volume) ». Then it is known that these are con- 
nected by the relation n= 2X (49/3) X (pr/2xh)’, where 
h is Planck’s constant divided by 27, or n= pr*/3mh'. 
This relation is correct even in the presence of inter- 
actions, though pr must then be interpreted as the 
maximum momentum before the interactions are 
turned on. We will be interested, for reasons that will 
appear in the next section, in the removal energy of an 
electron at the top of the distribution, that is, with 
momentum pr. The first term is simply the kinetic 
energy of the electron, pr*/2m, and the second is the 
exchange energy, —epr/ah, which was included in the 
Fermi-Thomas equation by Dirac. We shall show in 
the appendix that Gell-Mann’s scheme leads to an 
expression for the correlation energy, correct in the 
high-density limit, of — (me*/mh?)(1—1n2) Inpy+con- 
stant. The constant term is of no consequence for the 


7M. Gell-Mann, Phys. Rev. 106, 369 (1957). 
8 E. Fermi and E. Amaldi, Mem. accad. sci. ist. Bologna 6, 117 
(1934). 
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Fermi-Thomas model, since it amounts only to a 
redefinition of the zero of energy. We shall modify this 
expression in such a way as to leave it correct in the 
high-density limit, but render it exact in the low-density 
limit,’ thus obtaining what we hope will be a reasonable 
interpolation formula, correct, in any case, at the two 
extreme limits. 

Wigner’ has pointed out that, in order to do this, one 
need only note that a very dilute gas of electrons, at 
absolute zero, will crystallize into a body-centered cubic 
lattice, for which one can calculate the correlation 
energy exactly, by Madelung type techniques. The 
result'’ is (for the total energy at low density, including 
the exchange energy) —0.89e?/r,, where r,, the “mean 
spacing between electrons” is defined by (4rr,°/3)=n7. 
[In fact, of course, the actual mean spacing between 
nearest electrons is not r, but is I'(4/3)r,, but we 
conform to the standard nomenclature in the field." ] 
Since pr is related to r, by the equation aprr,=h, 
where a= (4/97)!, the low-density energy is 


—0.89eap p/h. 


Since the exchange energy is —e’*pr/ah, the low-density 
correlation energy is — (0.89ar—1)epr/arh. Remem- 
bering that the high-density limit is 


— (me‘/rh?)(1—1n2) Inpy+const, 
a suitable interpolation formula might be” 


(0.89amr—1)rp rao 
nf +4 - | (1 
(1—In2)h 


me*(1—|n2) 


| 154s 
9 


rh 


where dy)=f?/me*. We take then, for the total removal 
energy of an electron at the top of the Fermi distri- 
bution, 

pr Cpr 


rh 


“eorr+ 


Evot= 


2m 


9 E. Wigner, Phys. Rev. 46, 1002 (1934). 

10 Tt should be noted that there is some ambiguity in the litera- 
ture about this number. In his original work, Wigner calculated 
the energy of a body-centered electron lattice, and compared it 
with the energy of a uniform distribution of electrons, obtaining 
3/4 for the number we have given above as 0.89. Later [E. Wigner, 
Trans. Faraday Soc. (London) 34, 678 (1938) ], he recalculated 
the energy of the lattice, and obtained the answer 0.90 for the 
coefficient. We shall use the value 0.89, which we have obtained 
by an independent calculation. 

41 P, Hertz, Math. Ann. 67, 387 (1909 
sekhar, Revs. Modern Phys. 15, 1 (1943). 

2 This is 

Ecorr (Rydbergs) = — (2/*) (1—1n2) In[14-9.0a(prao/h) J. 
If we now expand this near the high density limit, we find 
— (2/x*) (1—In2) In(aprao/h) —0.137. 
As will be shown in the appendix, the exact expansion is 
— (2/x?) (1—1n2) In(aprao/h) —0.117. 


The difference between the numbers 0.137 and 9.117 gives some 
measure of the error associated with our interpolation formula (1). 


; see also S. Chandra- 
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III. FERMI-THOMAS MODEL 


The Fermi-Thomas model of the atom is based on 
the idea of a degenerate gas of electrons at each point 
in the atom in statistical equilibrium in the space- 
varying mean potential field. We will not discuss the 
general question of the range of validity of such a model. 
The condition for equilibrium is that it should not be 
possible to gain energy (free energy, if the temperature 
is not zero) by transferring an electron from one point 
in the atom to another, so that the removal energy 
should be the same at all points in the atom. So, if the 
electrostatic potential at a point is V(r), 


pr opr 
eV(r)+ — — + Eoorr = const. 


2m xh 


Note that e, the charge on the electron, is intrinsically 
negative. This equation, plus Poisson’s equation 


VV = —4arne= — Ap rie/ 3h’, (4) 


completely determines the model. The boundary con- 
dition at the origin is V — Ze/r, and we shall make the 
usual assumption of spherical symmetry, encasing each 
atom in a spherical cell of its own, of a volume equal to 
the atomic volume in the material under consideration. 
Thus the edge of the cell is defined by ro such that 
V’(ro)=0, expressing the fact that the total charge 
contained within ro is zero. 

It is customary at this point to define a collection 
of new variables and constants, which we do as follows: 
(1—In2)e ; 

—+ Boor t+— ina, (5) 


g(x) = 
ah 


r |= Cpr 


ZelLlm To 


where B= (97?/128Z)!, 


r ) prado max} 
2Z ay h 2 


a= (28/2Z)}, 


x=r/Bao, 


1(1{—I1n2), 


b=pa*, where p=} 


1—In2 
where o= . 
2(0.89am— 1) 


c=0a, 


In terms of these, Eqs. (3) and (4) become 
g(x) = vay}, 
and 
g=v—arx'!—pa*x In(ca+r275). (12) 
The boundary conditions become 
(13) 


(14) 


¢(0)=0(0)=1, 
xog’ (Xo) —= © (xo) . 


Equations (11) and (12) are the basic equations with 
which we shall henceforth deal. Neglect of the last two 
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terms on the right-hand side of (12) would lead us to be 
original Fermi-Thomas model, while neglect of the last 
term only would yield the Fermi-Thomas-Dirac model. 

For the Fermi-Thomas-Dirac equation (i.e., p=0, 
above), it is now possible to construct a power series 
solution, useful near the origin, to which one can then 
join a numerical integration. However, in our case, the 
logarithmic term in (12) changes the analytic character 
of the equation in the neighborhood of the origin, so 
that a power series does not exist. However, a double 
power series in x and Inx does exist, and the first few 
terms are given below. A is the slope parameter which 
determines the value of xo, the radius of the cell, and 
we have defined a logarithmic slope function Q(x) 
= A— (pa?/4) Inx. Then, if g(x)=>o, f(n,x)x", we have 


f(0,x)=1, 
f(1/2,x)=0, 

f(1,x) =2A —fa’, 
f(3/2,x) =4/3, 


4 1 16p 
f(5/2)=-0+(—+— a 
bY 


Se 
1 1 po p 
— +?) 
E 48 4 8 
282 Ss 4 
1225 


2) =—0+ he oes aa 
14 35 


35 


3po? 


560 


es 
4900 4 4 


3po | 
— a, 


wo (Sst )or( ZS 
a bank a 
ae ai 480 450 
po 199° 3 
+(“+ 
16 


poe p 

—+— je’. 

24 192 
We see that the correlations, represented by Q and p, 
do not begin to affect the interior of the atom until the 
terms in x!, whereas cachange, represented by a, 
appears in the coefficient of 2*. [The appearance in 
f(1,x) is meaningless, since A is an arbitrary constant. ] 
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IV. EQUATION OF STATE 


To relate a solution of (11) and (12) to the equation 
of state, we need to calculate the pressure associated 
with a given xo. The simplest way to do this is to 
observe that, at the edges of the atom, there are no net 


LEWIS 


forces on the electrons [this is in fact the definition of 
the edge, and is represented by Eq. (14) ], so the 
pressure is just that of an electron gas at that point. 
Hence we need to know the density and pressure of the 
electron gas at x=xo. The former is given by n= pr'* 


37h’, so that 
[ v(x) P 2Z\! 8 v(x) ‘ 
ao*n (x9) =— ( ) = F (16) 
3r Bxo 3r° axo! 


For the latter, we must take into account the internal 

forces of the gas, since, even in this approximation,” 
3pV _ Exinetict } Epotential, (1 7) 

and it is necessary to know both kinetic and potential 
energy to find the pressure. 

To achieve this, we consider a virtual expansion of 
the electron gas, keeping the number of particles 
constant. Then 


p=—nV (dE/dV)=4npr(dE/dpr), (18) 


where E is the mean energy per particle, including 
kinetic, exchange, and correlation energy. In the 
appendix, we show that this is simply related to the 
difference between the mean energy per particle, and 
the energy at the top of the Fermi distribution, namely, 


p=nlE(pr)—E]. (19) 


Since, as is shown in the appendix, the correlation part 
of the difference in parentheses in (19) no longer 
contains a logarithm, but is just —0.021 Rydbergs, we 
have, if we introduce w(x) = (prao/h) = 20(x0)/maxo', 


kh? w' 5 0.052 
pees ee 


may® 1527? 4rw sw 


(20) 


We should observe that a free atom is defined by zero 
pressure at the boundary so that, for a free atom, 


w>— (5w/4r)—0.052=0. (21) 


This leads to a minimum value of (prao/h) at the edge 
of an atom of 0.50, as contrasted with the value 0.40 
without correlations. 


APPENDIX 


We want to establish our expression for high-density 
limit of the correlation energy of an electron at the top 
of the Fermi distribution. This expression, given in the 
text, is 


Ecore(Rydbergs) = — 24-*(1—1n2) Inpr+const. (22) 


There are two ways to do this. Gell-Mann and 


13See Feynman, Metropolis, and Teller, reference 5. Their 
arguments apply equally well to our case. 
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Brueckner have calculated the average correlation 
energy per electron by writing down the important 
part of the perturbation expansion for the energy of 
the electrons in Coulomb interaction with each other, 
summing over the electrons, and summing the pertur- 
bation series. One can do just this, summing over all 
electrons but one, then setting the momentum of that 
one equal to pr. This will give the correlation energy 
of one electron of momentum fpr, due to its interaction 
with all the other electrons, and, in fact, leads to (22). 
A simpler procedure is as follows, exploiting the mean 
energy expression of Gell-Mann and Brueckner, 


Bore = — 20? (1—In2) In(aprao/h)—0.096, (23) 


where the bar over the E..,, indicates that this is not 
the correlation energy of an electron at the top of the 
Fermi distribution, but is the mean correlation energy 
per particle. To obtain the former, we consider the 
variation of (23) with change of pr. A change in pr 
means that the density of electrons is being changed, 
since that is proportional to pr’*, say Apr’. The total 
energy per unit volume is, then 


Apr’ f(pr), 


where f(pr) is the mean energy per electron, in par- 
ticular (23). If we now change pr by Apr, the change 


(24) 
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in energy density is 


d 
AApr—[pr'f (pr) ]. 
dpr 


The change in the number of electrons is 
3A pr’ Apr, 


and all these extra electrons are added to the top of 
the Fermi distribution. So the removal energy of an 
electron at the top of the distribution is the quotient 
of (25) and (26), or 


(26) 


j pr df(pr) 
f(pr)+— ——_, (27) 
3 dpr 


and this relation is valid for kinetic, exchange, or cor- 
relation energy. Applying it in particular to (23), we 
find 

Ecorr (Pr) = — 2e?(1—1n2) In(aprao/h)—0.117, (28) 


measured in Rydbergs, which is the expression given in 
the text. The difference EBoon— Ecorr(pr)=0.021 Ryd- 
bergs remains correct, even when we use our interpo- 
lation formula (1) for Ecor(pr), provided we connect 
the two through (27). The number 0.021 is just 
3n?(1—In2). 
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Magnetic Moments due to Rotation in Li’F and Li’F/t{ 
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A molecular beam electric resonance spectrometer has been used to measure the Zeeman splitting of the 
hyperfine structure of LiF and Li’F in the J =1 rotational state. From these measurements the magnitudes 
of the rotational magnetic moments of these molecules were determined: 

(yy ‘T)y p= (0.0818_6 003 
wy J) itr = (0.0642_> 0002 


+0.0005) nuclear magnetons per J. 
+0.0004) nuclear magnetons per J. 


Since the signs of the rotational magnetic moments could not be measured, the sign of the electric dipole 
moment was not determined experimentally. 

A complete expression for the rotational magnetic moment in a diatomic molecule is derived. When the 
rotational perturbation of the electron motion is neglected the complete expression is shown to reduce to an 
equation for the magnetic moment of two singly charged ions. This ion-pair approximation, applied to the 
molecule above, indicates that the values for the moments should be positive. 

The nonslip electronic contribution, neglected in the ion-pair approximation, is described in terms of a 
semiclassical model. Numerical evaluation of the nonslip electronic contribution to the rotational magnetic 
moment of Li*F and the nuclear J-dependent magnetic field of the fluorine spin-rotation interaction yields 
results within 10% of experimental values. The model shows that these two molecular constants, though 


the results of the same perturbation, arise from different parts of the charge distribution. 


EXPERIMENT 


AGNETIC moments due to rotation have been 

measured in a number of !2 molecules.! Of these, 

only Hz is diatomic and it is covalently bonded. This 

report describes the first measurements made in ionically 
bonded diatomic ' molecules. 

The measurements were made by observing the 
Zeeman effect in the hyperfine structure of Li®F and 
Li’F. The results of these measurements have been 
reported previously.” 

One reason for choosing the lithium fluorides is that 
the fluorine spin-rotation interactions, which are closely 
related to the molecular magnetic moment, have been 
measured in both these molecules.** 


Apparatus 


The measurements of the rotational magneticmoments 
of Li*F and LiF were made on a molecular beam electric 
resonance (MOBER) spectrometer. This apparatus, 
designed to operate in the radio-frequency region, has 
been described by many authors. The most recent 
article® will serve as a description of the apparatus used 
in these experiments except for a few changes of which 
the significant one will be described below. 

All experiments done previously with this apparatus 

t This research was supported, in part, by the Office of Naval 
Research. 

t This report is based on a thesis submitted (May, 1957) in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in the Graduate School of Syracuse University. 

* Now at the University of California, Riverside, California. 

1C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 294. 

2A. M. Russell, Phys. Rev. 106, 1100 (1957). 

3 J. C. Swartz and J. W. Trischka, Phys. Rev. 88, 1085 (1952). 

*R. Braunstein and J. W. Trischka, Phys. Rev. 98, 1092 (1955). 

5D. T. F. Marple and J. W. Trischka, Phys. Rev. 103, 597 
(1956). 
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made use of the Stark effect in studying the hyperfine 
structure of the alkali halide molecules. This is the 
first experiment to use the Zeeman effect. For this ex- 
periment the electric C-field was replaced by a magnetic 
C-field. The transitions, however, were still induced 
electrically. 

The magnetic C-field was designed to furnish both a 
constant magnetic field and a constant electric field so 
that combined Stark-Zeeman effects could be observed. 
For this reason, special emphasis was placed on the 
requirements for a uniform electric field at the expense 
of uniformity in the magnetic field. This was done 
because the electric interaction was much larger than 
the magnetic and would, therefore, have a much greater 
effect on line width. Unfortunately the line widths in the 
combined case were considerably larger than theoretical 
calculations had predicted and were too large to permit 
useful data to be taken. The data used in the magnetic 
moment measurements were all taken at zero electric 
field. 

Because of the limitations of space the magnetic field 
in the transition region was obtained through the use 
of a permanent magnet. An Alnico V magnet, designed 
to fit the space available, was cast by the Indiana Steel 
Products Company of Valparaiso, Indiana. It was de- 
signed to give a field strength of 10 000 gauss in a §-inch 
gap between soft-iron pole pieces. Since hardened steel 
was used to help keep the pole pieces flat the magnetic 
field was less uniform than it would have been other- 
wise and was about 5000 gauss. 

Figure 1 is a drawing of the C-field magnet. The two 
poles are held together by bronze springs while held 
apart at the corners by four sets of opposing screws. 
These screws all had right-hand threads but different 
pitches, one side 46 threads/inch, the other 48 threads/ 
inch. This permitted a change in the pole separation of 
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TABLE I. Mean values of H, on three different dates. 


Field strength 
Measurement (gauss 
5148+ 25 
4815+15 
4792+15 


2 
S1/ 
363 


about 0.000050 inch when the screws were turned ten 
degrees together. 

One pole is divided and insulated from the rest of the 
magnet so that both constant voltage and rf could be 
applied. The pole faces themselves were heavily chro- 
mium plated and slip ground. They were found to be 
flat to within 0.000050 inch when measured on a 
Sheffield visual gauge. A sapphire ball of diameter 
0.1250+0.0001 inch and sphericity 0.000025 inch was 
used as a gauge to gap the poles. 

The C-field magnet gap was too small to admit any 
ordinary proton resonance probe. For this reason the 
magnetic field in the gap was measured indirectly, an 
electromagnet serving as a reference field. The procedure 
was as follows: 


(a) The emf in a germanium Hall probe was balanced 
out with a potentiometer when the probe was in the 
C-field magnet. 

(b) The reference magnet was adjusted to maintain 
balance with the probe in the reference magnet. 

(c) The magnetic field strength of the reference 
magnet was then determined from the proton resonance 
frequency. 


Steps (a) and (b) were repeated until the galvanom- 
eter balanced to within 5 millimeters (about 2 gauss) 
before the resonance frequency was measured. 

Measurements made on three different dates showed 
that the long-time stability of the magnet was not good 
and that the magnet lost field strength with time. This 
introduced a systematic error into the value of the 
magnetic field at the time the spectra were measured. 

The mean values of H,. for the three sets of measure- 
ments are given in Table I. The errors here are due 
primarily to the variation in field strength along the 
magnet. Since the large drift was not anticipated, it was 
originally intended that measurement (1) would serve 
as an upper bound and that measurement (2) would 
differ only slightly from (1), thus defining a narrow 
region containing the required value of magnetic field 
strength. Measurement (2), made shortly after the 
spectra were taken, indicated a large drift, however, 
which required that a third measurement be made to 
determine the latest drift rate. The last two measure- 
ments yielded a drift rate of 23 gauss in 46 days. By 
interpolation this yielded a value of H,=4827 gauss 
at the time the spectra were taken. 

The +15 gauss error still applies. The drift from (1) 
to (2) could, however, possibly be accounted for in the 
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SPLIT POLE 


Fic. 1. The C-field magnet with pole pieces. 


shorting of the magnet which was necessary during the 
exploratory stages of the experiment. The 12 gauss 
added to measurement (2) should therefore be included 
as a systematic error. 

The final value of the magnetic field strength is 


H.=4827_2;+" gauss. 


Predicted Spectra 


The MOBER spectrometer has already been used 
to study the hyperfine structure of Li®F and Li’F using 
the Stark effect.’* Each of these publications gives a 
detailed description of the Hamiltonian used and the 
predicted spectra. The only new feature introduced by 
the use of the magnetic filed is the removal of the de- 
generacy in the sign of my. The spectra which result 
represent a splitting of each zero field (electric) line into 
two parts, the splitting being the same for all lines and 
depending upon the magnitude of the rotational mag- 
netic moment and the magnetic field strength. 

The interaction of the nuclear spins with the ex- 
ternal magnetic field will not affect the difference 
between energy levels because m; remains unchanged in 
the transitions studied. 

Both molecules were studied in the transitions 


(J mz): (1, +1) (1,0) (1, —1)—>(1,0). 


and 
The selection rules are 


Amy=+1, Amn=0, Am.=0. 


The interaction constants used to calculate the spectra 
are those given in the references cited above. 

Figures 2 and 3 show the line positions to be expected 
for each molecule when the levels are split by the inter- 
action of the rotational magnetic moment with the 
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Fic. 2. Predicted line frequencies for Li®F as a function of yy 
for a magnetic field of 4827 gauss. 


external magnetic field. The splitting will be 


2(uy ‘T)\msH, 
or, for J/=1, 
2u,H. 


Thus, for a given value of magnetic field the spectra 
are predicted for a range of values of uy. For purposes 
of indentification, the Li’F lines are numbered 1: - - vg 
in order, from the lowest frequency to the highest 
under the condition 4 ,;=0. For the condition 4,0 the 
low-frequency components will be denoted by primes 
and the high-frequency by double primes. Table II gives 
the interaction constants used and the predicted line 
frequencies for each molecule under the condition un ,=0. 

The reflection of the line positions at zero frequency 
arises because the spectrometer does not distinguish 
between emission and absorption lines. The predicted 
frequencies are, therefore, the absolute value of the 
energy level differences. 
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Fic. 3. Predicted line frequencies for Li’F as a function of yu, 
for a magnetic field of 4827 gauss. 
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Figure 4 shows the observed lines for Li®F. Their 
frequencies are 
v’=282.0+0.2 kc sec”, 


vy” =319.5+0.2 ke sec. 
From the predicted spectra (Fig. 2) it is clear that 


y=4(»'+v") =300.8+0.2 ke sec, 
where 


My 1 hv 7” 
1) = —=— —=1,312X10-—. 
J 


un HH, H. 


Substitution of the value for Li®F and the value for 


H. yields, 
My 
(~) =0.0818 0.0003" pee nm Uf 
JF vier 


TABLE II. Molecular constants and predicted line frequencies 
assuming yw, =0 for the (J,my): (1, +1)-—>(1,0) transitions in LiF 
and Li’F. 


LiF 





~ egQs/h=0 


eqQ/h=0 
2o/h= +36.8 ke sec! 


6:/h=0 
giggn?/Ph=O 
v=18.4kc sec 





Li’F 





eqQi/h= +412 ke sec™ eqQs/h=0 
6:/h=+ ke sec c2/h= +33 kc sec 
giggun?/rPh= +12 kc sec 


vs= 69.9 ke sec 

ve=73.3 kc sec™ 
v7 =83.3 kc sec™ 
vs = 86.7 kc sec 


v;= 30.3 kc sec™ 
ve=42.5 kc sec 
v3=48.1 kc sec" 
vs= 60.3 kc sec 


The observed spectra for Li’F were much more 
difficult to analyze. Not only are there more lines but 
some predicted lines fail to appear and some spectra 
were observed that could only be explained in terms of 
double quantum transitions. 

Figure 5 shows the observed spectra for Li’F. Scan- 
ning up to 1600 kc sec yielded no more lines so that it 
can safely be assumed that no spectra lie outside the 
region shown. It is clear that, with a natural line width 
of 20 ke sec~! expected from the apparatus, resolution 
of the predicted lines could not be expected. The assign- 
ment was based, therefore, upon the gross features of 
the observed structure. Fortunately the two sets of 
lines resulting from the Zeeman splitting should be 
separated by twice v; or 60.6 kc sec (see Fig. 3). This 
gap is much larger than the individual separation within 
each set and serves as a preliminary identification of the 
splitting due to the magnetic field. 

The final Zeeman splitting is based upon the assign- 
ment of v2’, »;’ and v;", v2” to the two lines on either 
side of the gap as shown in Fig. 6. The separation of 
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these two observed lines is 72.5 kc sec!. This is just 
twice the average of »; and v2 predicted for the case 
(see Fig. 3 and Table II). The center of the gap may 
now be taken as the frequency shift, therefore, 


1 vo +p," yy tye! 
= ( v 


? ? ? 


“- < “ 


) = 236.2+0.2 kc sec. 


These frequencies were determined by the point-by- 
point plot of the lines as was done for Li®F. This plot is 
shown in Fig. 6. 

The final value for the rotational magnetic moment 
for Li'F is 


Bs 
— = (0.0642 0.0002" 004 nm Sia 
J Li’F 


It should be noted that the error associated with the 
measured values of the moments are due to the error 


Se 
4 
340 
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Fic. 4. Observed spectra for Li®F. 


in the determination of the magnetic field. The errors 
involved in the determination of the line frequencies 
are much smaller and do not contribute significantly to 
the final error. 


SEMICLASSICAL MODEL FOR ROTATIONAL 
MAGNETIC MOMENTS IN ALKALI 
HALIDE MOLECULES 

In nonrotating ‘© molecules the orbital angular 
momentum of the nuclei about the center of mass and 
the total orbital angular momentum of the electrons 
about the center of mass are both zero. There is, there- 
fore, no magnetic dipole moment associated with the 
molecule if nuclear moments are neglected. When such 
a molecule is rotating, however, neither the nuclear 
nor the electronic angular momentum about the center 
of mass is zero. In this case a molecular magnetic dipole 
moment wy, may exist, its magnitude varying directly 
with rotational state. 

The model which will be described applies to rota- 
tional magnetic moments which arise in ionic diatomic 
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Fic. 5. Recorded Li’F spectra redrawn so as to be rectilinear. 


molecules, in particular, the alkali halides. These mole- 
cules have 'Y ground states, permanent electric dipole 
moments and are subject to certain simplifying approxi- 
mations which will be discussed farther on. For these 
molecules the magnitude of the rotational magnetic 
moment referred to the /=1 rotational state depends 
upon three terms: 


(A) The nuclear term arising from the angular mo- 
mentum of the positively charged nuclei about the 
center of mass of the molecule. 

(B) The main electronic contribution which stems 
from the angular momentum of the electrons about the 
center of mass when it is explicitly assumed that the 
motion of electrons about parent nuclei is undisturbed 
by the rotation of the molecule. Electrons which behave 
in this way are sometimes called “slipping electrons”. 

(C) The nonslip electronic contribution. This term is 
a correction on (B) due to the perturbation of the 
electronic motion by the rotation of the molecule. 


To clarify the discussion of the rotational magnetic 
moment, the following notation will be adopted with the 
subscripts denoting the terms as described above: 


MaBc=Matuatuc=uyw. 
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Fic. 6. Observed spectra for Li’F. 
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In rotating diatomic molecules which have no per- 
manent electric dipole moment, terms A and B are 
equal and opposite. The total rotational magnetic mo- 
ment is, therefore, represented by the term C.° In the 
alkali halides, however, the terms A and B are not 
equal in magnitude so that there is a net contribution 
for which term C may be considered a correction. 

In this section a theoretical expression for usc 
will be derived for the case of an ionic diatomic molecule. 
This expression will be the form (uat+ueac). Unfortu- 
nately this is not convenient since several estimates exist 
for uc alone. By making the ion-pair approximation it 
will be possible to reduce the complete expression for 
“asc to a simple classical expression for waz. A semi- 
classical model for wc, the nonslip electronic contribu- 
tion, will then be described. 

This nonslip electronic contribution is of particular 
interest because of its relation to the spin-rotation inter- 
action of a nuclear spin with the magnetic field created 
at the nucleus due to a perturbation of the electronic 
motion. This is the same perturbation which gives 
rise to C. 

Complete Solution, uizc 


The solution described below follows the analysis 
of Eshbach and Strandberg’ but is limited to diatomic 
molecules. It will later be specialized to include only 
ionic diatomic molecules. The solution, while called 
complete, is nevertheless not exact and the following 
approximations are made. The molecule is considered 
rigid so that rotational stretching and vibrational 
effects are not included. In addition, it is assumed that 
the molecular motion is not perturbed by the electronic 
motion. 

The Hamiltonian for the system neglecting rotational 
stretching, vibration, and omitting the translational 
term is, 


H=4L?/I+4m >; p7+V, (1) 


where L is the angular momentum of the nuclei, p; is the 
linear momentum of the jth electron, and J is the total 
moment of inertia. The total angular momentum is a 
constant of the motion and is given by 


@=L+1, 


where [ is the total electronic angular momentum. 
Therefore, since 


P=L-L= Q-1)-(Q—-N=C—-2U4P, 
the Hamiltonian may be written 
H= F/T —U/14-4P/1+34m D5 pr? +V. (2) 


Since the angular momentum of the electrons in !)> 
molecules is much smaller than the total angular mo- 


6 This term is usually negative since it corresponds to the rota- 
tion of negative charges. The main exception to this is hydrogen. 

7J. R. Eshbach and M. W. P. Stranberg, Phys. Rev. 85, 24 
(1951). 
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mentum, the third term in equation (2) is omitted and 
the second term is considered as a perturbation on the 
electronic motion. The final expression may be separated 
into a nuclear Hamiltonian and an electronic Hamil- 
tonian with a perturbation term, 


I O+,!, 
where 30°= 43m >); p7?+V and X2= —W/T. 

The nuclear contribution to the rotational magnetic 
moment may be written® 


np — 12 nO - 
Ha=H LT, HK, 


ew 
——(Z,R,°+Z_R _”). (3) 
- 


a¢ 


The electronic contribution may be written in terms 
of the expectation value for the angular momentum in 
the J direction, where { depends upon L through %. 


Mac (e 2mc)lz. (4) 


The first order wave function may then be written 


Yof(n lz 0) 
~~ | 


ILE.—& 
To first order, then, the expectation value for /z is 


‘ (O\lz'n) |? 
(QO lz 0)’= (0 le ()+ » td XN, / 


n En— Eo 
The substitution of this expression into (4) yields 


(&z/mcl) > 


— 


Mac (0 lz'n)\?/(E,—E), 


but Yz=Jh and the classical frequency corresponding 
to this may be defined as w= Jh/J, and therefore 


(0 lz n)\? 
LBc>= x . (3) 


mo» E,—Epo 
This represents the electronic contribution and _ is 
equivalent to the expression derived by Wick.* 
The total rotational magnetic moment for diatomic 
molecules may now be written 


ZL (O lz n) . 
(2.8242 2 HT (6 
E,—Eo 


Ion-Pair Approximation, wiz 


Eshbach and Strandberg,’ Ramsey,” Townes,’ and 
others have developed theoretical expressions for the 
rotational magnetic moment which can be applied to 
diatomic molecules. These expressions are exceedingly 
cumbersome, however, and the very great difficulties 
associated with obtaining electronic wave functions for 

8 See Appendix. 

*G. C. Wick, Phys. Rev. 83, 51 (1948). 

10 N. F. Ramsey, Phys. Rev, 87, 1075 (1952). 
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a molecule prohibit the evaluation of these expressions 
except in the case of very simple molecules such as Ho». 
Wick,* Foley," and White'? develop expressions for uc, 
the nonslip electronic contribution which will be de- 
scribed later. Foley and White give values which can be 
used to predict this contribution. 

While a neutral atom approach must lead to the 
correct result in an exact theory, it does not, for alkali 
halides, represent the best approximation. Much success 
in predicting molecular constants has been achieved by 
considering these molecules to be composed of two 
ions.'** This approximation is the one which will be 
used in the theory described below. 

If the molecule is assumed to be composed of two ions 
whose electrons are under the influence of spherically 
symmetric fields only, Eq. (6) can be reduced as follows. 
The angular momentum of a spherical shell of electrons 
around a nucleus which is a distance R from the center 
of mass is 


lh=lz+ Rp’, 


where /z is the angular momentum around the center 
of mass and p’ is the linear momentum of the shell in 
the y direction. For '> molecules, however, (0!/,\n)=0; 
therefore, 


(O lz! n) (0| p’ n) |? 
R?>-’ 


— — 
, 


En— Eo n ba 


and since!® 
(O p’ n) 
E,-E 
the electronic contribution may be written 
(O\lz\n)? 
iy —3R°m. 


.* £=-R 


If Z’ are the number of electrons associated with the 
nucleus of atomic number Z, then from (6), 


ew 
Map=——[Z,R2+Z_R*_— (Z,'R2+Z_'R_’) ]. 
2c 


For the alkali halides, however, 


and Z_—Z_'/=-—1, 


Z,—Z,'=1 


therefore, 


11H. M. Foley, Phys. Rev. 72, 504 (1947). 

122 R. L. White, Revs. Modern Phys. 27, 276 (1955). 

3 E. S. Rittner, J. Chem. Phys. 19, 865 (1951). 

4G. C. Benson and B. M. E. van der Hoff, J. Chem. Phys. 22, 
469 (1954). 

15 Reference 1, p. 213. 
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From this follows the ion-pair result (see Appendix) 


MAB 1 
_o~ 


Pj m, m 


The assumption that the molecule is strictly in a '2 
state even though rotating is equivalent to saying that 
the electronic motion is unperturbed by the molecular 
rotation and, therefore, that uc=0. 

In order to achieve an understanding of the origin 
of the nonslip electronic contribution wc, a semiclassical 
model will be constructed that will also illustrate the 
relationship between this electronic term and the mag- 
netic field at the fluorine nucleus. The latter gives rise to 
the spin-rotation interaction. 


Electronic Contribution, uc 


The model described below is intended to show the 
origin of the nonslip electronic contributions (I) to the 
molecular magnetic moment due to rotation and (II) to 
the magnetic field at a nucleus which gives rise to the 
spin-rotation or I-J interaction. It applies to ionically 
bonded diatomic molecules such as the alkali halides. 
Electrons are associated with one or the other of the 
nuclei in such cases and not with the molecule as a whole. 

If one considers the charge cloud associated with the 
position probability density of the electrons, the elec- 
trons lose their individual identity in the average 
motion of this charge cloud. Because the electrostatic 
field near a nucleus is nearly spherically symmetric 
and because of shielding by electrons which are farther 
from a nucleus, electronic charge finding itself near a 
nucleus will be instantaneously less affected by the 
molecular rotation than electronic charge at a greater 
distance from the nucleus. Under these circumstances, 
electronic charge associated with p or s electrons will 
slip when it is near a nucleus and will rotate with the 
molecule when it is far from a nucleus. One has a 
picture, then, of spherical ‘‘shells” of electronic charge 
density rotating around a nucleus with different 
rotational frequencies, or more exactly, of a viscous 
fluid whose angular frequency, very small near the 
nucleus, increases uniformly to an upper limit at a point 
far from the nucleus. This upper limit would be the 
rotational frequency of the molecular frame. 

The rotation of the charge cloud will be described by 
w(r), where w(r)=a(r)wy. The symbol wy represents the 
classical angular velocity of the molecule in the rota- 
tional state J and a(r) is the slip function which should 


satisfy the conditions: 
(“) 
dr r=( 


da 
( <0, 
dr r=Tmax 


a(0)=0, 


a Tnx 1, 
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Fic. 7. Electronic charge distribution for F~ (from Brown"®). 


where fmax is the value of r for which p(r)=0. a(r) is a 
measure of the departure of the electrostatic field from 
spherical symmetry at a distance r from the reference 
nucleus. 

The magnetic field at a nucleus due to charge motion 
such as that described above may be written, 


2a, 7% 1 
H,= : f —a(r)p(r)dr, 


3 Cc o Fr 


where p(r) is the charge between r and r+dr in esu. 
The general expression for the rotational magnetic 
moment due to the motion of charged particles may be 
expressed in terms of the angular momentum of the 
charged particles, 
u= (e/2mco)l. (8) 


The first step in determining yzc is to calculate the 
angular momentum of a spherical shell which rotates 
about a nucleus with angular velocity w while the 
nucleus rotates about the center of mass of the molecule 
with angular velocity wy. The angular momentum is to 
be calculated with respect to the center of mass of the 
molecule. 

The angular momentum about the nucleus is 


ly=3mr'*w, (9) 





¥ 7 
= “1 2 
u* 
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Fic. 8. The 2) electronic charge distribution for LiF 
(from Benson and van der Hoff"*). 
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where m is the mass of the shell and r is the radius. The 
angular momentum of the center of mass of the charged 
shell about the center of mass of the molecule is 


bem. = mR*w,, (10) 


where & is the diatance from the nucleus to the center 
of mass of the molecule. The total angular momentum 
is the sum of (9) and (10), or 


(11) 


l= 3 mrrwt+mRwy. 


The substitution of (11) into (8) and the expression of 
w in terms of a(r)wy and the charge distribution in terms 
of p(r) yields 


Z'e wy - 
bBpc=—R*wy-—— f r’p(r)a(r)dr. 
, 0 


<¢ 3c 


(12) 


Equation (12) corresponds to the total electronic 
contribution of one ion to the rotational magnetic 
moment. The first term corresponds to the contribution 
us from completely slipping electronic charge. This 
term must be corrected by the second, uc, when some 
of the molecular rotation is transferred to the charge 
cloud. The total electronic contribution from the 
electrons of both ions may be written 


eu 


J 
—(Z,'R,?+Z_'R_’) 
2 


£C 


Wy 
- If Po(ra(rdirt ff ro(ra(ridr} (13) 
3cl/, = 


where + and — and the functions under the integral 
signs refer to the positive and negative ions, respec 
tively. 

The addition of the nuclear contribution to wac yields 
an expression identical to the ion-pair model except for 
the nonslip electronic contribution. Therefore, the 
difference between the rotational magnetic moment as 
predicted by the ion-pair model, waz, and the actual 
experimental value should correspond to wc, the non- 
slip integrals in (13). 

A calculation of H,, and we depends upon a knowledge 
of the charge distribution p(r) and the slip functiona(r). 
Although neither of these functions is known, an 
approximate p(r) will be constructed for Li‘F and a 
guess of a(r) will be attempted. This will be sufficient 
for an illustration of the calculation. It is hoped that 
an a(r) can be found which will yield values for both 
H,, and uc which will be in reasonably good agreement 
with the experimental values. Since two values are 
being fitted with one parameter there is still some 
measure of constraint on the model. This point will be 
discussed more fully later. 

Efforts have been made to calculate a quantum- 
mechanical charge distribution for both the fluorine 
negative ion and the lithium fluoride molecule. In 
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particular, Brown’® has calculated the charge distribu- 
tion for the fluorine negative ion using Hartree-type 
wave functions. Figure 7 shows the results of Brown’s 
calculations for the two 1s, the two 2s, and the six 2p 
electrons in F~. 

Benson and van der Hoff'* have determined a set of 
p electron wave functions for the lithium fluoride 
molecule which are adjusted to give the proper values 
for the electric dipole moment and the ionization energy. 
From these wave functions they calculated the charge 
distribution shown in Fig. 8. 

In order to approximate the total electronic charge 
distribution for the fluorine negative ion in lithium 
fluoride, the following adjustments were made in the 
distributions cited above. Since the angular features of 
the charge distribution are not important to the calcu- 
lations, the asymmetry in Fig. 8 was averaged out by 
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Fic. 9. Electronic charge distribution for F~ in LiF. 


calculating f(r), where 
p(r)=43[p(r)+p(—7) ], 


The radius axis in Fig. 7 was compressed uniformly so 
that the second maximum in the 2s charge distribution 
occurred at the same radius as the maximum in the 
averaged 2 distribution of Fig. 8.'7 The 1s and 2s 
charge distributions were then each normalized to 2 
and added to the 2 distribution for the molecule which 
had been normalized to 6. The result is shown in Fig. 9 
and will be taken as the charge distribution about the 
fluorine ion in LiF. 

One function which satisfies the requirements for the 
slip function at the extremes is the expression for the 
fraction of the total charge included by a sphere of 
radius r. This function was found to increase too fast 
near the nucleus so the slip function was chosen to be 
the square of the function representing the fractional 


16 F. W. Brown, Phys. Rev. 44, 214 (1933). 
17 This is motivated by a desire to have the maximum in the 2s 
distribution occur at the same “orbit’’ as the maximum in the 2p. 
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Fic. 10. The slip function. 


charge, thus 


a(r)= J ornare / f p(r’)dr’ |. 
0 0 


The slip function is shown in Fig. 10. 

A numerical calculation of H, and uc for the model 
with the approximate charge distributions and the slip 
function described but neglecting the Li 1s electrons 
yielded the following values: 


H,=8.34, pco=—0.033. 


(14) 


Figure 11 shows the relative contribution made by 
different parts of the charge distribution to the two 
quantities calculated. The latter two curves are normal- 
ized to the same value for the purpose of comparison. 
The comparison of the calculated and experimental 
values will be made later. The main point to be con- 
sidered here is that while H, and we both arise from the 
same perturbation, Fig. 10 shows that they stem largely 
from different parts of the charge distribution. 

Figure 10 also shows that the contribution to uc 
from the two 1s electrons of the lithium ion may be 
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Fic. 11. Relative contributions to H, and ye from 
different parts of the charge distribution. 
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TABLE III. Comparison of measured values of the rotational 
magnetic moments of Li®F and Li’F (in nuclear magnetons per 
rotational state) with various predicted values. wag represents 
the contribution of the nuclei and completely slipping electrons, 
uc is the nonslip electronic contribution, and wazc is the total 
moment. 


#AB\1ON-DPalir ue 


+0.114 
+0.114 
+0.114 


BABC 


—0.026 
—0.040 
—0.033 


+0.088 
+0.074 
+0.081 


Foley 
White 
Model 
0.0818_9 00037 Experimental 
— 0.023 
—().036 
—().028 


0.090 
+0.090 
+(0.090 


+0.067 
+0.054 
+0.062 


Foley 
White 
Model 


0.0642_ Experimental 


neglected since they would be too close to the nucleus 
for the r? factor in the expression for wc to be important. 


DISCUSSION OF RESULTS 


Agreement between Experimental Results and 
Theoretical Calculations 


The best predicted results are obtained by adding to 
the ion-pair solution the best predicted values for the 
nonslip part of the electronic contribution, uc. Besides 
the value of uc obtained from the model, there are two 
published predicted values. One of these is by Foley" 
who gives a value for LiF (presumably Li’F) of 0.023 
nuclear magneton. This would make the corresponding 
value for LiF approximately 0.026 nuclear magneton. 
The second set of published values are those of White." 
His values for the electronic sum appearing in the 
complete solution are 1.88X10~" g cm* for Li®F and 
1.87X 10 g cm’ for LiF. This leads to the values 0.040 
and 0.036 nuclear magneton for Li®F and Li’F, re- 
spectively. These values are all negative since they 
represent the rotation of negative charges. Table III 
compares the values described above with the experi- 
mental values. 

The value of H,, for Li®F has been measured.!* A com- 
parison between the results obtained from the semi- 
classical model for the electronic contribution and the 
experimental results is shown in Table IV. 

The agreement between the model values and the 
experimental values indicates that the relative con- 
tributions of different parts of the charge distribution to 
H,, and yc is fairly accurately represented in Fig. 11. 
The agreement should not, however, be thought of as 
verifying the charge distribution used since, with a 
suitable choice of a(r), any reasonable charge distribu- 
tion which might be guessed would yield values for H,, 
and yc in fair agreement with the measured values. The 
important point is that even for the new distribution the 


18 Kastner, Russell, and Trischka, J. Chem. Phys. 23, 1730 
(1955). 
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TABLE IV. Comparison of calculated and experimental 
values for wc and H,,. 


Calculated 
values 


Experimental 
values 
-0.033 
8.34 


0.031 
9.01 


uc (nuclear magnetons)* 
H,, (gauss) 


® Obtained by subtracting ion-pair value from measured wy assuming the 
latter to be positive. 


relative contributions of different parts of the charge 
distribution would be similar to that shown in Fig. 11. 


Conclusions 


Rotational magnetic moments in alklai halide mole- 
cules can be described to first approximation by the 
rotation of two ions about their center of mass. This 
description indicates that the relative masses of the 
molecules can influence the sign of the moment. 

A better approximation is achieved by taking into 
account the contribution from nonslipping electrons. 
This term is negative and arises because the electron 
motion about one ion is perturbed by the molecular 
rotation because the potential is distorted by the 
presence of the other ion. This is the same perturbation 
which gives rise to J dependent magnetic fields at the 
nuclei. These magnetic fields which can be measured 
through the spin-rotation interaction do not determine 
the nonslip electronic contribution to the rotational 
magnetic moment since they arise largely from a 
different part of the charge distribution. 

It is possible to construct a semiclassical model to 
describe the motion of the electronic charge cloud which 
gives good agreement with the values of both the spin- 
rotation interaction and the difference between the 
ion-pair value and the measured rotational magnetic 
moment of LiF. 
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APPENDIX. CLASSICAL CALCULATION OF 
ION-PAIR APPROXIMATION 


Consider an alkali halide molecule made up of 
two singly charged ions of opposite sign. These ions will 
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TABLE V. Rotational magnetic moments of the alkali halides in 
nuclear magnetons per rotational quantum number as predicted 
by the ion-pair model. 


Fie cis ci? Br79, 8 137 


+0.984 
+0.488 
+0.324 
+0.158 
+0.135 
+0.036 
+0.018 
+0.016 
+0.004 

0.000 


+0.965 +0.979 
+0.469 +0.484 
+0.304 +0.319 
+0.139 +0.154 
+0.116  +0.130 
+0.016 +0.031 
—0,.001 +0.013 
—0.003 +0.012 
—0.015 —0.001 
—0.020 —0.005 


+0.939 
+0.444 
40.279 
+0.114 
+0.090 
—0,009 
—0.027 
—0.028 
—0.041 
—0.045 


+-0.963 
+0.468 
+0.303 
+0.138 
+0.114 
+0.015 
—0.003 
— 0.004 
—0.017 
—0.021 


have closed shells and they may be considered to have 
spherically symmetric charge distributions if the polar- 
ization of one ion by the electric field due to the other 
is neglected. 

Since the electrons are in a spherically symmetric 
field the average angular momentum of the electronic 
charge distribution about the parent nucleus will be 
unaltered by the molecular rotation. This behavior of 
the electronic charge distribution is called complete 
slip. The angular momentum of the electrons about the 
nucleus with which they are associated is zero in the 
nonrotating case and, in this approximation, will remain 
zero when the molecule is rotating. 

In this approximation each point in the electronic 
charge distribution moves in a circle of the same radius 
and at the same frequency as the parent nucleus (see 
Fig. 12). The rotational magnetic moment, yas, will 
arise from the net +e charge of the positive ion and the 
—e charge of the negative ion. 

The general expression for a magnetic moment due to 
the motions of a collection of charges i may be written 


1 e 
y=— 5 (<) (r;Xp,). 
2 i ms ; 


With these assumptions the rotational magnetic 


(1) 


moment may be written 
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where R, and R_ are the distances of the positive and 
negative ions from the center of mass of the molecule. 
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Fic. 12. A rotating ionic diatomic molecule showing that a 
particular part of the electronic charge cloud rotates in a circle 
of the same radius as the parent nucleus when complete slip is 
assumed. 


Expression of this result in nuclear magnetons yields 


WM yp 
Hap=—(R,?—R), 
h 


(3) 


where m, is the proton mass. 
The equation for the angular momentum is 


Jh=M(R,+R_)*w, 
where 
M=m,m_/(m,+m_). 


The substitution of these values into (3) yields 


MAB me (o ) 
J M\R4ARS 


Expression of the masses in atomic mass units, observ- 
ing that m,R,=m_R_ gives the final result, 


(4) 


(5) 


nuclear magnetons per rotational state. 

Table V shows the values of (5) for the alkali halides 
and the hydrogen halides. The latter are included 
because of their large ionic character. 

Equation (5) neglects the interaction between the 
electrons and the molecular frame due to the deviation 
of the electric fields from spherical symmetry in the 
presence of the other ion. This consideration gives rise 
to an additional contribution, yc, called the nonslip part, 
which is included in the complete solution. 
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Anomalous inelastic proton scattering was studied by (1) de- 
termining its dependence on bombarding energy, (2) measuring 
the energy distributions with greatly improved energy resolution, 
(3) extending the data to separated isotopes and to elements not 
previously investigated because of target preparation difficulties, 
and (4) observing the energy distribution of the de-excitation 
gamma rays following the reaction. In (1), the anomalous peak is 
found to stay at the same Q value as the bombarding energy is 
varied. This indicates that the effect is not due to a giant resonance 
effect but rather, to the regular occurrence of a certain type of 
level in the final nucleus. In (2), many low-lying levels are re- 
solved; a strong correlation is found between their cross sections 
for excitation in these reactions and in Coulomb excitation, and an 
anticorrelation is found between their cross sections for excitation 
in these reactions and in (p,d) reactions. This is interpreted as 
good evidence that the reactions used here strongly excite collec- 
tive levels and only weakly excite single-particle transitions. The 


INTRODUCTION 


T has previously been shown! that the energy dis- 
tributions of protons emitted from inelastic scat- 
tering of 23-Mev protons by various medium weight and 
heavy nuclei are characterized by strong peaks at 
energies about 2.5 Mev below the maximum energy. 
Moreover, there are strong regularities in these peaks 
among neighboring elements in, the periodic table as 
regards the energy at which they occur, the cross section 
for their excitation, and their angular distributions. 
These regularities extend to elements of both even and 
odd atomic number, and even across closed shells. Since 
this effect was most unexpected from usual theories, it 
has been referred to as “anomalous” inelastic scattering.! 
In this paper, we present the results of investigations 
of several other aspects of this phenomenon. These in- 
clude (1) the dependence of the effect on bombarding 
energy, (2) the fine structure of the anomalous peak as 
obtained with greatly improved energy resolution, (3) 
the extension of these studies to regions of the periodic 
table not previously investigated, and (4) a preliminary 
investigation of the energy spectrum of the de-excitation 
gamma rays following anomalous inelastic scattering. In 
the course of (2), measurements were also made on some 
of the lower lying states excited by inelastic proton 
scattering, and an interesting correlation between this 
process and Coulomb excitation was observed. As a 
result of all these studies and further consideration of 
some of the previous data, tentative conclusions are 
reached on the theoretical explanation for anomalous 


inelastic scattering. 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

1B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

2 B. L. Cohen and S. W. Mosko, Phys. Rev. 106, 995 (1957). 


fine structures of the anomalous peaks differ greatly among 
neighboring nuclides reflecting even-versus-odd and closed-shell 
effects; however, the gross structure as obtained with poor resolu- 
tion is very similar for neighboring elements. A few striking 
similarities between the spectra of several elements are pointed 
out. Several levels of known spin and parity are identified as 
contributing strongly to the anomalous peak. In (3), it is found 
that anomalous inelastic scattering ends by becoming irregular and 
weak between atomic numbers 54 and 64; it is apparently present 
in every isotope of every element between atomic numbers 30 
and 53. In (4), gamma-ray transitions direct to the ground state 
following anomalous inelastic scattering are found to be relatively 
common. 

Many theoretical explanations for anomalous inelastic scat 
tering are excluded by these results; there is reasonably good 
evidence that it arises from some type of collective excitation 
“dissolved” among many shell model states in that energy region. 


EXPERIMENTAL 
1. Dependence on Bombarding Energy 


The experimental arrangement for studying the de- 
pendence of anomalous inelastic scattering on incident 
proton energy is shown schematically in Fig. 1. The 
energy is varied by passing the incident beam through 
an aluminum absorber about two inches in front of the 
target. This introduces the following complications: 

(a) The beam is multiply scattered so that an ap- 
preciable fraction of it strikes the target holder which 
then can scatter it into the detector. 

(b) The multiple scattering causes an appreciable 
part of the beam to miss the Faraday cup. 

(c) The absorber acts as a strong source of scattered 
protons and of gamma rays. 

To circumvent (a), a collimating system, consisting 
of collimators A and C, is used to prevent protons 
originating at the target holder from reaching the de- 
tector. Effect (b) is reduced by extending the Faraday 
cup close to the target. The residual effect is corrected 
for by measuring the Faraday-cup currents with ab- 
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Fic. 1. Experimental arrangement for varying bombarding energy. 
Operation is explained in text. 
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sorbers alternately in and out of the beam without 
changing cyclotron operating conditions. The largest 
correction needed was 30%. Effect (c) was sufficiently 
reduced by inserting a shield, (A), between the absorber 
and detector. 


2. Improved Energy Resolution Studies 


The previous work! was carried out with essentially 
the best energy resolution obtainable with scintillation 
spectroscopy techniques. In order to improve the resolu- 
tion, it was therefore necessary to use magnetic analysis. 
The magnet for analyzing the scattered particles was 
originally designed to bend energetic fission fragments 
40 degrees with a focal length of about five feet.* Such a 
long focal length was unacceptable for the present 
application both because of space limitations and be- 
cause of the great intensity loss resulting from the small 
solid angle of acceptance it implies. The magnet was, 
therefore, converted to bend 60 degrees with single 
focusing by attaching 10-degree wedges to each end of 
each poleface. The combined thickness of these wedges 
was twice the magnetic gap, and their mean width was 
half of the latter. While this situation is far from ideal, 
magnetic measurements indicated that the magnetic 
field follows the geometry of the modified polefaces 
reasonably well in the regions of the particle trajectories. 
Due to saturation effects, however, the magnetic field in 
the region of the wedges does not change proportionally 
to the magnetic field in the central region as the magnet 
current is changed. This introduces a very serious 
complication into the determination of energies, which 
in conventional magnetic analyzing systems are simply 
proportional to the square of the measured magnetic 
fields. Energy measurements, therefore, had to be made 
by applying a correction to the value determined from 
magnetic measurements, this correction being obtained 
from Q values of known levels. This procedure is rela- 
tively unsatisfactory, and there was also somg evidence 
that the factors necessitating it were not completely 
reproducible, so that the Q values obtained in this work 
may be in error by as much as 150 kev. 

The energy spread of the incident proton beam was 
limited by a magnetic analyzing system based on a 15- 
degree magnet; the object for the system was a }-in. 
wide by }-in. high slit near the cyclotron, and the image 
in most cases was the target itself, cut into a narrow 
strip. The current was monitored by a scintillation 
counter detecting elastically scattered protons from the 
target. In some of the later work, wide targets were 
used ; the image of the beam analyzing system was then 
a slit placed 5 in. in front of the target, and the current 
was monitored with a Faraday cup. 

The scattered particles, after passing through the 60- 
degree magnet, were detected simultaneously at six 
positions on the focal plane of that system, each de- 
tector representing an adjacent energy interval. The 


§ Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956). 
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Fic. 2. Energy distribution of protons inelastically scattered 
from cadmium as measured with magnetic analyzing system. The 
magnetic field is proportional to the proton resonance frequency. 


detectors were CsI(T1) crystals }-in. wide by }-in. thick 
by 2-in. high; the pulses from each were processed by 
separate photomultiplier-amplifier-scaler systems. An 
absorber in front of the detectors eliminated alpha 
particles and reduced deuteron energies to considerably 
less than half of the proton energy. The amplifier dis- 
crimination levels were set at about half of the proton 
pulse height, so that pulses from deuterons and most 
gamma rays were rejected. The residual gamma-ray 
background was virtually eliminated by lead shielding 
around the detectors. 

The energy resolution of this type of system is de- 
termined principally by the widths of the objects and 
images of the two magnetic analyzing systems, and the 
target thickness. All of these were set to give approxi- 
mately equal contributions to the resolution, with total 
resolution of about 180 kev full width at half-maximum. 
As a test for imperfections in the ion optics, all of these 
factors were reduced by a factor of four; the resolution 
achieved was about 80 kev, indicating that such imper- 
fections did not contribute more than 65 kev to the 
resolution spread. This is probably the limitation intro- 
duced by the conversion of the magnet with wedges. 

Each detector covered a 125-kev energy interval, so 
that with the six detectors, a 750-kev interval was 
measured simultaneously. Magnet settings were made 
approximately 500 kev apart so that there was a con- 
siderable overlap in measurements with adjacent set- 
tings. The magnetic field was measured with a nuclear 
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fluxmeter employing proton resonance. A typical meas- 
urement is shown in Fig. 2. 


3. Extension to Previously Unstudied Elements 


In the previous work, essentially all measurements 
were made with targets of thin metal foils. This limita- 
tion did not allow measurements for elements between 
s2le and 7gPt (with the single exception of 73;Ta), or 
between 3oZn and 4oZr (with the exception of 3,Se), in 
spite of the fact that there were strong indications that 
these regions would be very interesting. The simplest 
general method for making thin targets of these ele- 
ments is by preparing a suspension in polystyrene of fine 
powders of chemical compounds containing them.‘ (In 
almost every case, the most suitable compound is the 
oxide.) This method introduces large quantities of 
carbon and oxygen into the target, and at 90 degrees, 
elastically scattered protons from these elements have 
an energy approximately equal to that of the anomalous 
inelastic peak in heavy elements. 

The energy of the protons scattered from carbon and 
oxygen can be increased or decreased by observing at 
smaller or larger angles, respectively, but due to their 
very high relative intensity, it was not possible to 
achieve a clear-cut separation of these from the anoma- 
lous peak with scintillator resolution. It was therefore 
necessary to make these measurements by magnetic 
analysis. A detection angle of 45 degrees was used. Since 
target thicknesses were nonuniform, very thin targets 
(~7 mg/cm’) were used, and even these contained only 
a relatively small fraction of the element being studied. 
In general, therefore, the statistical accuracy in these 
measurements was somewhat poorer than in the work 
with metal targets at 90 degrees. A few measurements 
were also made with metal targets at 45 degrees to serve 
as a comparison, since the intensity of the anomalous 
peak relative to the rest of the spectrum is lower at 45 
degrees than at 90 degrees.’ 


4. Energy Spectrum of De-Excitation 
Gamma Rays 


The energy spectrum of the de-excitation gamma rays 
following anomalous inelastic scattering was measured 
with a standard fast-slow coincidence arrangement. The 
protons were detected with a Nal(TI) scintillation 
crystal 1 in. in diameter and ¢ in. thick. The amplifier 
produces a sharp marker pulse for the fast coincidence 
and amplifies the photomultiplier pulse. The latter is 
then fed to a single-channel analyzer which selects the 
anomalous group, and the output from the single- 
channel analyzer operates one-half of the slow coinci- 
dence circuit. The gamma rays were detected by a 3-in. 
by 3-in. NaI(TI) scintillation crystal. The amplifier 
produces a sharp marker pulse for the other half of the 
fast coincidence, and the amplified photomultiplier 


4N. S. Wall, Rev. Sci. Instr. 24, 1146 (1953). 
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pulse is fed to a 20-channel pulse-height analyzer. The 
latter is gated by a slow coincidence between the pre- 
viously described fast coincidence and the output pulse 
from the single-channel analyzer. Thus, the 20-channel 
analyzer records the height of pulses in the gamma-ray 
detector which are in fast coincidence with protons from 
the anomalous peak. The resolving times were 0.1 and 2 
microseconds for the fast and slow coincidence circuits, 
respectively. 

The limiting factor on the rate of data accumulation 
is the total counting rate in the gamma-ray detector. To 
reduce gamma-ray background, the beam collimator 
was placed about five feet ahead of the target, and the 
beam was allowed to pass about five feet beyond the 
target before being stopped. Targets were made as thick 
as possible. A large amount of lead shielding was used 
around the gamma-ray detector, and a 3-in. lead ab- 
sorber was interposed between it and the target, since 
this preferentially absorbs low-energy gamma rays 
which are in greatest abundance. With all of these 
precautions, meaningful statistics could be obtained on 
the 20-channel analyzer in approximately one hour. 
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Fic. 3. Energy distribution of protons inelastically scattered by 
silver for various bombarding energies (Z»). Data for Zr, Cd, In, 
Sn, and CsI are very similar to this. 
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The detecting crystals were about 1} in. from the 
center of the target; they were located at 90 degrees to 
the beam on opposite sides of it. Elastically scattered 
protons detected by the proton detector served as the 
current monitor. 


RESULTS AND CONCLUSIONS 
1. Dependence on Bombarding Energy 


Portions of the energy distributions of inelastically 
scattered protons from silver are shown in Fig. 3. In 
each case, the abscissa is the negative Q of the reaction, 
i.e., the difference in energy from the incident proton in 
the center-of-mass system. The curves for silver are 
quite typical of those for all elements between atomic 
numbers 40 and 53 with the single exception of 4:Nb for 
which no dip, or even point of inflection, was obtained 
to the right of the anomalous peak with 12.5-Mev 
bombarding energy. The lessening of this dip in silver 
(and other elements) with decreasing bombarding 
energy is explainable as deterioration of the energy 
resolution, plus the fact that the elastic peak becomes 
more intense. 

The basic conclusion from these results is that anoma- 
lous inelastic scattering is not due to a giant resonance 
effect*—i.e., a standing wave for the outgoing proton in 
the nuclear potential. Such a standing wave would occur 
at a fixed energy of the outgoing proton rather than at a 
fixed value of Q), as is observed in Fig. 3. It thus appears 
that the phenomenon is essentially a nuclear structure 
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Fic. 4, Energy distribution of protons inelastically scattered by 
Zn* and Zn® for various bombarding energies (E). 
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Fic. 5. Excitation function for anomalous inelastic scattering at 90 
degrees in various elements. 


effect arising from a regular occurence of certain types of 
nuclear energy levels, rather than a nuclear reaction 
effect arising from the nuclear potential. 

Measurements similar to those of Fig. 3 were also 
made with a zinc target, and it was found that for that 
element the Q value actually does shift slightly as the 
bombarding energy is changed. At about this time, 
isotopic targets of Zn™ and Zn® were obtained, so that 
the measurements were repeated with each of these 
separately. The results are shown in Fig. 4. It is seen 
that the Q value shifts to higher energies for each 
isotope independently as the bombarding energy is de- 
creased. The shift is about 0.7 Mev over the range. For 
the elements between atomic numbers 40 and 55, the 
shift was determined to be 0.1+0.1 Mev (in the same 
direction as for Zn), which is consistent with zero shift 
and certainly inconsistent with a shift comparable to 
that in the zinc isotopes. 

The explanation for the large shifts in zinc is not clear. 
It is, of cowrse, in the wrong direction and still more 
than an order of magnitude too small to explain the 
effect as a giant resonance. It may be that the mecha- 
nism for the reaction is changing, so that factors which 
favor other levels to be excited are coming into pre- 
dominance. It does seem surprising, though, that the 
shifts should be identical in the two isotopes. 

The dependence of the intensity of the anomalous 
group on bombarding energy is shown in Fig. 5. It is 
apparent that the effect varies slowly with bombarding 
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Fic. 6. Energy distribution of protons inelastically scattered 
from various elements (atomic numbers 40-55 and zinc) as 
measured with magnetic analysis. Observation angle was 90 
degrees. 


energy above about 15 Mev. For lower bombarding 
energies, the yield decreases rapidly with decreasing 
bombarding energies. 
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Fic. 7. Energy distribution of protons inelastically scattered 
from various elements (atomic numbers 26-36) as measured with 
magnetic analysis. Observation angle was 90 degrees. 


Improved Energy Resolution Studies 


The energy distributions measured with magnetic 
analysis at 90 degrees are shown in Figs. 6, 7, and 8 for 
the three regions of the periodic table that were studied. 
From Fig. 6 it is clear that the peak in the Z=40 to 53 
région is actually made up of a large number of groups. 
In general, there is little similarity among neighboring 
elements in this fine structure; the similarities are only 
apparent in the gross structure as measured with poor 
resolution. The fine structure exhibits the expected 
sparsity of levels near closed shells (e.g., Zr and Sn) and 
the expected higher level density in odd-even than in 
even-even elements, but there is no evidence for these 
effects in the gross structure. The same conclusion may 
be drawn from the Zn, Se, and Kr data of Fig. 7 and 
from the Pt and Au data of Fig. 8. In the Pb isotopes 
and Bi, most of the peaks do seem to be due to individual 
levels. 

It is also instructive to note the very sharp structure 
observed for all elements in Fig. 7. These elements have 
recently been investigated with very high resolution by 
Buechner ef al.®; in cobalt, between 2.0 and 3.6 Mev, 33 
separate levels were found; and in the parts of that 
energy interval that they studied in copper, about 50 
separate levels were found. In Fig. 7 each of these 
regions contains only three sharp peaks, one of which, 
in each case, rises in intensity by an order of magnitude 


6 W. W. Buechner ef al., Phys. Rev. 107, 365 (1957); 108, 373 
1957). 
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in less than 0.2 Mev. It is also interesting to note the 
very high Q values to which the sharp structure extends. 
This is also noteworthy in the cases of Pt and Au shown 
in Fig. 8; these elements are expected to have very high 
level densities at these excitation energies. A similar 
comment might be made about the peak in Ta at 
—Q=1.4 Mev. 

Another very interesting feature of the data in Figs. 
6-8 is that the low-lying levels are also resolved, in- 
cluding, in most cases, the first excited states. These 
states have been investigated in great detail by Coulomb 
excitation’; in those investigations, the most important 
quantity extracted from the data is the reduced transi- 
tion probability, B(£2), measured in units of the single- 
particle value, B(£2)sp. The correlation between this 
quantity and the cross section for excitation of these 
levels obtained from the data of Figs. 6-8 is shown in 
Fig. 9. It is quite clear that a strong correlation exists, 
i.e., levels that are excited strongly in Coulomb excita- 
tion are also strongly excited in inelastic proton scat- 
tering, and vice versa. In the case of Coulomb excitation, 
large values of B(E2) may be straightforwardly inter- 
preted as evidence that the levels are of a collective 
nature. The strong correlation in Fig. 9, therefore, indi- 
cates that collective levels are strongly excited in 
inelastic proton scattering, as has been predicted theo- 
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Fic. 8. Energy distribution of protons inelastically scattered 
from various elements (atomic numbers 73-83) as measured with 
magnetic analysis. Observation angle was 90 degrees. 
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Phys. 28, 432 (1956). 


PROTON SCATTERING 





o (P.P’) (mb/std AT 90°) 








30 
BlE-2) cou, exe, / BIE-2) 5.5, 

Fic. 9. Correlation between cross sections for exciting given 
levels by inelastic scattering of 23-Mev protons (ordinate) and 
Coulomb excitation [expressed as B(E2)-abscissa ]. Figures are 
atomic numbers of elements. 


retically,* and that levels that are not of a collective 
nature are excited only weakly. Since the anomalous 
peaks are strongly excited in inelastic proton scattering, 
this indicates that they are probably due to some type of 
collective motion. 

In all the cases where the first excited states are re- 
solved in Figs. 6-8, the collective nature of these levels 
is known to be vibrational. It may be noted that the 
second vibrational states occurring at about twice the 
energy are also excited in the data of Figs. 6-8 but 
nearly an order of magnitude less strongly. This is in 
accordance with theoretical expectations that the two- 
phonon vibration is more difficult to excite than the 
single-phonon vibration. It is furthermore convincing 
evidence that the anomalous peaks are not higher 
members of known collective bands. 

The low-lying levels of Pb*® and Pb*”’ which are 
shown in Fig. 8 are of special interest because they are 
also excited in (p,d), (d,p), and (d,t)® reactions.? In 
comparing the strength with which given levels are 
excited by (,p’) and the other reactions, there is found 
to be an anticorrelation. The levels at 0.6, 0.9, and 2.0- 
Mev excitation in Pb’, and the levels at 1.3 and 
1.6-Mev excitation in Pb”* which are very strongly 
excited in (p,d), (d,p), and (d,/) reactions are very 
weakly excited in the (p,p’) spectra of Fig. 8, whereas 
the levels at 2.6-Mev excitation in each of these isotopes 
are very strongly excited in (p,p’) reactions but are 
apparently not excited appreciably in (p,d), (d,p), and 
(d,t) reactions. There is very strong theoretical evidence 
that (p,d), (d,p), and (d,t) reactions excite single- 
particle levels and recently, new experimental evidence 
for this has been obtained.” The anticorrelation in 
strengths with which (9,d), (d,p), (d,t), and (p,p’) 


8 A. Bohr, Amsterdam Conference on Nuclear Reaction, July, 
1956; Physica 22, 963 (1956). 

9 J. A. Harvey, Can. J. Phys. 31, 278 (1953). 

1 B. L. Cohen and A. G. Rubin (to be published). 
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reactions excite given levels therefore suggests that 
(p,p’) reactions do not induce single-particle transitions, 
and that levels strongly excited by these reactions are 
probably collective. This is the same conclusion as was 
obtained above from the correlation with Coulomb 
excitation data. 

Another application of the data of Figs. 6-8 is to 
nuclear spectroscopy. Many of the peaks in these figures 
correspond to levels not previously reported. The 
energies of these peaks are listed in Table I. These are 
probably not single levels in many cases. The spectra of 
Ge and Se, and of As and Rb are strikingly similar, 
perhaps indicating that the levels of the major isotopes 
have a common shell-model origin. 

In addition to the general surveys of Figs. 6-8, three 
cases of isotopic effects were studied. Since the phe- 
nomenon of anomalous inelastic scattering seems to 
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start with zinc ' it is interesting to see whether the effect 
is present in all isotopes of zinc. Measurements were 
therefore, made with isotopically separated Zn™ and 
Zn*®; the results along with those for natural zinc, are 
shown in Fig. 10. The anomalous peak occurs in both 
isotopes, but the energy is shifted by about 0.2 Mev. In 
fact the double peak in natural zinc appears to be due 
to this isotopic shift. 

Up to this point, no nucleus with an odd number of 
neutrons had been investigated. To fill this gap meas- 
urements were made for Cd! and Cd‘, the former 
being an odd-neutron nucleus. The results are also 
shown in Fig. 10. The anomalous peak is present in both 
isotopes with approximately equal strength but here 
again the similarity is only in the gross structure; the 
fine structures of the two curves are quite different. 

The case of Cd" is especially interesting, since one of 
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the levels contributing very strongly to the anomalous 
peak is a known level with known spin and parity. It is 
listed in Table II, which is a compilation of such data. 

The nucleus Zr™ is interesting since it contains a magic 
number of neutrons (50) and a semimagic number of 
protons (40), and its level structure is well known. 
Unfortunately, the separated isotope could not be 
obtained as a metal foil; it was necessary to use a target 
of the oxide suspended in polystyrene. The results for 
this target and for natural zirconium are included in 
Fig. 11. 

Some of the data obtained in the third experiment 
(extension to previously unstudied elements) is also of 
interest from the high resolution standpoint. These data 
are shown in Fig. 11; here again, it is evident that the 
similarities among neighboring elements do not extend 
to the fine structure. In addition, two more levels of 
known spin and parity are resolved; namely, the 1.8- 
and 2.7-Mev levels in Sr**. They are listed in Table IT. 
The energies at which various peaks occur are listed in 
Table I along with similar data for Figs. 6-8. 





3. Extension to Previously Unstudied Elements 


Since the similarities among neighboring elements are 
more difficult to observe in high-resolution data, the 
data of Fig. 11 are shown in Fig. 12 smeared out to 
(0.45-Mev resolution. From that figure, it is clearly 
evident that the anomalous peak continues uninter- 


rupted from 3oZn to 4oZr. The only exception is Sr whose 

Fic. 11. Energy distributions of protons inelastically scattered 
from various elements. Many of the targets were very nonuniform 
and contained large amounts of carbon and oxygen. Observation 
angle was 45 degrees. 


principle isotope contains a closed shell of 50 neutrons 
and apparently has no levels available in the anomalous 
region. However, the levels closest to it on each side are 
strongly excited. It is also interesting to note the rapid 
shift in the energy just above zinc. In fact, there is a 
considerable shift among the isotopes of zinc itself, as 
shown in Fig. 10. 

In the region between 5:Te and 7sPt, many strange 
things occur. Between 53I and ¢4Gd, the anomalous peak 
seems to be present, but its energy shifts somewhat from 
element to element. Part, but not all, of this may be due 
to the closed shell at 82 neutrons. Beyond Gd, where 
nuclei become permanently distorted, the anomalous 
peak seems to be weak or absent. Thus, the anomalous 
peak seems to end gradually as a function of atomic 
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TABLE II. Spins and parities of known levels in anomalous peak. 
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Fic. 10. Energy distributions of protons inelastically scattered Pb 


from some separated isotopes compared with those from natural 
elements. Observation angle was 90 degrees. 
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Fic. 12. Data of Fig. 11 with resolution “smeared out” 
to 0.45 Mev. 


number by weakening and becoming irregular in the 
region between I and Gd; it is interesting to note that 
this is a region where nuclei are known to become “soft,” 
ie., deformable with little addition of energy." 

From ¢4Gd to s2Pb, there seems to be little regularity. 
Some elements have anomalous peaks, and some do not. 
Within each of these groups, there are some even and 
some odd elements. While there are some cases of 
striking regularities (e.g., 7xHf and 74W). no simple rules 
seem to govern the situation. 


4. De-Excitation Gamma Rays 


Figure 13 shows some pulse-height distributions in the 
gamma-ray detector of pulses in coincidence with the 
anomalous proton peak. A magnesium target was 
measured for calibration purposes, with the proton de- 
tection system set to accept the group at -Q=4.1 Mev. 
This state decays almost exclusively by a cascade of a 
2.76-Mev and a 1.38-Mev gamma ray, so that the 
relative intensities of the two gamma rays are equal, and 
their probability of occurrence in coincidence with the 
proton is unity. From the curve for magnesium in 
Fig. 13, it is clear that the principal peak for any gamma 
ray up to at least 3-Mev energy is at the full energy. In 
addition, the efficiencies for gamma rays of 1.38 and 
2.76 Mev to give pulses in the full energy peak are 
determined. This efficiency curve was assumed to be 
linear with energy for interpolation and extrapolation 


purposes. 


11 R. K. Sheline, Pittsburgh Conference on Nuclear Structure, 
June, 1957 (unpublished) 
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By use of this efficiency determination, the spectrum 
for silver in Fig. 13 may be shown to be consistent with 
the assumption that about 509 % of all protons in the 
anomalous peak are followed by a single gamma-ray 
transition direct to the ground state. On the other hand, 
it would be difficult to rule out the possibility that the 
high-energy transitions are preceded by very low- 
energy (~0.2-Mev) ones, although this would seem to 
be unlikely. There are some indications of peaks at 
~ 2.4 and 3.3 Mev; these were each reproduced in most 
runs. They may represent strong proton groups that 
are not resolved in Fig. 6. The strongest single gamma 
ray in the spectrum is at 1.8 Mev; it accompanies about 
50% of the protons. It may be due to transitions from 
the peak of the proton spectrum (2.2 Mev) to the first 
and second excited states (0.32 and 0.42 Mev) of silver. 

The gamma-ray spectrum from zirconium shown in 
Fig. 13 is featured by a strong gamma ray of about 2.2 
Mev and a much weaker one at 2.8 Mev. Since these 
energies are just those of the principal components of 
the anomalous peak, at least the 2.8-Mev gamma ray 
must represent direct transitions to the ground state; it 
follows about 10% of all proton reactions with —Q~2.8 
Mev. The 2.2-Mev gamma ray occurs in coincidence 
with a large fraction of all protons in the anomalous 
peak. A considerable fraction of it must represent 
transitions to the ground state following proton reac- 
tions with Q= —2.2 Mev. 

If the gamma-ray spectrum from natural zirconium is 
assumed to be essentially the same as that from its 
principal isotope, Zr®, an interesting conclusion may be 
drawn from the presence of the strong 2.2-Mev gamma 
ray. Zr has two states at about this energy, but one of 
them has a half-life much longer than the 0.1-micro- 
second resolving time of the coincidence analyzer so that 
it would not be observed in coincidence with the proton. 
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Fic. 13. Pulse-height distribution in gamma-ray detector crystal 


[3-in. by 3-in. NaI Tl)] in coincidence with anomalous inelastic 
scattering from Ag and Zr and with proton peak at Q= —4.1 Mev 
from Mg(?,p’). 
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The state excited is, therefore, the one with a short life 
time. Its spin and parity are listed in Table II. 


SUMMARY AND DISCUSSION 


Some of the principal conclusions that have been 
drawn in this paper are as follows: 

1. Anomalous inelastic scattering is not a giant reso- 
nance effect ; it is, therefore, undoubtedly due to excita- 
tion of some particular type of levels in the final nuclei. 

2. The similarities among neighboring elements in the 
periodic table do not extend to the fine structure. The 
fine structure exhibits shell effects and odd vs even 
effects, but when the resolution is smeared out these 
differences disappear, and the energy spectra from 
neighboring elements—and from different isotopes of 
the same element—are very similar in the region of the 
anomalous peak. This indicates that the property which 
causes these levels to be strongly excited is ‘‘dissolved”’ 
among many shell-model levels. 

3. Both the correlation with Coulomb excitation 
cross sections and the anticorrelaiion with (p,d) cross 
sections for exciting given levels are very convincing 
evidence that the process involved here—inelastic 
proton scattering by direct excitation—strongly excites 
known collective levels and, at least among low-lying 
levels, does not strongly excite single-particle shell- 
model levels. This suggests that the anomalous peak, 
which is due to strongly excited levels, is probably due 
to a collective mode of excitation, and that it is very 
probably not due to single-particle excitations. 

4. The anomalous peak appears in each of the twenty- 
one natural elements and in each of the five separated 
isotopes studied between atomic number 30 and 53. It 
seems to begin at atomic number 30, and it ends by 
becoming irregular and weak in the region between 
atomic numbers 54 and 64. The latter is where nuclei 
are known to become “soft” and, eventually distorted. 
As to the former, there is no known discontinuity in 
nuclear structure involved. One other nuclear phe- 
nomenon that does change drastically between atomic 
numbers 29 and 30 is the ratio of neutrons to protons 
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emitted in nuclear reactions’; however, any possible 
connection between this and anomalous inelastic scat- 
tering is not clear. It is also possible that the conclusion 
about the anomalous peak beginning sharply at atomic 
number 30 is a misinterpretation of the data. 

5. A reasonable number of spins and parities for 
levels whose excitation lead to the anomalous peak have 
been accumulated (see Table II). There is some evidence 
that the lower-energy part of the anomalous peak is due 
to excitation of positive-parity states, and the higher- 
energy part is due to negative-parity states. Since both 
known cases of the latter are 3—,"* they can be explained 
as due to collective octupole oscillations." This would 
not explain the lower-energy part which includes most 
of the cross section.! 

6. The high probability for the states excited in 
anomalous inelastic scattering to de-excite by gamma- 
ray emission direct to the ground state excludes the 
possibility that the effect is due to a volume “breathing 
mode”’ as has been suggested!®; such modes could make 
only electric monopole transitions to the ground state. 
This theoretical explanation is also excluded by the spin 
and parity assignments of Table II since for this type of 
oscillation in even-even nuclei, the state would be 0+. 
The fact that the levels listed in Table II are not 0+ 
also makes the theoretical explanation of Tomasini'*® 
untenable. 
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Theory of Reactions H*(d,n)He‘ and He*(d,p)He**t+ 
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The reactions H’(d,n)He* and He*(d,p)Het are fitted by using one-level and one-level-plus-background 
dispersion formulas and taking into account the implications of the principle of charge symmetry of nuclear 
forces. Fits are found by using a variety of penetration parameters and channel radii. The schematic treat- 
ment of Breit and the R-matrix formalism of Wigner and Ejisenbud are used to obtain the one-level-plus- 
background formulas and fits made by using them are compared with those obtained by previous workers 
using one-level formulas. The connection of these reaction fits with recent n+He‘ scattering data is discussed. 


1. INTRODUCTION 


HE reactions H*(d,n)He* and He*(d,p)He* show 
resonances at bombarding energies of 0.110 Mev 

and 0.425 Mev, respectively, and provide information 
on the comparison of reactions involving mirror nuclei. 
While there are a number of tests of the charge sym- 
metry of nuclear forces in the Coulomb energy of mirror 
nuclei, the information available on the similarity of 
reaction parameters for mirror nuclei is much less 
abundant. It appeared of interest therefore to examine 
such fits as could be made to the two reactions by dis- 
persion-type formulas in order to see whether allowance 
for barrier penetration will result in evidence for simi- 
larity of the processes involved in the nuclear interior. 
The form of the barrier penetration factor used matters 
in the comparisons and it appeared of interest, therefore, 
to make it employing these factors in the form in which 
they arose in the work of Ostrofsky, Breit, and Johnson,' 
Konopinski and Bethe,’ Kapur and Peierls,’ Breit,‘ 
and Wigner and Eisenbud.*® These workers have found 
that different combinations of the regular and irregular 
radial wave functions could be used to describe the 
barrier penetration effects. These functions are usually 
combined with other quantities referring to the external 
or channel region to form a quantity termed the pene- 
tration parameter. The disintegration probabilities and 
partial level widths which occur in a one-level dispersion 
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form such as that obtained by Breit and Wigner’ are 
usually assumed to be a product of the penetration 
parameter and a second factor which may be called the 
inherent channel width. The latter quantity is supposed 
to depend upon the properties of the compound nucleus 
and to be insensitive to properties of the channels such 
as the bombarding energy. Breit has shown that with 
some interpretations of a dispersion formula repre- 
sentation of data, the factorization of the partial widths 
into the two factors is not generally valid unless some 
simplifying assumptions concerning the nuclear inter- 
actions are made. For this reason some caution would 
seem to be desirable when the results of fitting a nuclear 
resonance to a one-level formula with penetration 
parameters are interpreted. Furthermore, the single- 
level formula is not expected to be accurate and the 
many-level formulas involve the employment of an 
infinite number of levels with parameters which are not 
readily accessible to experimental determination. For 
these reasons one may expect that from dispersion-type 
formulas, fits having no physical reality can be secured, 
and that the possibility of a test of the fits employing 
the assumption of approximate charge symmetry® can 
be helpful in ruling out the spurious ones. The study 
reported provides also some information regarding the 
practical applicability of different types of resonance 
formulas and of barrier penetration factors. It is not 
exhaustive because, in some of the forms used,® the 
Coulomb function must be evaluated at a distance at 
which the interaction takes place. For simplicity this 
distance was taken to be at the nuclear surface and the 
information regarding the effect of using smaller dis- 
tances is not complete. 

Although some of the formulas used employ a sche- 
matic representation of the reaction, the lack of com- 
plete realism does not matter for the charge symmetry 
tests and the exact meaning of the replacement of the 
complicated many-body wave function by the simpler 
two-body function does not matter for the present work. 

The total cross sections of the reactions H*(d,n)He‘ 
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8 W. Heisenberg, Z. Physik 77, 1 (1932). 
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Fic. 1. The experimental reaction cross section for H3(d,n)He* 
as a function of the laboratory energy of the incident deuteron. 
Points are shown for three different groups of workers. 


and He*(d,p)He* have been measured by several groups 
of workers*® and are known to exhibit pronounced 
resonances near a bombarding energy of 0.110 Mev and 
0.425 Mev, for the two reactions. The compound nuclei 
involved, He® and Li’, are mirror nuclei so that apart 
from relatively small Coulomb effects one may expect 
the internal nuclear processes to be very similar. These 
nuclei may be supposed to possess well-separated levels 
because of their low mass number. Angular distribution 
measurements performed on the reaction neutrons and 
protons!?* have shown that they are distributed 
isotropically. It appears probable therefore that the part 
of the incident deuteron beam which is effective in 
causing a reaction has an orbital angular momentum of 
zero relative to the target. Some of the workers who have 
measured the cross sections have also fitted the reac- 
tions!?-#.18.19 and they found it necessary to assume that 
the compound state has an angular momentum of 3%. 
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Fic. 2. The experimental reaction cross section for He*(d,p)He* 
as a function of the laboratory energy of the incident deuteron. 
Points are shown for three different groups of workers. Near the 
maximum cross section the upper and lower sets of data differ by 
more than the estimated experimental uncertainties. The arith- 
metic mean of the two sets of points will be fitted. 


Conservation of parity and angular momentum then 
require that the relative orbital angular momentum in 
the exit channels of both reactions have the value 2%. In 
the present paper the values L=0 and 2 are therefore 
used for the initial and final channels, respectively. 

Some typical experimental points are shown in 
Figs. 1 and 2, where it may be seen that the results on 
H*(d,n)Het are in fair agreement with each other. The 
different sets of data on He*(d,p) He‘ are in disagreement, 
significantly so near the peak. Since there was no reason 
for questioning the accuracy of any one set of data, the 
arithmetic mean of the cross sections given by the 
higher and lower sets was generally used for fitting 
purposes. All of the publications reported an experi- 
mental uncertainty of at least 8% in the cross sections 
of both reactions, and such an uncertainty in the mean 
value of the He*(d,p)He* data around the peak would 
allow for either group of data being correct. 

It seemed of interest to see if it was possible to fit 
these reactions with several different formalisms taking 
into account the restrictions on inherent widths in 
corresponding channels imposed by the principle of 
charge symmetry. The second part of the present paper 
presents fits obtained using the one-level formula of 
Breit and Wigner’ with several forms of penetration 
parameter in the partial widths. In this part are also 
presented fits using a one-level formula obtained from 
the ®-matrix formalism of Wigner and collabora- 
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TABLE I. Fitting parameters and inherent widths for the 
form k/(F1?+G_?). 








(a) The fitting parameters obtained using a penetration parameter 
k;/(F 1?+G_?) in both channels of each reaction. 


b;=5.0X10-8 cm 
H3 He® 
0.20 0.20 
0.030 0.030 
0.080 0.290 


1 =4.0X10-" cm 
H’ He? 
0.23 0.23 


0.030 0.030 
0.080 0.290 





CG; (10-" Mev cm) 
I’: (Mev) 
Eo (Mev) 


(b) The inherent width G:=[(F1?+Gz*)/k];-21'2 in the exit 
channels at several channel radii. 


3.54 
H? He 


3.20 
H$ He’ 


2.82 
H$ He’ 


be (10-8 cm) 





G2 (10-2 Mevcm) 0.0068 0.0068 0.0059 0.0059 0.0054 0.0053 








tors.*:°.2! The third part gives fits employing one-level- 
plus-background formulas obtained from the schematic 
treatment of Breit® and by means of the ® matrix. In 
the latter section the effect of allowing the background 
to vary with the bombarding energy is examined. 
Finally, a discussion is given of the present fits and a 
comparison is made with fits obtained by previous 
workers. 


2. FITS WITH ONE LEVEL FORMULAS 
A. Fits with the Breit-Wigner Formula 


The one-level formula obtained by Breit and Wigner’ 
for the cross section of a nuclear reaction near an iso- 
lated resonance is 


Ty 
o(é—>f) = (SA2/x)—————— (2.1) 


(E,— Ey)*+ (P41)? 


The letters i and f denote the initial and final channels, 
I’; is the partial width, S is the usual statistical factor, 
A; is the wavelength of relative motion in the initial 
channel, and E; is the center-of-mass energy in the 
same channel. The resonance energy Ep is used as a 
constant which is taken to be nearly equal to the ex- 
perimental energy at which the maximum cross section 
occurs. The partial widths will be taken to be the 
product of an inherent channel width and a penetration 
parameter appropriate to the channel involved. In each 
case the inherent width is defined to be the factor by 
which the penetration parameters enumerated in the 
next sentence must be multiplied in order to give I. 
Fits have been attempted with the following penetration 
parameters: k/(F'1?+Gz?), fr?/k, k/G1?, and F;?/k. The 
functions F;, and G, are the regular and irregular solu- 
tions of the Schrédinger equation in the region beyond 
the range of the nuclear forces. If a Coulomb barrier is 
present, they are the functions tabulated by Bloch, 
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Hull, Broyles, Bouricius, Freeman, and Breit.2? The 
function f, is the regular solution of the radial 
Schrédinger equation in the external region where an 
effective nuclear interaction at small distances has been 
used. In terms of F; and G;, the function f, may be 
written 


fr=F 1 cosK,+G,_ sink ;. (2.2) 


The phase shift K, produced by an average nuclear 
interaction may be calculated from a one-body potential 
model by the formula 


tanK ;=(F_, ‘Fp! — F,F_, ), (F,"G.—-Fy, ‘G_'), 


(r=b), (2.3) 


with F,‘ denoting the regular solution of the radial 
Schrédinger equation in the interior of the assumed 
potential well and primes indicating differentiation with 
respect to kr. The radius of the channel involved is 8, 
k/2r=1/A is the wave number, and L is the relative 
orbital angular momentum expressed in terms of ft as a 
unit. 

The penetration parameter k/(F,?+G 7) occurred 
first in the work of Breit and Johnson,’ who used a 
complex potential well with strong absorption, and it 
appears under more general circumstances in the work 
of Wigner and Eisenbud® on the ® matrix. Breit® has 
shown that f,”/k is the appropriate form for a strongly 
localized nuclear interaction with f;, evaluated at the 
distance r at which the interaction is localized, and he 
also obtained the form k/G,’ for a strong repulsive 
interaction in a large region. The form Fz2/k is ob- 
tained™ from a one-body specialization of a one-channel 
model with a second channel introduced to give a small 
cross section. In these two forms the value of the 
interparticle distance r is supposed to be that corre- 
sponding to the location of the interaction rather than 
the usual nuclear radius. For channel radii at which 
F;?issmall compared toG’, the quantities k/ (F .?+G_?) 
and k/G,? will be similar functions of energy; at other 
radii they may be quite different. The functions k/G,’ 
and K ,?/k will usually have similar energy dependences 
because the barrier effects largely compensate in the 
combination F,G,/k. 

The radii in the initial channels of both reactions 
were taken to be either 4.0 10—" cm or 5.0X 10-* cm. 
The former value corresponds to taking the constant bo 
in the formula b= 6o(A;!+A.!) to be 1.45X10-" cm 
while the latter value is made larger in an attempt to 
allow for the relatively large size of the deuteron caused 
by its small separation energy. In the final channels 
three radii were tried: (2.82, 3.20, and 3.54) KX 10-* cm, 
the latter value corresponding to a value of bp=1.40 
X 10-* cm and the smaller values being used in order to 
show the effect of varying the channel radius. In their 
work on the scattering of protons by alpha particles, 
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TABLE II. Fitting parameters and inherent widths for the form f;?/k. 


AND He?(d,p)He* 








(a) The fitting parameters obtained using a penetration parameter [f1?/k;]r;=b; in both channels for each reaction. The values of 
Gri = (ki/ fx*);-:11' in parentheses were found using values of V; in parentheses to calculate fo. 


6,=5.0X 10-8 cm 
H? 


0.82 (0.52) 
0.013 


Gri (10 Mev cm") 
I, (Mev) 


Eo (Mev) 
V, (Mev) 


0.066 
—0.51 (—0.96) 


(b) The quantity Gyo= (k2/f1?);-2I"2 at several exit channel radii. 


be Vs (Mev) 
(10-8 cm) H’ 


2.82 


165 - 
~22.1 
—27.5 


—16.5 
—22.1 
—27.5 


—16.5 
—22.1 
—27.5 


Sack, Biedenharn, and Breit™ were able to use a nuclear 
radius of 3.2X10-" cm successfully, but the present 
compound nuclei are in a 2D, state which might possess 
a different radius than did their *P;,, states. The pene- 
tration parameters k/(F'1:°+G,”), k/Gx? and F,7/k were 


calculated as functions of energy for each channel at the . 


stated radii. 

Such wells are intended to represent schematically 
conditions in the nuclear interior. They are applied as 
though the channel fragments were subject to the 
assumed potential, the justification for this procedure 
being found in the papers already quoted‘? The 
principle of charge symmetry implies that the only 
difference between the two reactions is caused by the 
extra charge in the case of He*(d,p)He*. This charge 
causes additional Coulomb interactions in both the 
initial and final channels. It also may be expected to 
change some of the characteristics of the compound 
nucleus but these effects will not be considered here. A 
method of estimating this effect for the shallow wells 
which it was desired to use in the initial channels was 
the following.*® The function Ff,‘ in the d+ He’ channel 
was required to have the same homogeneous logarithmic 
derivative at the channel radius when in the field of the 
H? potential well plus a Coulomb potential due to a 
single charge as when in the field of a potential well 
alone. The value of the latter which was found to satisfy 
this requirement was the well depth used in the He* 
case. Since it seemed reasonable to use deeper wells in 
the final channels, the one-term perturbation formula of 
Breit, Condon, and Present” and Breit, Thaxton, and 

% Sack, Biedenharn, and Breit, Phys. Rev. 93, 321 (1954). 


% This method was first used by Breit, Condon, and Present, 
Phys. Rev. 50, 825 (1936). 


0.255 
—0.06 (—0.48) 


He? 


~14.0 
~19.6 
~25.0 


— 14.0 
— 19.6 
—25.0 


— 14.0 
— 19.6 
—25.0 


b,=4.0X 10-8 cm 


He’ H’ 


0.84 (0.56) 
0.014 


1.6 (1.2), 
0.013 


0.066 


—0.51 (—0.96) —0.06 (—0.48) 


Gye (10 Mev cm) 
H3 He’ 
0.18 
0.14 
0.10 


0.092 
0.074 
0.071 


0.076 
0.10 
0.18 


Eisenbud** was applicable because in this case the 
Coulomb correction is small. In both initial and final 
channels the well ranges were taken to be the same as 
the before-mentioned channel radii. 

Functions having reference to the final channels are 
insensitive to the variation of the bombarding energy 
because of the high Q values of the reactions under 
consideration, the values being Q[H*(d,n)He* ]= 17.58 
Mev, Q[He'(d,p) He* ]= 18.34 Mev. This situation also 
causes the final channel functions to have very nearly 
equal values. For example, at a radius of 3.2X 10-8 cm, 
the quantity k/(F1?+Gz,?) has the value 5.07X10” 
cm~ in the neutron channel and 5.12 10"* cm™ in the 
proton channel. This near equality of the penetration 
parameters plus the near equality of the inherent 
transition probabilities due to charge symmetry implies 
that the fits must have approximately equal values 
of I's. 

It was found to be impossible to obtain fits with the 
penetration parameter F,?/k which would satisfy charge 
symmetry. It may be that the specialization of fr to Fr, 
is too poor an approximation since the type f1?/k did 
allow fits. Since F,? is small compared to G;? in the 
initial channel, the fits obtained with k/G,? are not 
given. The parameters are very nearly equal to those 
found using k/(F1?+G_"). The fitting parameters using 
the penetration forms k/(F1:?+Gz,") and f1?/k and 
giving satisfactory agreement with experiment are given 
in Tables I and II. 


% Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
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B. One-Level Fits in the ®-Matrix Formalism”’ 


In the ®-matrix formalism of Wigner and collabora- 
tors*.*°-! the wave function in the interior of the com- 
pound nucleus is expanded in terms of a complete set of 
functions X, having proper energies E,. The boundary 
condition at the surface of the compound nucleus is used 
here in the form 


(rpXx)/XrOrp=l>, (rp=b,), (2.4) 


with » denoting any channel. The reduced partial 
widths are defined by 


Yap?=[(2/h)*(hh?/ Quy) (Xr, Vp" ]?, (2.5) 


where % is Planck’s constant divided by 27, yu, is the 
reduced mass in channel p and Y ,”° is the corresponding 
channel function representing a standing wave subject 
to the boundary conditions of the theory. The super- 
script c indicates its generic resemblance to a cosine type 
wave which represents V,7¢ in the slow neutron case. 
The ® matrix has the elements 


Rpg=L Yapyre/(Ex—E), (2.6) 
N 


the sum extending over all of the states of the compound 
nucleus. If only one level in the compound nucleus is 
assumed to be effective, then it proves possible to write 
the cross section for a two-channel reaction as 


rd’, 


. (2.7) 
(FE, — E+A,)?+ (0,41)? 





na (i—f)/A?S= 


where the customary symbols have their usual definition 
and A) is the energy level shift. The partial widths and 
the level shift are defined as 


l,=1,2B,?/(1+@,”), 
(2.8) 


f 
A,= z. A)»; Ay,,p=C,T'p. 


p=i 


The important functions @,” and B,? involve the bound- 
ary condition, Eq. (2.4), explicitly and in this work /, 


TABLE III. The fitting parameters obtained using the one-level 
formula from the @-matrix formalism. The radius in the entrance 
channels was 5.0X 10~ cm and in the exit channels was 3.2K 10- 
cm. As a boundary condition, the interior wave function was 
joined to the irregular channel function at the channel radius. 











Ha 


0.100 
0.014 
0.172 





ya? (10-% Mev cm) 
yn? (10- Mev cm) 
Ey (Mev) 








27 The authors are grateful to Professor G. Breit for permitting 
them to use the formulas given in Eq. (2.10) of this section and in 
Eqs. (3.7) through (3.9) of Part III, Sec. 2 in advance of their 
publication in the Handbuch der Physik. 
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will be taken to be 
L,= [ppGr'/Gr |e i=20, 
With this condition @,? and B,? are given by 
Cp=[(ppGr'/Gr) B0—ppGr'/ Gr] 
+ (F1i?+Gz*)/p,—F 1/G1, 
B,’= ? | i/Gu- [ (ppGx’ (G1) Bo~ pyGr’, Gr} 

X (Gi+iF 1), ‘Pel’, 
which hold at r,=6,. The energy Zo may be any energy 
but was kept near the energy of the maximum cross 
section in the present work. It may be noted that if the 
quantity (p,G1’/F1)f0—p,G1'/Gr is considered to be 
zero over the resonance, then 

Pp=Yapkp/(Fi?+Gz’), 
Ayp= — (Fy G1) >. 


(r,=b,). 


(2.10) 


(2.11) 


Calculation has shown that for the present work Eqs. 
(2.11) would be a poor approximation to Eqs. (2.10) and 
the latter were those used in the fitting. 

A radius of 5.0X10-"% cm was used in the initial 
channel of both reactions and a value of 3.2% 10~-* cm 
was tried in the final channels. The quantities y,,” are 
descriptive of the compound state and only fits which 
yielded similar reduced widths in corresponding channels 
of the two reactions were retained. The appropriate 
parameters are given in Table III. 


3. FITS USING ONE-LEVEL-PLUS- 
BACKGROUND FORMULAS 


A. Fits with the Schematic Treatment 


The schematic treatment of Breit® deals with a 
nuclear reaction in a manner analogous to that used in 
treating coupled vibrating systems. A set of coupled 
equations is introduced and solved by means of the 
Green’s function technique. The radial wave function 
describing the residual nucleus is expanded in terms of a 
complete set of eigenfunctions u,(r) which satisfy the 
Schrédinger equation in the absence of any interaction 
between the residual nucleus and the channel particle. 
In the channel region, functions f,(r) and g,(r) are 
introduced and an asymptotic solution of the form 
fobpqtA q(getif,) is sought in the channel g. The 
function f, is the regular solution of the radial equation 
of the pth channel in the presence of the potential which 
represents schematically the average action of the 
nucleus on the particle emitted in that channel. It is 
normalized so as to be a sine function of unit amplitude 
at infinite distance and g, is a solution of the same 
differential equation as f,, has unit amplitude at infinity 
and is the cosine of the phase of which f, is the sine. The 
reaction cross section for transfer from channel p to 
channel g may be expressed in terms of the quantity A , 


as 
na (i f)/A2S= (w,/wys)(As)?, (3.1) 
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where i and f have been used in place of p and q to 
denote the initial and final channels, respectively, 
w = 2/hv,, v;= relative velocity. The remaining factors 
have their usual meaning. 

Breit then considered the case of an isolated level of 
the compound nucleus and derived a formula for the 
cross section which contains a dispersion-type term plus 
a slowly varying background. Some effects of the back- 
ground are actually contained in the dispersion type 
term but if the approximation is made of considering the 
entire background effect to be expressed by the slowly 
varying term, his formula may be written 


| rary 2 
no(i—f)/A2S =| — -+a(E,)}, (3.2) 
(Eo—E)—i(l +s) 


where the partial widths are I’; and I’, and £p is given by 


Ey=Wi-—ji-— jr. (3.3) 
Here j; and j; are the energy level shifts due to inter- 
actions of the residual nucleus with the respective 
channels. The quantity a(/) represents the background 
due to other levels. The partial widths are given as 
radial integrals over products of wave functions u(r) and 
f(r) and multiplied by the interaction energy between 
the residual nucleus and the channel particle, denoted 
by H;,;(r). The indicated integration can be carried out 
simply if a localized type of interaction is assumed in the 
form 

HA (r)=H5(r ;—5,). (3.4) 
For this case the partial widths are expressible as 


T= (Qup/h?)A ur f2/ki, (ri=0;), (3.5) 


and the energy level shift is 


jic=(gi/fT i, (ri=b,), (3.6) 
and similarly in the final channel. Here, it may be seen 
that the quantity (2u,/h’)H;u,, where u is to be 
evaluated at r;=),;, plays the role of the inherent width 
for the channel i in this formalism. The implication of 
the principle of charge symmetry is that the above 
quantity should be approximately the same in the two 
initial and in the two final channels when fits are made. 

The functions f; and g,; were calculated from one- 
body square wells which are charge symmetric according 
to the first method outlined in Sec. 2 A, with V ;= — 1.60 
Mev for H*+d and V ;= —1.00 Mev for He*+d, these 
values applying in both cases for r;<5.0X 10-" cm. At 
distances in the channel 7 greater than 5.0X10-" cm, 
only the Coulomb potential was assumed to act. 

It was found that the potential well used to calculate 
fy and gy could not be accurately determined from 
fitting the data because of the similar energies in the 
two final channels. However, for purposes of finding the 
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inherent widths the interior final state potential Vs was 
used as having values — 21.8 Mev and — 19.6 for n+ He* 
and p+Het', respectively. In both cases these values 
were used for r;<3.2K10~-" cm and the Coulomb 
potential energy was supposed to be absent inside the 
potential wells. At distances greater than 3.2 10~% cm 
both the Coulomb and centrifugal barriers were taken 
into account. These potential wells had been previously 
employed in Sec. 2. 

The distance at which the interaction between the 
channel particle and the residual nucleus occurs was 
taken to be at the edge of the square wells 6;=5.0X 10-¥ 
cm, b;=3.2X10-* cm. 

It was not found possible to obtain fits employing an 
energy-independent a(£). A background a(Z) « E; was 
found to give the most satisfactory results and in the 
final fits the background accounted for about 20% of the 
total cross sections near the resonances. The parameters 
which were found to give the best agreement with the 
experimental data are shown in Table IV. The fits are 
illustrated in Fig. 3. 


B. Fits with the ®-Matrix Formalism” 


The R-matrix formalism of Wigner and his collabora- 
tors®:*”:! can be used in the approximation of one level 
plus a background by making the assumption that only 
one term in the sum occurring in each matrix element 
has a strong energy dependence around the observed 
resonance. The matrix element referring to a transition 
from the channel p into the channel g may then be 
written 


Ryq(E)=YrpYrq/(Ex—E) +R pq”, (3.7) 


where the subscript A denotes the energy level in the 
compound state which is causing the resonance and the 
quantities R,,“ represent the slowly varying back- 
ground. The cross section may now be written in the 


convenient manner 


ra (i— f)/A?S= B2Be/\D\*| Rig™D+ (A ,/B,) 
X (Az 'Bys)/ (Ey, — E+A,—iPy) 2 (3.8) 


TABLE IV. The fitting parameters obtained by using the one- 
level-plus-background formula from the schematic treatment of 
Breit. The background parameter a(£) was taken to be propor- 
tional to the energy and had the following values at the resonance 
energy: for H%(d,n)He*, a(Eo)=0.26, and for He*(d,p)He', 
a(Eo) =0.17. 


H! He? 


0.012 
0.18 
0.380 
— 1.00 
—22.1 
5.00 
3.54 


0.011 
0.18 
0.230 
— 1.60 
— 19.6 
5.00 
3.54 


H°u;(b;) (Mev cm?) 
H®u;(b2) (Mev cm?) 
W, (Mev) 

Vi (Mev) 

V2 (Mev) 

b; (10-8 cm) 

b, (10-" cm) 
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Fic. 3. Fits to both reactions made with the isolated-level 
formula obtained from the schematic treatment of Breit. In the 
entrance channels the interaction occurs at r:=5.0X10-" cm, 
while in the exit channels it occurs at r2=3.2X10-" cm. The 
background parameter, a, was taken to be proportional to the 
energy of the incident deuteron. The purely background con- 
tributions to the cross sections are shown as dashed lines. 


where 
A /By= (6+ Cp + BPR ys )yns— BPR Vs, 
D=—1(C;+BPRi™) (Cs + BPRss™) 
— BZBPR iy? 

+i(C,+BP2RiM+Cs+ BPR; ™), 

A,—il,=D-Y (i+ Cy) Bern?2+ G+ Ci) Brn? 

+ BPBP (Ry? rn? 

—2R fOr tRivOms )j}. 


These relations may be regarded as an extension of the 
one-level relations of the ®-matrix formalism given in 
Sec. 2 B. It should be pointed out that if the quantities 
R,," are considered to be arbitrary functions of the 
energy, then no approximations are involved in the 
above equations. 

The quantities €, and B,? have been defined previ- 
ously and the same boundary condition shall be used 
here as in Sec. 2 B. The functions ©, and B,’ were 
calculated at the initial channel radii (4.0 or 5.0) x 10-" 
cm and at the final channel radius 3.2 10-* cm. The 
quantities Rp,“ were first taken to be constants and 
when fits had been obtained, it was found that they 
were not appreciably affected if the Rp,“ were given a 
slight energy variation. The background term Ry, 
was taken to be zero for both reactions since this intro- 
duced some simplification in the fitting procedure. If 


(3.9) 
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many higher levels contributed to the sum in Ryy™, the 
latter would be expected to be at least quite small since 
the reduced width amplitudes y,; and yas are expected 
to have random signs. When fits had been obtained the 
effect of taking R,;“ into account was investigated and 
it was found that Rj» could be made 30 percent of the 
quantities R,, or Ry; without noticeably altering the 
fits. The formal resonance energy E, was kept near the 
observed resonance energy throughout the calculation 
and the only fits which were retained were those indi- 
cating the possibility of satisfying the principle of charge 
symmetry. As has been pointed out this principle re- 
quires that the reduced widths y,,? and y,/? in corre- 
sponding channels of both reactions be approximately 
equal. The parameters which were found to give ac- 
ceptable agreement with experiment are given in 
Table V. 


4. DISCUSSION 


Inspection of Tables I and IT shows that it has been 
possible to obtain fits to the data using a one-level 
Breit-Wigner formula and satisfying the requirements of 
the principle of charge symmetry within the approxima- 
tions made. Three types of penetration parameters have 
been employed and evaluation of these has been carried 
out at several radii in both channels, all allowing good 
fits. This work has thus been unable to determine 
closely an effective nuclear radius from the fits and 
although one form of penetration parameter was ruled 
out, considerable uncertainty remains as to the best 
manner of describing the barrier effects in a nuclear 
reaction. 

It has also proved possible to fit the present reactions 
satisfying charge symmetry using the one-level formula 
obtained from the ®-matrix formalism. The boundary 
condition employed was that of joining the wave func- 
tion in the interior to the irregular function in the 
channel region. The effect of the estimated experimental 
uncertainty of 8% in the data on both reactions is to 
give rise to approximately the same uncertainty in the 
fitting parameters. Consequently, it would seem that a 
lack of agreement of inherent or reduced widths in 
corresponding channels beyond this uncertainty indi- 
cates either a failure to satisfy the principle of charge 
symmetry or perhaps insufficient flexibility of the one- 


TABLE V. The fitting parameters obtained by using the one- 
level-plus-background formula from the ®-matrix formalism. The 
background parameters were taken to be constants and the radius 
in both exit channels was b2=3.2X10~" cm. 








b: =4.0 X10-4 cm 
H# 


0.22 
0.0070 
0.040 
0.15 
0.15 
0.00 


b; =5.0 X10-8 cm 
H# He* 


0.17 0.18 
0.0080 0.0080 
0.063 0.240 
0.10 0.30 
0.10 0.30 
0.00 0.00 





¥,12 (10-2 Mev cm) 
7,22 (107 Mev cm) 
E, (Mev) 

Ruy™ (10-2 cm) 
Ro™ (10-# cm) 
Ri (107 cm) 
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level or one-level-plus-background approximations used 
in these ®-matrix theory fits. The influence of experi- 
mental errors appears to be too complicated to discuss. 

The fits made with the schematic treatment are 
satisfying from the point of view of charge symmetry. 
They are in good agreement with experiment below and 
around the peak cross section but the fit to the H® 
reaction is too high at the higher energies while that to 
the He’ reaction falls too low at the higher end. These 
discrepancies may perhaps be due to the fact that the 
model has not been used in its most general form but has 
been specialized to the isolated-level case. The form 
which has been chosen for the interaction energies may 
also have a bearing on the relative failure of the fits near 
the higher energies. 

The fits made with the one-level-plus-background 
formula obtained from the ®-matrix formalism using 
the same boundary condition as was mentioned above 
are also in accord with charge symmetry. These fits are 
an improvement over those made with the one-level 
@-matrix formula at the lower energies but are some- 
what low near the higher energy end of the resonance. 
Again, this situation may be attributed to the approxi- 
mations which were made in applying the formalism to 
experiment. 

Conner, Bonner, and Smith,’ Bonner, Conner and 
Lillie,“ and Kunz have reported fits to the reactions 
under discussion employing a one-level formula obtained 
from the ®-matrix formalism by using the boundary 
condition of making the interior wave function hori- 
zontal at the channel radius. An inspection of their 
work shows that while the fits to experiment are good, 
charge symmetry is not very well satisfied. Kunz’ 
reports some 50% discrepancy between his initial 
channel reduced widths for the He* reaction and those 
of Conner, Bonner, and Smith” for the H* reaction. 
This seems to be well outside the limits allowed by the 
experimental data. A property of their fits is that the 
energy level shifts are large and strongly energy de- 
pendent, the formal resonance level being considerably 
removed from the observed resonance energy. This 
situation may be at least partly due to the boundary 
condition which was used by them. The level shifts 
which were found in the present fits both with the 
schematic treatment and with the ®-matrix formalism 
were small and their energy variation was not very 
significant. A comparison is given in Table VI where the 
level shift of Conner, Bonner, and Smith® and that of 
the present one-level-plus-background ®-matrix fit are 
shown. The level shifts of Conner, Bonner, and Smith 
have been recalculated for the purpose of the present 
comparison. 
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TABLE VI. Comparison of level shifts used by Conner e¢ al.* 
(CBS) with those used here in the one-level-plus-background 
formula of the ({-matrix formalism. In the CBS fit to H#(d,n)He‘, 
the parameters were Y);?= 1.0 10~- Mev cm, ¥,2?=0.028 X 10-# 
Mev cm, £,= —0.464 Mev, and 6;=b2=5.0K10-" cm. Parame- 
ters for the fit used here are given in Table V. 


0.314 
0.378 
0.0615 


0.124 0 198 
0.583 0.484 
0.0236 0.0320 


0.110 
0.611 
0.0135 


0.078 
0.698 
0.0091 


E (Mev) 
(Ay) cBs (Mev) 
(Ay) here | Mev) 


* See reference 13. 


A striking feature found by the above workers and 
also in the present ®-matrix fits is the smallness of the 
reduced widths in the final channels compared to those 
in the initial channels. The implication is that it is more 
probable to find a deuteron at the nuclear surface than 
to find a single neutron or proton. The compound 
nucleus He® seems to be composed of 2 neutrons and 1 
proton in the S shell and 1 neutron and 1 proton in the 
P shell. The Li® nucleus would be similar except for 
having 2 protons and 1 neutron in the S§ shell. 

Bonner, Prosser, and Slattery**:** have recently meas- 
ured the n+ He‘ scattering cross section which manifests 
a resonance near the energy of the final channel of the 
H* reaction. Breit*’ and Breit and Bloch* have discussed 
the analysis of scattering by formulas assuming one 
channel and one level plus background. A brief analysis 
of the cross-section curve of Bonner et al.** with the 
formula studied by Breit and Bloch* shows that the 
scattering width, corresponding to the present Iy, is 
approximately 0.060 Mev in the center-of-mass system 
of the final reaction channel. The present fits using the 
schematic treatment give the value ';(H*) =0.065 Mev, 
while the ®-matrix fits, with and without background, 
give the value I';(H*)=0.060. This agreement, while 
probably partly fortuitous, appears to be significant. 

It is concluded that it is possible to fit the H*(d,) Het 
and He*(d,p) He‘ reactions with one-level and one-level- 
plus-background dispersion formulas without obvious 
conflict with the principle of charge symmetry. 
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The positron-electron pair coincidence spectrum occurring in the beta decay of 7.4-sec N'® has been ex- 
amined at 1.25% resolution with an intermediate-image pair specrometer. A line is observed corresponding 
to internal pair conversion of the 6.14-Mev £3 transition from the 3— second excited state to the 0+ ground 
state of O'8. The upper limit on the intensity of a 6.06-Mev nuclear pair line from the 0+ first excited state 
(electric monopole transition) is 10% relative to the 6.14-Mev line and this corresponds to an upper limit 
of 1.5 10~ for the fractional beta decay to the 6.06-Mev level. A lower limit of 8.2 is derived for the log ft 


value of this 2— — 0+ beta-ray branch as compared with the known logft=6.7 for the 2— 


Mev branch to the ground state. 


INTRODUCTION 


HE beta decay of N"*, half-life 7.4 sec, is known! 
to take place with the emission of beta-ray groups 
to the ground state and to three excited states of O'*. 
Recent studies of the N'® beta-ray spectrum have been 
made with magnetic spectrometers by Morton and 
Lewis’ and by Kern, Kenney, and Brunhart.*? They 
found that the 10.4-Mev beta-ray component to the 
ground state has the unique first-forbidden shape above 
4.4 Mev, as expected from the previous 2— spin assign- 
ment for N°, and their values for the relative intensity 
of this branch are 24% and 28%, respectively. The 
principal inner group, which goes to the 6.14-Mev level 
in O'*, has an end point of 4.3 Mev after subtraction of 
the high-energy beta-ray component. A further sub- 
traction was made from which a 3.3-Mev beta-ray 
group going to the 7.11-Mev O'* level was resolved, 
although its relative intensity was in both cases 3-5 
times greater than that expected. from the gamma-ray 
data of Toppel* who found that the 6.14-Mev gamma 
ray in N'® decay is 14.541 times as intense as the 7.11- 
Mev gamma ray. Toppel’s result, which confirms an 
earlier value of 12.543 for the same ratio as measured 
by Millar, Bartholomew, and Kinsey,° may be used to 
deduce directly the ratio of beta-ray branching to the 
6.14- and 7.11-Mev levels in O'* inasmuch as the ground- 
state gamma-ray transitions are the only known modes 
of decay of these levels and the small amount of feeding 
from the 8.87-Mev level is negligible. Source thickness 
effects may have been responsible for the relatively large 
intensity of the 3.3-Mev group obtained from the beta- 
ray spectra analyses. 

In the decay scheme of N'* shown in Fig. 1 the beta- 
ray branching intensities have been deduced using the 
average value ** of 26% for the ground state branch 
and Toppel’s result for the ratio of the 4.3- to 3.3-Mev 


* Under contract with the U. S. Atomic Energy Commission. 

1 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 

2 P. W. Morton and H. W. Lewis, Bull. Am. Phys. Soc. Ser. II, 
2, 286 (1957). 

8 Kern, Kenney, and Brunhart, Bull. Am. Phys. Soc. Ser. II, 
2, 395 (1957). 

4B. J. Toppel, Phys. Rev. 103, 141 (1956). 

5 Millar, Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951). 
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components. The branch! to the 8.87-Mev state is 1.1% 
and this is followed by gamma rays of 2.75, 1.90, or 
1.72 Mev of relative intensities 27:1:3 in cascade with 
the high-energy gamma rays. It has also been shown*? 
from the F*(p,a)O"* reaction that the 2— 8.87-Mev 
level de-excites 8% of the time by a direct transition 
to the ground state. 

Experimental logft values for the various beta-ray 
groups may be deduced from the branching intensities 
discussed above and they are listed in the upper part 
of Table I together with values calculated from the 
shell model by Elliott and Flowers* making use of 
Rosenfeld forces and fixed spin-orbit splitting. Ac- 
cording to Elliott and Flowers the discrepancy between 
the experimental and theoretical logft values for the 
3.3-Mev beta-ray branch may possibly be connected 





7.4 sec 
Bu1.5 
(1.1%) 
p33 2-~“—— ae | 


(4.9%) 
\ 1.72 | 1.90 |2.75 


4.3 
(68%) 


> & 
2+ 


\ 3 
Or 
\ 


\ 


Bi04 \ 
(26%) \ 


\ 


7.11 |6.91 (6.14 | 8.87 


| 


| 
| 


huts 





Fic. 1. Decay scheme of N'* summarized from the literature. 


6 Bent, Kruse, Lidofsky, and Eklund, Bull. Am. Phys. Soc. 
Ser. II, 2, 52 (1957). 

7 McCrary, Bonner, and Ranken, Phys. Rev. 108, 392 (1957). 

8 J. P. Elliott and B. M. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 
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with the sensitivity of the calculations to the nature of 
the spin-orbit forces for this particular level. 

There has long been speculation as to the nature of 
the 0+ first excited state of O'*. This level, as well as 
a number of others below 14 Mev, has been described 
by Dennison’ on the basis of an alpha-particle model 
for O'*. However, it has been pointed out' that the 
agreement between the experimentally determined 
levels and those predicted by the alpha-particle model 
may be largely fortuitous inasmuch as the alpha-particle 
model has not been able to account for the dynamical 
properties of these states, for the existence of T7=1 
states, or for the presence of the 2— level at 8.87 Mev. 

More recently attempts have been made to describe 
the O'* levels on the basis of the nuclear shell model, 
and the calculations of the logft values in the beta 
decay of N'® mentioned above indicate one of the 
successes of this approach. Thus far it has not been 
possible to determine the exact nature of the configu- 
ration of the 6.06-Mev 0+ level. Very probably it does 
not result from the excitation of a single particle 
inasmuch as the lifetime of the ground-state electric 
monopole transition is long (5X 10~" sec) and further- 
more the electric dipole radiation to this T=0 level 
from the 13.09-Mev 1— state of 7=1 is not observed. 
This transition’ is <1.310~* as strong as the F1 
ground-state transition observed in the N'(p,y)O'* 
reaction at the resonance /,= 1.05 Mev. An excitation 
of two or more particles lifted from the 1p shell to 
higher shells could account for the properties of the 
level. 

In order to attempt to throw more light on the nature 
of the 6.06-Mev 0+ level, one may make use of a 
highly sensitive method of detecting a beta-ray branch 
to this particular state. This is based on the fact that 
once the 6.06-Mev level is formed it decays virtually 
100% by nuclear pair emission, whereas when the 
6.14-Mev level is reached in the known beta-ray 
transition the internal pair conversion probability is 
1.5X10- for an £3 transition of 6.14 Mev. Thus if the 
2— — 0+ branch to the 6.06-Mev state were to have 
the same logft value as the 2— —+0+ branch to the 
ground state, one would expect the branch to the 6.06- 


TABLE I. Beta-ray branches in the decay of N'. 


Theor, 
Beta log ft 
end-point for 
energy O' level Spins and Branch Exp. V. =40 
(Mev) (Mev) parities in percent log ft Mev* 


10.40 
4.26 
3.30 
1.53 


4.34 


ground 2—-—0+4 26 ‘ RS 

6.14 2— — 3- 68 4.5 6 

7.11 2-—1- 4.9 a 9 

8.87 2—- —2— 1.1 ‘ 2 
2 <0.015 


6.06 >0+ 


« See reference 8. 
®D. M. Dennison, Phys. Rev. 57, 454 (1940); 96, 378 (1954). 


1 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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Mev level to be 160 times weaker than the allowed 
beta-ray transition to the 6.14-Mev level according to 
the logft values of 6.7 and 4.5, respectively. Except for 
possible differences in the pair detection efficiencies, 
the 6.06-Mev nuclear pair line would then actually be 
4 times stronger than the 6.14-Mev internal pair line 
in spite of a very much smaller beta-ray branching 
intensity. A pair spectrometer would appear to be the 
only instrument with which a very weak branch to the 
6.06-Mev level could be detected, and clearly the reso- 
lution of the instrument must be sufficient to measure 
a doublet of lines differing in energy by only 1.3%. The 
problem is complicated further by the 7.4-sec half-life 
of N'® and by the fact that, if the pairs are to be 
detected in an instrument which selects positrons and 
electrons of equal energy, the lines occur at 
(6—1)/2=2.5 Mev or close to the maximum of the 
4.3-Mev beta-ray continuum. In order to observe the 
pair lines in the presence of such a large intensity of 
beta rays, the detecting system must discriminate 
against coincidences resulting from scattering as well 
as random events. 


PAIR SPECTROMETER DESIGN 


The operation and performance characteristics of an 
earlier version of the intermediate-image pair spec- 
trometer have been described" previously. 1P21 side- 
window photomultiplier tubes were used and the 13-inch 
diameter semicircular scintillation detecting crystals 
were located in air outside of a mica window at the final 
focus. The optical links between the crystals and the 
phototubes were made with semicircular acryllic rod 

} inches in diameter and the optical contacts between 
the light pipes and both the crystals and tubes were 
made with Dow-Corning 10° centistokes viscosity 
grease. Several disadvantages of this arrangement were 
apparent, the main one being the relatively poor light- 
collecting efficiency of the 1P21 phototube. Difficulties 
had been experienced with optical separation of the 
tubes and crystals from the light pipes and with 
breakage of the mica window. The location of the de- 
tecting crystals was poor in two respects. Focused 
electrons could scatter out of one crystal, off the brass 
gasket clamp for the mica window, and back into the 
other crystal. Although the detection of these un- 
desirable coincidence events could be minimized by 
high pulse-height bias in the coincidence circuit, it was 
never possible to reject them completely because of the 
relatively poor pulse-height resolution. Also the effective 
area of the detector was limited by the mica window 
opening such that events might be lost when the final 
image is large, i.e., at spectrometer baffle settings for 
high transmission. 

In the new design illustrated in Fig. 2 these defects 
have been corrected. RCA-6342 photomultiplier tubes 
are used because of their good light-collecting efficiency, 


1 D—. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 
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Fic. 2. Revised design of the intermediate-image pair spectrometer. 


small transit-time spread, and the possibility of 
applying up to 2000 volts to the tube. These tubes are 
more sensitive to stray magnetic fields than the 1P21’s 
so that greater care must be taken with magnetic 
shielding. With the triple magnetic shielding arrange- 
ment shown in Fig. 2, consisting of a standard mu-metal 
shield and a concentric iron cylinder over each tube, 
and a box made of }-inch-thick soft iron plate sur- 
rounding both tubes, the gain shift is 109% between 
zero field and a field focusing 4Mev electrons. The 
light pipes have a diameter of 2 inches at the phototubes 
and they taper down, with a circular cross section, to 
3 inches diameter at a point just outside the vacuum 
chamber end plate. Each of the pipes then passes 
through an O-ring seal into the vacuum. The 1}-inch 
diameter is maintained between the O-ring and the 
crystal but one side of each pipe is milled flat so that 
the cross section, starting from circular at the O-ring, 
becomes semicircular at the crystal. All surfaces are of 
course highly polished. The light pipes project through 
a hole at the end of the re-entrant brass tube which 
acts as a centering support. This arrangement places 
the crystals well in front of any near-by scattering 
material and the final effective detecting area is larger 
than in the previous design. Both the crystals and the 
phototubes are cemented to the light pipes by means of 
Biggs R-313 bonding cement. With Pilot-B crystals the 
stability of the detector in the vacuum is very good. 
Each light pipe and crystal unit is wrapped with 
aluminum foil and a 7g-inch-thick tungsten absorber is 
located between the crystals. Outside of the vacuum, 
aluminum foil and black Scotch tape are used to cover 
the light pipes and phototubes. Just as in the original 
design the axial position of the crystals is adjusted to 
be on the source side of the final focal plane such that 
the electrons enter the crystals mainly over an annular 
region before they would cross the spectrometer axis. 
The performance of the light-piping system is shown 
in Fig. 3 which gives the pulse-height distribution from 


one of the photomultiplier tubes when 2.5-Mev electrons 
are focused onto the }-inch-thick by 1}-inch diameter 
semicircular Pilot-B scintillator. The peak has a full 
width at half maximum of 8% and the peak-to-valley 
intensity ratio is 100. 85% of the pulses are contained 
within the range 33 to 43 volts. In the previous arrange- 
ment using 1P21’s, the width of the line when 2.5-Mev 
electrons were focussed onto an anthracene crystal was 
18% and the peak-to-valley ratio was 24. Allowing for 
the fact that Pilot-B has only half the integrated light 
output as anthracene for a given electron energy, the 
improvement is actually better than the comparison of 
8% with 18% resolution would suggest. It may be 
estimated that the resolution for the same type de- 
tecting crystal has improved by a factor of 3 and that 
the over-all light-collecting efficiency is a factor of 10 
greater than for the old arrangement. 
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Fic. 3. Pulse-height spectrum when 2.5-Mev electrons are 
focused onto a 4-in.-thick by 14-in. diameter Pilot-B scintillator 
with the light-piping geometry shown in Fig. 2. 
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As consequences of these changes, it has become 
possible to lower the coincidence resolving time and to 
achieve a more favorable rejection of scattering 
coincidences. A measure of the rejection of scattering 
coincidences may be obtained from the yield of true 
net counts in excess of the random rate at a magnetic 
field setting just above the 6.06-Mev nuclear pair line 
relative to the pair line intensity in the F'(p,a)O" 
reaction (see reference 11). With the previous arrange- 
ment the greatest ratio of the 6.06-Mev line to the true 
net background was 600 even at very high pulse-height 
bias. The peak-to-background ratio with the present 
design is still bias sensitive but at biases corresponding 
to 33 volts in Fig. 3 the ratio is ~ 3000. It has not been 
possible to establish whether or not the residual back- 
ground coincidence rate is caused by electron scattering. 

The coincidence circuit is very similar to the original 
design except for layout improvements which allow 
the coincidence resolving time and the time-matching 
cables to be changed easily. Tests of the coincidence 
efficiency were made by comparing the slow and fast 
coincidence yields of the 6.06-Mev nuclear pair line 
in the F(p,a)O'* reaction. With 1750 volts on each 
phototube and with the pulse-height biases corre- 
sponding to 33 volts in Fig. 3, a coincidence efficiency 
close to 100% was obtained at a resolving time 
r=1.0X10~ sec as determined by a 5-inch-long shorted 
stub of RG-62/U cable. The stability over a period of a 
few weeks was such as to require no changes in the 
length of the time matching cables in the fast coin- 
cidence portion of the circuit. 

Because of a possible improvement in transmission 
the absolute pair transmission for the 6.06-Mev pair 
line was measured in the manner described previously." 
At an annulus opening of 3 mm, corresponding to 0.70% 
pair resolution, the transmission is 0.25 counts per 10° 
6.06-Mev transitions, which is the same as for the 
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earlier design. However, the curve of transmission 
versus resolution (see reference 11, Fig. 8) now rises 
more rapidly such that at the full annulus opening of 
17 mm width, the peak yield is 11.2 counts per 10° 
transitions as compared with the previous figure of 6.3. 
These measurements were taken in slow coincidence 
and with low pulse-height bias so as to detect all pairs 
reaching the respective crystals. At the largest annulus 
opening (2.5% pair resolution) the yield of pairs is 
1750 counts per microcoulomb of 2.0-Mev protons on 
a CaF, target several mg/cm? in thickness. The obser- 
vation of a relatively larger yield than before (by a 
factor of about 2) at higher transmission settings is 
probably connected with the greater effective diameter 
of the detector in its present location. 


N'* EXPERIMENTS 


N’** activity was made in solid targets of TiN® by 
means of the N'*(d,p)N'® reaction using 2.5-Mev 
deuterons from the Van de Graaff accelerator. The 
target material was prepared” by nitriding Ti metal 
powder in the presence of nitrogen gas enriched to 
95.6% N'. 75% of the Ti was nitrided after 4 hours 
at 1000°C. A deposit of the TiN’ several mg/cm? in 
thickness was stuck to a 0.00005-inch-thick Ni foil 
located at the normal source position of the spec- 
trometer. 

In order to produce the activity and then count it, a 
tantalum beam interceptor was operated pneumatically 
by a timing system which turned off the scalers during 
the irradiation. The cycle consisted of a 7-sec irradi- 
ation, a }-sec changeover, and a 7-sec counting interval. 
The procedure was to count the total number of 
coincidences for various magnetic field settings, nor- 
malizing to a fixed number of accumulated counts in the 
channel output of one of the crystals. This method of 
normalizing is suitable since the N'® beta-ray con- 
tinuum is nearly constant over the small interval 
covered in these measurements. Adjustments of the 
beam were made so that the monitor count accumu- 
lated in each 7-sec period was nearly constant. The 
average random coincidence contribution then 
expected to be the same for all points. 

The right-hand curve in Fig. 4 shows one of the N'® 
pair spectrum runs taken at 1.259% spectrometer reso- 
lution. The irradiating beam was collected in a Faraday 
cup after passing through the target. Its strength was 
0.25 microampere at the beginning of the run and it 
was increased thereafter, on account of loss of target 
material, so that ~18000 channel counts were re- 
corded in each 7-sec period of counting. Each of the 
N'® points in Fig. 4 is the total for 510° channel 
counts taken in five separate passes over the region 
during a 15-hour run. Approximately 4/10 of the back- 
ground lying under the peak results from random 


is 


2 The author is indebted to Dr. O. A. Schaeffer for the prepa- 
ration of the TiN. 
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coincidences, as calculated from the average channel 
counting rates, and the 1.0X10~*° sec coincidence 
resolving time. Another contribution comes from the 
fact that the positron-electron pairs of the 6.14-Mev 
transition are in coincidence with the strong 4.3-Mev 
beta-ray group and this would be expected to result in 
a continuum of real coincidences. By a consideration 
of all of the necessary factors, this effect could account 
for ~} of the total background. There may also be a 
small multiple-scattering contribution. 

Calibration of the spectrometer was taken from the 
6.06-Mev nuclear pair line" occurring in the F*(p,a)O'* 
reaction at 2-Mev proton energy on a CaF, target 
several mg/cm? in thickness. The line was run both 
before and after the N'® data and with the same 
collimation (2-mm diameter beam aperture), spec- 
trometer settings and target position as for the TiN" 
target. One of these curves is included in Fig. 4. 

A series of runs was made on the N"* pairs to deter- 
mine the absolute transmission for the 6.14-Mev pair 
line and to establish the way in which the pair trans- 
mission varies with spectrometer resolution for this E3 
transition. Transmission is here defined as the number 
of pair counts at the peak of the line per pair emitted 
from the source. The total number of pairs emitted 
from the source may be calculated after first finding 
the accumulated number of N’® beta-ray disintegra- 
tions. A determination of the fraction of the N'® 
spectrum accepted at the pair line momentum setting 
was made by area measurements of the complete N'* 
spectrum and of the window curve at 2.5 Mev. It was 
found that at the 9-mm annulus setting, corresponding 
to 2.4% singles resolution, 2.0% of the N’ spectrum 
is detected. By dividing the accumulated count of both 
crystal detectors, corrected for ~5% loss in the W 
absorber, by the singles transmission of 6.1% and by 
the 2% momentum slice factor, the total number of 
N’* disintegrations is found. This number, multiplied 
by the branching ratio of 0.68 and by the theoretical 
internal pair conversion probability® of 1.5x10-, 
leads to the total number of 6.14-Mev source pairs 
emitted in the standard counting interval. The re- 
corded pair count divided by the number of pairs 
emitted is the pair transmission. The transmission 
curve of yield versus resolution for the 6.14-Mev pairs 
was found to lie approximately parallel to that for the 
6.06-Mev £0 line mentioned in the preceding section 
and it is higher by a factor of 1.5. 


DISCUSSION 


From Fig. 4 it is apparent that only a single pair 
coincidence line is visible in the N'* curve near 6-Mev 
transition energy. Relative to the 6.06-Mev F¥%+p 
calibration line, the N’® peak occurs at an electron 
energy 42 kev higher or at a transition energy 84 kev 
higher than the 6.06-Mev line. Source thickness effects 


18 M. E. Rose, Phys. Rev. 76, 678 (1949). 
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are expected to be negligible for both lines. This energy 
separation is in agreement with the value 85+10 kev 
established from particle group analysis'* and it shows 
that the N’® pair line is associated with the 6.14-Mev 
second excited state of O'%. At the 6.06-Mev position, 
the net height of the smooth curve through the N' 
points is down to about 6% of the peak which is just 
the value it would have for a single component, as 
expected from the shape of the F'*(p,@)O"* curve. It is 
estimated that a 6.06-Mev line contribution 10% as 
strong as the 6.14-Mev line would be observable in the 
N'® pair spectrum of Fig. 4. This limit, expressed in 
counts per standard number of accumulated monitor 
counts, may be used to derive the upper limit for the 
beta-ray branching intensity to the 6.06-Mev level. 
The calculations are similar to those described in the 
preceding section in which the absolute pair trans- 
mission for the 6.14-Mev E3 paits was derived, i.e., 
the total number of beta disintegrations is deduced 
from the singles count divided by the transmission and 
momentum slice factors in order to obtain the limit of 
6.06-Mev pair counts per N!¢ disintegration. By making 
use of the measured absolute transmission for 6.06-Mev 
E0 pairs, determined from the F'*(p,a)O'* reaction as 
described in the second section, the upper limit on the 
number of 6.06-Mev £0 transitions per N’® disinte- 
gration is found. An upper limit of 1.5X10~ is thus 
obtained for the fractional beta decay to the 6.06-Mev 
level in O'%. This corresponds to a lower limit of 13 
hours for the partial half-life and therefore to a lower 
limit of 8.2 for the logft value of the beta-ray branch. 
A separate check on the limiting beta-ray branching 
intensity may be made from a consideration of the 10% 
limit on the intensity of a 6.06-Mev peak relative to the 
6.14-Mev line, together with the theoretical internal 
pair conversion coefficient of 1.5 10~ for the 6.14-Mev 
transition and the 6.14- to 6.06-Mev pair transmission 
ratio of 1.5. The product of these three factors leads 
directly to an upper limit of 2.2 10~ for the ratio of 
0 to E3 transition intensities. Since 68% of the beta 
decays go to the 6.14-Mev level, the upper limit of the 
number of 6.06-Mev £0 transitions per N'® disinte- 
gration is 1.5 10~ which is the same as obtained above. 
In the second of these two calculations of the limit 
of beta-ray branching, it is of interest to ask whether 
the measured ratio of 1.5 of the £3/E0 transmissions 
is reasonable in view of the differences of angular 
correlation between pairs in the two cases. The cor- 
relation for the £0 pairs has been measured” as 140.98 
cosé for pairs of all energies and we may assume that 
it is about the same for pairs of equal energy. On the 
other hand, the pairs from the 6.14-Mev £3 transition 
are certainly more strongly correlated in the same di- 


Laboratory of Nuclear Science, Progress Report, April, 1950 
(unpublished). 

16 Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 
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rection, as shown by Rose who has calculated the 
ratio of pairs at 0° to those at 90° for pairs of all energies 
in transitions of various energies and multipole orders. 
For a 6.14-Mev £3 transition this ratio is 35. When the 
energy division is equal, the ratio of pairs at 0° to those 
at 90° is probably higher than 35 as indicated from the 
calculations of Horton'® for £1 and £2 transitions. 
Consider the pair spectrometer transmissions for the 
following three assumed angular correlations between 
pairs of equal energy: 


(1) positron and electron always coinciding in 
direction, 
(2) 1+-cos@, 


(3) isotropic. 


At the full opening of the spectrometer the singles 
transmission is 8.1% and thus one would expect that 
the ratio of pair transmissions (1)/(3) would be one 
solid angle factor, or 12. An exact calculation has not 
been made but it may be estimated from the two 
distributions that the ratio of transmissions (2) /(3) 
is 3 or 4. Consequently it follows that the ratio (1)/(2) 
is also 3 or 4. The effect of the correlation of the 6.14 
Mev £3 pairs would place its transmission somewhere 
between the extreme of (1) and the /0 correlation (2). 
A rough guess is that the £3/O0 transmission ratio is 
2+1 which is consistent with the observed ratio of 1.5 
for all annulus settings from 6 to 17 mm width. 

The lower limit of 8.2 for the logft value of a N'® 
beta-ray branch to the 6.06-Mev level in O"* is included 
in Table I for comparison with the other branches. 
That this 2— — 0+ beta-ray transition is more than 
30 times slower than the 2— —0+ branch to the 
ground state probably could not be explained if the 
6.06-Mev level were to be described as the excitation 
of a single particle, in spite of a possible relative 
enhancement of the ground-state beta ray by virtue of 
its going into a closed shell. A number of 2-particle 
excitations are possible, some of which would introduce 
inhibiting factors and some of which would not. The 
present result is consistent with a description of the 
6.06-Mev state as the excitation of 2 or more particles 
from the 1p shell and it suggests that if the state is a 
2-particle excitation the configuration is not pre- 
dominantly one such as 1p~*(2s,1d)? which would not 
be expected to further inhibit the beta-ray transition. 

One may estimate how much feeding of the 6.06-Mév 
level would occur in N'® decay by paths other than 
beta-ray emission, although such considerations would 
be essential only if a 6.06-Mev pair line had indeed been 
observed. A transition from the 8.87-Mev level would 


16 G. K. Horton, Proc. Phys. Soc. (London) 60, 467 (1948). 
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be an M2 radiation of 2.83 Mev in competition both 
with the 2.75-Mev (predominantly M1) gamma ray 
to the 3— level at 6.14 Mev and with the M2 ground- 
state transition. From the transition probabilities 
calculated’? by Moszkowski on the basis of the single- 
particle model, the 2.75-Mev M1 transition would be 
favored over a 2.83-Mev M2 by a factor of ~4000. 
However, the relative strength’ of the £2 component 


of the 2.75-Mev transition suggests that the M1 com- 
ponent may be slowed down by as much as two orders 


of magnitude from the single-particle estimate. Feeding 
of the 6.06-Mev level via the 8.87-Mev level would thus 
be between 3X 10% and 3X 10° per disintegration 
if no allowance is made for further inhibition connected 
with the configuration of the 6.06-Mev state. Another 
contender for feeding of the 6.06-Mev level would be 
an 1 transition of 1.05 Mev from the 7.11-Mev level 
in competition with the 7.11-Mev £1 ground-state 
transition. If the isotopic-spin forbiddenness were the 
same for both /1 transitions and if no other inhibiting 
factors were operating, one would expect the transition 
probabilities to depend on the energy cubed, or a factor 
of 310 in this case. Relative feeding of the 6.06-Mev 
level would then be 0.016% per disintegration. Beta-ray 
transitions to the 6.91-Mev 2+ state would be first 
forbidden and for a logft value assumed to be 6.7, for 
the sake of argument, the beta-ray branching intensity 
would be 0.03%. This state decays by £2 radiation to 
the ground state. By taking the £° energy dependence 
into account, the relative amount of feeding of the 
6.06-Mev level via a 0.85-Mev £2 radiation would be 
~3X 10°) per 6.91-Mev state formed, or ~ 10° 
per disintegration. A similar consideration of feeding 
via a 0.080-Mev £3 transition from the 6.14-Mev state 
shows that this mode must be many orders of magnitude 
smaller than those discussed above. It may be concluded 
that even under the most favorable assumptions as to 
the various gamma-ray transition probabilities, the 
greatest amount of feeding of the 6.06-Mev level from 
higher states is either in the neighborhood of or well 
below the experimentally determined limit of the 
number of 6.06-Mev states formed. 
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A semiempirical study is made of the deuteron-deuteron reaction cross section to determine its energy 
dependence at low energy and to permit more reliable extrapolation to energies below the experimental 
range. An energy-dependent correction to the simple WKB form is shown to be indicated by experimental 
data. The energy-independent normalization factor is then determined by comparison with the experimental 
data over the range of ten to one hundred kev bombarding energy. This provides a cross-section formula 
which is more suitable for extrapolation to the region around one kev. 


INTRODUCTION 


OR many applications, such as stellar processes and 
proposed thermonuclear reactors, it is desirable 
to know the exact behavior of the reaction cross sections 
for deuterons impinging on deuterons with low collision 
energies. The reaction proceeds in the following two 
ways with about equal probabilities: 
1H?+ ,H*—-.He*+n, 
1H?+ ,H*—>,H?+ p. 


Unfortunately the cross sections for these processes 
are extremely small at low energy and are changing 
rapidly with energy in a manner characteristic of the 
behavior associated with penetration of a Coulomb 
barrier. Since the cross section is so low, it is very hard 
to measure it accurately. Several groups have measured 
the reaction cross section in the region from 10 kev to 
100 kev. It is the purpose of this paper to investigate 
the validity of extrapolating these data to a bombarding 
energy of 1 kev or lower. 

The three groups of deuteron reaction cross section 
data, which we shall refer to as those of APSST, 
ERS,’ and DJOPR,’* cover slightly different energy 
ranges. The most extensive data are those of APSST, 
but McNeil‘ has pointed out that there is a calculational 
error in the reduction of their (d,n) branch. All of 
the groups have assumed a two-parameter equation 
for their data based on the simple WKB theory of 
barrier penetration. The empirical fits for each set of 
data are as follows: 


APSST [total (d,n) and (d,p) ], 13< £<113 kev 
o= (A/E) exp[—B/E*] 

= (2.88X 10°/E) exp —45.8/£* Jbarns; 
ERS [either branch), 15.2<E<42.85 kev 

o= (1.32 10?/E) exp[—44.758/E!]; 


(1-a) 


(1-b) 


1 Arnold, Phillips, Sawyer, Stovall, and Tuck, Phys. Rev. 93, 
483 (1954). 
2 Eliot, Roaf, and Shaw, Proc. Roy. Soc. (London) A216, 57 
1953). 
3 Davenport, Jeffries, Owen, Price, and Roaf, Proc. Roy. Soc. 
(London) A216, 66 (1953). 
4K. G. McNeil, Phil. Mag. 378, 800 (1955). 


DJOPR (either branch), 14.5<£<185.7 kev 


o= (1.48 10°/E) exp[—45.29/E']. (1-c) 


These data are not inconsistent if one takes into 
consideration the experimental uncertainty.® The con- 
stant A depends upon, among other things, a specific 
nuclear process and probability whereas the constant B 
in the simple theory depends only upon the height of 
the Coulomb barrier. For the d-D reaction the theoret- 
ical expression for B is 44.4 in the same units as in 
the above equations. It is clear that each of the above 
experiments indicates a value of B which is higher than 
theory, and, in fact, a closer examination of the data 
indicates that B is increasing with energy. 

In what follows we shall concentrate on the APSST 
data, try to see what assumptions of the simple WKB 
theory are no longer valid in the experimental energy 
range, and by assuming a more realistic model, show 
that the proper theoretical expression predicts a devia- 
tion of B from the value 44.4 indicated by the simple 
theory. The results of this analysis are not very sensitive 
to the details of the data so that the variations between 
the three sets of data do not significantly change the 
analysis. 

One of the consequences of a more realistic theory 
will be the more accurate determination of the prefactor 
A from the experimental data. This will lead to a 
more accurate extrapolation of the cross section to the 
1-kev region. Since the experimental data that have 
been obtained at low energies have an appreciable 
uncertainty, the following analysis can only be used 
to indicate qualitatively the size of the deviation from 
simple theory. 


LOW-ENERGY LIMIT 


In the simplest theoretical approach to the reaction 
cross section, one divides the calculation into two parts, 
the probability that two deuterons impinging on each 
other will interpenetrate through the Coulomb and 

5 We shall assume that the branching ratio (d,p)/(d.m) is 
unity, which is approximately true at these energies. Specific 


differences between the two modes of disintegration would depend 
upon a detailed nuclear model. 
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centrifugal barrier to within a distance R, called the 
interaction radius; and the probability that, the two 
having penetrated, a certain reaction will take place. 
This is basically the compound nucleus approach. It 
is not believed that the stripping reaction will contribute 
appreciably at such low energy. The first part, the 
probability of formation, is strongly energy-dependent 
for collision energies below the Coulomb barrier. For 
the collision of two deuterons this barrier height is 
about 200 kev. This probability of penetratiin is also 
dependent on the nuclear forces but to a much smaller 
extent because of the low energy and the short range 
of nuclear forces. The second factor, the inherent 
probability of disintegration in a certain decay mode, 
depends upon the interparticle forces which exist in 
the compound system. The complete analysis of this 
term would require a solution of the Schrédinger 
equation for the four bodies in interaction. This 
approach has been attempted by Fliigge® and by 
Pruett e¢ al.” but mathematical difficulties prevent a 
complete solution. For sufficiently low bombarding 
energy, this term should not be very sensitive to the 
kinetic energy and so in what follows it will be treated 


as a constant factor, independent of the bombarding. 


energy. 

Concentrating upon the first element of the cross 
section, the approach cross section can be calculated 
either by using the WKB approximation which is 
valid so long as the bombarding energy is low compared 
to the barrier height, or it can be calculated using 
exact Coulomb wave functions in the region external 
to the interaction radius R connected to wave functions 
obtained from some nuclear model inside the interaction 
radius. 

Bethe® has evaluated the WKB expression for the 
penetration cross section, which is a quite complicated 
expression dependent upon the value of the interaction 
radius as well as upon the bombarding energy. It does 
not depend explicitly upon the depth of the nuclear 
potential well inside the range of forces. This com- 
plicated expression can be simplified in the low-energy 
limit. 

The d-d approach cross section then takes the form 

o=(A/E) exp[— 227 |= (A/E) exp[—44.4/E*], (2) 


where 
at 
n=e"/hv, 


which was the form chosen by the experimentalists for 
empirical fit to their data. In this limit, it is assumed 
that the Coulomb barrier extends all the way to the 
origin and the nuclear and centrifugal potentials are 
ignored. Equation (2) represents a quite accurate 
approximation to the decay of a heavy nucleus by 
alpha-particle emission since the barrier is very high. 


6S. Fliigge, Z. Physik 108, 545 (1938). 
7 Pruett, Beiduk, and Konopinski, Phys. Rev. 77, 628 (1950). 
8H. A. Bethe, Revs. Modern Phys. 9, 178 (1937). 
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But for the interaction of light nuclei where the 
Coulomb barrier is quite low, this approximation is 
valid only at extremely low energy. 

A comparison of the exponential constant obtained 
in the limiting theoretical expression above with the 
empirical constants obtained by the various groups 
indicates that the drastic simplifications required to 
obtain Eq. (2) are not entirely justified in the energy 
range above 13-kev bombarding energy. 

If, then, one wishes to describe the correct analytical 
behavior of the approach cross section in the range of 
experimental data, one can either choose the more 
complicated and more exact WKB formula,’ or one 
can proceed directly to the Coulomb wave function 
solutions. We shall follow the second approach, 
obtaining low-energy approximations to the exact 
Coulomb solutions. 


COULOMB WAVE APPROXIMATION 


The procedure in brief is to assume a Coulomb field 
between the deuterons down to some radius R, and 
beyond that an attractive nuclear one-body potential. 
Ostrofsky, Breit, and Johnson’ have derived the reaction 
cross section for such a one-body model, assuming 
small attenuation of the incoming wave which corre- 
sponds to small absorption, in terms of the regular 
and irregular Coulomb functions (unbound solutions of 
the Schrédinger equation) and the internal wave 
functions which are solutions of the assumed nuclear 
potential. A phase shift is needed to match smoothly 
the wave functions at the boundary R. The cross 
section has the form 


4a PR®(2L+-1) (F,?/p?) (uz?) 
——<— 8 
v(1—F ,G16,)?+F 157? 


where 


R R 
(uz?) -f wyuy*dr; f wz(r)dr=1. 
0 0 


The F, and G, are the regular and irregular Coulomb 
functions for angular momentum L normalized to be 
asymptotic to the sine and cosine of the same phase 
for large r. The uw, are the internal wave functions, 
solutions of the assumed nuclear potential. 6, is the 
phase shift caused by the presence of the nuclear 
potential and p is the dimensionless length, kr. v is the 
relative velocity of collision and wy is the relative 
intrinsic probability of inducing the disintegration in a 
distance dr around r. This will be taken to be constant, 
1/R. P is a parameter representing the probability of 
the reaction occurring if the bombarding particle is 
inside the nuclear boundary. This will, in general, 
vary with energy and angular momentum, but in what 
follows it will be assumed to be constant. 

Now, following the approach of Johnson and Jones," 


* Ostrofsky, Breit, and Johnson, Phys. Rev. 49, 22 (1936). 
0 J. L. Johnson and H. M. Jones, Phys. Rev. 93, 1286 (1954). 
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this cross section can be expanded about zero bombard- 
ing energy if there are no low-lying resonances in the 
compound system, which seems to be the case for the 
(d,d) system." In their notation’? the first two terms 
of this expansion are as follows: 


8rPHB ( 2x7 ) 
9(R+Sa)?\er"—1 


1 M+Na+0g x\ ty 
cho Metso 
n° R+Sa 2/7 B 


where x= (8pn)!.and H, ®, S, M, N, and O are algebraic 
expressions involving Bessel functions of imaginary 
argument, defined in reference 10. They are completely 
determined by the value of R which is chosen. 7 is the 
Sommerfeld parameter, e?/hv, and a, 6, and y are 
parameters defined through an expansion of the 
logarithmic derivative of the wave function inside the 
nuclear potential evaluated at R. Their exact definitions 
are contained in Appendix I. 

The first term in the expansion is practically identical 
with Eq. (2), the extreme low-energy limiting expres- 
sion. The next term in the expansion includes the effects 
of the finite values of the nuclear well parameters. This 
procedure is analogous to the effective-range expansion 
of the neutron-proton scattering cross section” except 
that the presence of charged particle interactions is 
complicating. But in analogy to effective-range theory 
it will be shown that the first two terms of the cross 
section are not sensitive to the details of the nuclear 
potential but only to the average range and depth 
parameters. 

Since the expansion is valid at low energy only, 
the shape of the nuclear potential should not be 
significant. Therefore a nuclear potential is assumed 
which has a constant depth, —U, out to a radius R 
and is zero beyond. This potential is certainly not 
directly related to the basic internucleon potential but 
is an auxiliary potential which one deuteron experiences 
when it penetrates to within R of the other deuteron. 
In other words, it has the same average effect on the 
penetration process at low energy as does the more 
nearly correct and much more complicated interaction 
between all four particles. 

Since the parameter P is undetermined in this 
procedure, it is useful to eliminate it and this can be 
done by considering the slope of the cross section as a 
function of energy, specifically dIn(¢E)/d(E~). To 
the same order of approximation as the cross section, 
this slope has the form 


o 


1 DP). D. Phillips (private communication). 

12 ® is used to distinguish the expression from radius R. 

18 R. G. Sachs, Introduction to Nuclear Theory (Addison Wesley 
Press, Cambridge, 1955), Chap. 4. 

4 The effect of rounded edges is not so important for the 
light nuclei. See D. C. Peaslee, Annual Renew of Nuclear Science 
(Annual Reviews Inc., Stanford, 1955), Vol. 5, p. 127. 


BRENNAN 


d |n(cE) 
———=—2nmF' 
d(E-) 


1 \fM+Nat+O08 /x\'y 
HSE Ot 6 
1 ‘ R+Sa 2/7 B 
Note that the first term in this slope, 2rmE!= 44.4, is 
identical to the constant B which is the slope of the 
low-energy WKB formula, Eq. (2). Thus, the second 
term in the expression above is a correction term which 
will depend on the nuclear force parameters. Our 
problem is now to decide whether the analytic form of 
the cross section, Eq. (4), and of the slope, Eq. (5), 
can be made to account for the behavior of the experi- 
mental data. 


COMPARISON OF LOS ALAMOS DATA 
WITH THEORY 

If, instead of assuming, as did the Los Alamos group, 
APSST, that the data can be fit by an empirical 
equation like Eq. (1), one assumes an empirical equation 
with the form of Eq. (4), what parameters in the 
assumed nuclear model could account for the data? 
Let us assume then that the slope of the cross section 
can be represented by 


d \n(cE)/d (E-) = —44.4(1+CE)), (6) 


rather than the constant slope, B, assumed by the 
experimentalists. The dependence of the correction 
term to the slope upon energy is suggested by the form 
of Eq. (5), but it is interesting to note that if the more 
exact form of the WKB expression*® were used, the 
energy dependence would be the same as assumed in 
Eq. (6). If a least-squares analysis of the (d,p) branch 
of the APSST data is performed subject to the con- 
straint that the first term in the slope should be the 
constant B= 44.4, one obtains the result 


In(oE) = 11.586—44.4E-*+-0.001882, 7) 
or, for the slope by differentiation, 
d In(oE)/d(E~) = —44.4—0.00376E!, 


These numbers are to be considered as_ order-of- 
magnitude estimates only, since the data are not precise 
enough to validate the number of significant figures 
used, 

Our procedure is to determine what values of the 
parameters of the theoretical slope, Eq. (5), are needed 
to reproduce the empirical equation, Eq. (7). From 
this, since the parameters are functions of the assumed 
nuclear potential, one can find what range and depth 
a nuclear potential must have to give the observed 
reaction cross section. 

Writing, for the energy-dependent correction to the 
theoretical slope, 

M+Na+0OB /x\' 
2/ B 


R+Sa 
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one has, rewriting Eq. (5), 
d \In(oF) 
d(i-) 


3, 


t 
= ~ 2eat!| 1+ 
nr 


=—~44.4{14+9X10-YE}}. (8) 


Now ?¢ can be expressed as a transcendental function 
of the phase of the wave function evaluated at the 
radius R in the limit of zero energy. In Appendix I the 
analytic forms of the parameters are obtained in 
terms of the nuclear potential parameters. If the 
correct nuclear potential were known, the phase z of 
the wave function would be specified uniquely and 
therefore ¢ would be determined uniquely. However, if 
one proceeds in the reverse order as one must, a 
knowledge of ¢ gained from experiment does not 
specify the range and depth uniquely. Even the range- 
depth relationship is contained in a multiple-root 
solution of the transcendental equation. However, it is 
possible to select the correct root from physical argu- 
ments so that a range-depth relationship can be 
obtained. 

A comparison of the empirical relation, Eq. (7), and 
the theoretical relation, Eq. (8), shows that the potential 
must be chosen such that (0,094. In Fig. 1 a plot is 
made of ¢ versus the phase z of the nuclear wave function 
at R. In order to simplify the numerical work, a value 
for R=7X10~ cm has been chosen. This is customary 
for the d-D reaction work and is based on some theoret- 
ical justification.” Now it is seen from the diagram 
that a root exists in the first quadrant, in the third 
quadrant, in the fifth, etc. Since the ground state of 
the system is some 20 Mev below the energy of the 
compound nucleus, and since the first known excited 
state is several Mev above the excitation energy, 
one selects the third-quadrant root as the physically 
meaningful result. For the chosen value of R, quoted 
above, this means that the depth of the potential must 
be about 9 Mev. If a different value of R were chosen, 
this would change the diagram, Fig. 1, only slightly 














9 144 192 
Z (Degrees) 


240 


Fic. 1. The slope correction parameter ¢ plotted against the phase 
z of the wave function at the boundary of the nucleus. 
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Fic. 2. A comparison of the d-D cross section extrapolated 
to 1 kev is shown. The solid line represents the direct extrapola- 
tion of the Los Alamos empirical equation. The dashed line 
represents the extrapolation with the theoretically modified 
equation of this paper. For graphical clarity, the logarithm of 
cE is plotted versus E+. 


and so the diagram essentially determines a range-depth 
relationship for the assumed square well shape. This 


can be written 
U .R°=4.4X 10-* Mev-cm?, 


and can then be used to determine corresponding depths 
if other values of the range are chosen. Note that 
small changes in z lead to large changes in the value of 
{ in certain regions, especially near crossing points. 
This being true, it follows that experimental un- 
certainties which lead to uncertainties in the value of ¢ 
will not change significantly the range-depth relation- 
ship quoted above. As a matter of fact, if one analyzes 
the ERS and DJOPR data in the same way as has 
been done with the APSST data, the value of ¢ is 
different but this does not require a large change in the 
nuclear force parameters. 

It is well to reiterate that this potential which we 
have obtained is an auxiliary potential whose average 
effect on the penetration cross section at low energies 
is equivalent to the actual interparticle potential. 
One would certainly not be justified in using this 
auxiliary potential for a determination of the factor P, 
the intrinsic probability of decay of the compound 
nucleus, as this will depend intimately upon the 
interparticle potential within the radius R. 


EXTRAPOLATION TO VERY LOW ENERGY 


For certain applications, such as some stellar prob- 
lems, it is of interest to know the reaction cross section 
for bombarding energies even lower than the present 
experimental range. But to do this, using the low-energy 
limiting cross section, Eq. (2), it is necessary to know 
the normalization factor A. If our theory leading to 
Eq. (4) is adequate to describe the energy behavior in 
the experimental energy range, then the factor P 
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should turn out to be a constant as we postulated. 
A comparison of Eq. (4) with the APSST data for all 
energy values between 13 and 113 kev shows that P 
is essentially constant for this range with a value of 


P=6.6X10'8 sec. 


If we wish to extrapolate to a lower bombarding 
energy of about 1 kev, the second term in the expansion 
of the cross section, Eq. (4), is negligible and the first 
term is now of the same form as the low-energy limiting 
equation. Therefore, by inserting the value of P obtained 
above, it is possible to evaluate the normalization 
constant A. Therefore, the extrapolated cross section, 
(d,p) branch, becomes 


o= (107/E) exp[—44.4E-4). 


This expression gives a value for the cross section about 
three times larger than the APSST empirical equation 
(1—a) for a bombarding energy of 1 kev. (See Fig. 2.) 


APPENDIX I 


In order to evaluate the correction term to the cross 
section, Eq. (4), it is necessary to assume some shape 
dependence for the nuclear potential. We assume a 
square well of range R and depth Uo. Beyond R the 
potential is that of a repulsive Coulomb force. The wave 
function inside R is given by 

sinxr fix? ; 
u(r) = : > —=F+1 0; 
sinkR 2p 
where we have chosen the normalization so that 
u(R)=1. 


The parameters a, 8, and y are defined through the 
expansion of 


p(u-'du/dp) -r=at (1/n?)[—B/8(x/2)*]z-0+---, 
2(u?)=B+ (1/n?)[-y(x/2)*]e-o+---, 
where p=hkr, n=e?/hv, h’k?/2u=E, and x= (8pn)?. 
Now if we let z=«R, then as E approaches zero, we have 
2— (2u/h?)*(UoR?)}, 


so as E approaches zero. z, the phase of the wave func- 
tion, depends on the range-depth relationship of the 
nuclear potential. Now, by expanding the logarithmic 
derivative in power of the energy, we obtain the 
definitions for the three parameters as 


a=z cotz| z-0, 
B= (csc’z—cotz/z) x0, 
v= (1/82")[csc*z+ cotz/z— 22 cotz csc? ]zoo. 


BRENNAN 


Thus the limiting value of z specifies a, 8, and y and in 
turn the limiting value of z is specified by the product 
UR’, the range-depth relationship. 

Now ds shown in the text, a comparison of the 
theoretical slope, Eq. (8), and the least-squares analysis 
of the experimental data, Eq. (7), shows that the value 
of z that we are seeking is such that 


t(~9.4X 10~°. 


From Eq. (8), we can express ¢ as follows: 


(a+38—3)+K3(x)/Ki(x)(1—a) 6y 
RT AEA Bai aa eal 
(2a—2)+[K3(x)/Ki(x)—1](x/2)? B 


This is a complicated transcendental equation. It is 
convenient to specify R, solve for z such that ¢ will 
assume the right value, and then determine the proper 
value of the depth Uy for the choice of R. We take the 
usual choice for R, namely 


R=7X10-* cm. 
Thus we seek a solution to the equation 
t(s) =0.03933 
(a(z) +38 (sz) —3)+7.2939(1—a(sz)) 
— : aeaielionees +6 
2a(z)+ 1.05769 


In Fig. 1, ¢(z) is plotted against z. It is clear that there 
are multiple solutions of z which give the proper value 
for t. If we consider that z is the phase of the nuclear 
wave function at the boundary, and that the incident 
scattering energy is below the first known virtual state 
of He‘, we are led to select the root in the third quadrant 
as that which corresponds to the physical situation. 
This solution, z= 264°, yields a value for 


U&9 Mev. 


This, as we expected, is quite shallow, consistent 
with the broad range. The product UR? is the important 
quantity so that changes in the range would lead to 
corresponding changes in the depth but would leave 
the parameters a, 8, and y practically unchanged. 

Having determined a, 8, and y by the procedure 
outlined above, one can then evaluate the theoretical 
expression for the cross section, Eq. (4), except for 
the (assumed) constant P, the intrinsic disintegration 
probability. Comparing the theoretical expression with 
the experimental cross section, one gets the value for 
P, 6.6X10"* sec~. It would be of interest to try to 
evaluate this parameter P in terms of a more realistic 
nuclear model involving the interactions of nucleons. 
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The effects of including vacuum polarization scattering in angular momentum states with L>0 and of 
employing the relativistic value of the Coulomb scattering parameter n, rather than its nonrelativistic value 
n have been considered in the analysis of low-energy p-p scattering data. It has been found that about 
half of the apparent mean P-wave phase shift present in published data, in the energy range 1.8-4.2 Mev, 
should be attributed to this vacuum polarization scattering. A further decrease in magnitude of the P 
wave is obtained when n, is employed, rather than yn. Both the vacuum polarization scattering in states 
with L>0 and the employment of , rather than » result in a contribution to the f function which does not 
vary linearly with energy. The effects of these contributions on the coefficients of a polynomial expansion 
of f in powers of E are ascertained with reference to p-p scattering data in the energy range 0.2 to 7.5 Mev. 
The object of the work is more that of investigating the possible magnitude of effects on conclusions drawn 
from data due to applying the various corrections than that of deriving final phase-shift values. 


1, INTRODUCTION 


T was found by Foldy and Eriksen' that S-wave 

vacuum polarization scattering produces appreciable 
effects on the interpretation of proton-proton scattering 
data at the lowest energies. Eriksen, Foldy, and Rarita? 
found furthermore that indications of P-wave scattering 
anomalies are appreciably modified through the inclu- 
sion of vacuum polarization effects, about half of the 
apparent anomaly being explicable as P-wave scattering 
caused by the vacuum polarization potential. The 
inclusion of vacuum polarization anomalies with L>1 
was shown by Durand’ to give contributions to the 
differential cross section comparable with those caused 
by L=1. The changes in the cross section, calculated 
in the work just referred to, are small, amounting at 
most to 0.7% of the experimental cross sections. 
Nevertheless they have to be considered in the inter- 
pretation of the experimental work of Worthington, 
McGruer, and Findley‘ which has probable errors of 
comparable magnitude. The additions to the p-p 
scattering amplitudes caused by relativistic and mag- 
netic modifications of the Coulomb interaction between 
protons®’* drop out at low energies,’:* with the exception 
of the change in the Coulomb scattering parameter 7. 
Rather than the nonrelativistic value n= (e/h)(M/2E)! 


one should use the value’ n=e?/hv, where v is now the 
n ’ 


* This research was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force Office of Scientific 
Research of the Air Research and Development Command and 
by the U. S. Atomic Energy Commission. ay 

t Now at the Institute for Advanced Study, Princeton, New 
Jersey. 

1L. L, Foldy and E. Eriksen, Phys. Rev. 98, 775 (1955). 

2 Eriksen, Foldy, and Rarita, Phys. Rev. 103, 781 (1956). 

3L. Durand, III, Phys. Rev. 108, 1597 (1957). Some of the 
material reported on in the present paper appears in a preliminary 
form in the dissertation of L. Durand, III, Yale University, 1957 
(unpublished). 

‘Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953). Referred to in text as WMF. 

5G. Breit, Phys. Rev. 99, 1581 (1955). 

6 A. Garren, Phys. Rev. 96, 1709 (1954); 101, 419 (1956). 

7G. Breit, Phys. Rev. 106, 314 (1957). 


laboratory velocity of the incident proton calculated 
relativistically. The change in the p-p cross section 
caused by this change in is appreciable, resulting in 
an increase of the small-angle cross section of about 
0.3% at 1.8-Mev incident proton energy and about 
0.7% at 4.2 Mev. 

The object of the present work is a reanalysis of the 
pertinent low-energy p-p scattering data intended 
primarily to show how much conclusions regarding 
nuclear P-wave phase shifts may be affected as a result 
of the inclusion in such an analysis of the vacuum 
polarization scattering in angular momentum states 
with L>0 and of the employment of the relativistic 
Coulomb scattering parameter 7, rather than 7. Con- 
clusions regarding probable phase-shift values are only 
a secondary objective, complete consistency in the fits 
being difficult to obtain. 

The following notation will be used throughout : 


E=kinetic energy of the incident particle in the 
laboratory system. 

k= (ME/2h*)'=2n times the reciprocal of the wave- 
length in the center-of-mass system. 

n=e?/hv=the Coulomb scattering parameter, with » 
denoting the velocity of the incident particle in the 
laboratory system. If the velocity is calculated rela- 
tivistically this parameter is written as 7,. 

Ko*=apparent value of the S-wave phase shift 
obtained by fitting data with neglect of vacuum 
polarization and of the difference between the rela- 
tivistic and nonrelativistic 7. 

Ky’ =the phase shift for the relativistic wave func- 
tion if vacuum polarization effects outside the nuclear 
range of force were absent. 

5,= triplet P-wave phase shift for the state with total 
angular momentum Jh. 

5= (1/9) (604+36:+552)=mean P-wave phase shift 
used in fitting data, 

o=theoretical p-p scattering cross section in the 
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center-of-mass system, 
polarization. 

(Ac),»=contribution to due to vacuum polarization 
scattering in orbital angular momentum states with 
L>0. 

(Ac) ,= (00/0n)(n-—7). 

(Ac),=contribution to o due to small change AK» in 
the S-wave phase shift, linear in AK». 

(Ac),=contribution to ¢ due to a small mean P-wave 
phase shift 6, linear in 6. 

o,.=experimental p-p scattering cross section in the 
center-of-mass system obtained from data, employing 
relativistic kinematics. 

o-1= experimental p-p scattering cross section in the 
laboratory system. 

f=the function introduced by Breit, Condon, and 
Present,’ which varies nearly linearly with energy for 
short-range specific nucleon-nucleon forces. 

fa= f(n,Ko*)= f(n-,Ko*)+ (Af),+(Af)»p= the appar- 
ent f function. 

(Af)»p»=contribution to f, due to the vacuum 
polarization interaction. 

(Af),=contribution to fz when employing 7, rather 
than » in analyzing the data. 


including effects of vacuum 


2. LOW-ENERGY p-p SCATTERING DATA 


In the present section the accuracy of the low-energy 
p-p scattering data will be considered. The most 
accurate published data are believed to be those of 
Worthington, McGruer, and Findley,‘ spanning the 
energy range 1.8-4.2 Mev. The differential cross section 
has been measured for scattering angles from 12° to 90° 
or more in the center-of-mass system; nonsystematic 
uncertainties in the cross section are typically less than 
0.3-0.4% A number of other high-precision experiments 
have been performed below 10 Mev,’ but the data of 
WME are of special interest because they cover a wide 
angular range and also because many precautions were 
incorporated. A thorough discussion of the systematic 
corrections applied to their data was given by WMF. 

The transformations relating cross section and scat- 
tering angle as measured in the laboratory system to 
those in the center-of-mass system were used in the 


8 Breit, Condon, and Present, Phys. Rev. 50, 825 (1936). 

* The following low-energy experiments were considered in a 
ieast-squares fit to the data, with the weight w per point assigned 
to each group of observers; Heydenburg and Little, see reference 
23, w=0.0216; Cooper, Frisch, and Zimmerman, Phys. Rev. 94, 
1209 (1954), w=0.0263; Heydenburg, Hafstad, and Tuve, 
Phys. Rev. 56, 1078 (1939), w=0.00633; Herb, Kerst, Parkinson, 
and Plain, Phys. Rev. 55, 998 (1939), w=0.0663; Blair, Frier, 
Lampi, Sleator, and Williams, Phys. Rev. 74, 553 (1948), w 
=0.0659; J. Rouvina, Phys. Rev. 81, 593 (1951), w=0.00349; 
R. E. Meagher, Phys. Rev. 78, 667 (1950), w=0.00028; E. J. 
Zimmerman and P. G. Kreuger, Phys. Rev. 83, 218 (A) (1951), 
w=0.00450; K. B. Mather, Phys. Rev. 82, 133 (1951), w=0.00116. 
These weights were obtained by means of the 96 criterion of 
reference 23, employing in addition some preliminary data from 
Professor R. G. Herb and the WMF data. The /-function values 
were corrected for (Af)», (A2/)»p and (A3f)»» in this calculation. 
The effect of the difference between the weights used here and 
those used in this laboratory earlier® is not serious. 
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nonrelativistic approximation by WMF. These trans- 
formations are 


Onr(Onr) 


The nonrelativistic approximation of a quantity is here 
designated by the subscript mr. It has been found that 
the kinematic corrections resulting from a relativistic 
refinement of these relations are of a magnitude com- 
parable with the vacuum polarization corrections, and 
the values of o, and @ have been corrected therefore 
for the difference between @ and @,, and the associated 
difference in the cross section. At low energies the 
relativistic quantities are connected with the non- 
relativistic ones by” 


7 (0) =onr(Onr)[1—(E/2MC) cosOnrt+-- +], 
0=6n-+(E/4MC) sind,,+---, 


where E£ is the nonrelativistic kinetic energy of the 
incident proton in the laboratory system and M¢c is 
the proton rest-mass energy. The quantity £ is the 
usual incident proton energy obtainable as the product 
of the charge and the potential difference of the acceler- 
ator. The corrections to the data were made by applying 
(2.2) to the experimental and theoretical values of the 
quantities 6, o(@). In the calculations the theoretical 
values were computed directly for the exact value of 6 
corresponding to the experimental ©. The theoretical 
cross section needs no further correction if o(@) is 
calculated with the correct 6. If it is calculated, however, 
in the approximation of using 6,, for @ then according 
to (2.2) it requires a correction, which is shown in 
Fig. 1 as Graph A for E=3.037 Mev and Ko=51°. 
The ratio o/c, is thus affected in this case by the factor 
[1—(E£/2Me) ]/[1—(E/Me) ]J=1+(E/2Me) on ac- 
count of the combined effect of having omitted the 
kinematic relativistic correction in obtaining o, and the 
difference @—6@,, in calculating the theoretical o. At 
3.5 Mev this correction to ¢,—¢ is 0.2% of o. In 9 out 
of 12 available cases the employment of ¢,(@) in place 
of Genr(Onr) somewhat improved the symmetry of the 
WMF cross sections about 90° in the c.m. system and 
only for one case was the symmetry poorer after the 
correction. The fractional contribution to o(@,,) re- 
sulting from the change of 6,, to @ is shown in Fig. 1 
as Graph A for E=3.037 Mev and Ko=51°. The 
fractional contribution to the experimental value 
Tenr(Onr) resulting from the use of the exact transfor- 
mation of o,; to o, is shown as Graph B in that figure. 

An error in the measurement of the energy of the 
incident protons would introduce some uncertainty in 
the interpretation. The beam energy in the WMF 
experiments was calibrated against the Li’(p,n)Be’ 
threshold energy of 1.882+0.002 Mev (abs.)." The 
energy resolution of the electrostatic analyzer used 
was about 0.1%.‘ An error in the beam energy corre- 


=401:(90)/cosO, 6n,=20. (2.1) 


(2.2) 


100. Chamberlain and C. ey Phys. Rev. 79, 81 (1950). 


1 Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949). 
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sponding to the 0.1% uncertainty in the threshold 
energy would produce a change of 0.2% in the theo- 
retical value of the cross section in the angular region 
in which Coulomb scattering predominates and a 
change of 0.1% at larger angles. Such an error may 
matter in a precision analysis. 

In the WMF experiments the sizes of the slits defining 
the scattered beam were adjusted so as to make the 
corrections for scattering geometry given by Breit, 
Thaxton, and Eisenbud” vanish if the cross section is 
assumed to be of Rutherford form.‘ The use of a cross 
section containing both Coulomb and S-wave scatter- 
ing, however, introduces additional corrections to the 
cross section of about 0.1% in the angular region 
30°<0< 60° at energies E>3 Mev. 

In view of the possibility of such uncertainties an 
exhaustive analysis of the data was not attempted. 
The WMF data are studied here only as an example of 
the influence of vacuum polarization scattering and the 
use of the relativistic value of the Coulomb scattering 
parameter on the apparent P-wave phase shift, but 
the results regarding this aspect of the general problem 
are, at best, preliminary. Nuclear S waves, however, 
are fairly well determined so that the f function’ can 
be considered meaningful and both the WMF and other 
low-energy data’ will be used to clarify the changes in 
nuclear S-wave scattering resulting from the application 
of vacuum polarization and other corrections. 


3. ANALYSIS OF THE WMF DATA 


The WMF data were analyzed assuming that Cou- 
lomb and nuclear S-wave scattering are dominant and 
that contributions from higher orbital angular momen- 
tum states of nuclear origin are small. The experimental 
cross sections as given by WMF correspond to genr(Onr) 
of (2.1) and for the present work they were transformed 
to o.(8), employing the first of Eqs. (2.2). Similarly, 
the theoretical cross sections were calculated at the 
exact angles @. 

Preliminary analyses were made employing the non- 
relativistic 7 and assuming only Coulomb and S-wave 
scattering." Nuclear P-wave contributions to the cross 
section can then be introduced, using the fact that 
small P waves have little effect for @ close to 90°. The 
value of Ko obtained in the preliminary analysis was 
therefore adjusted to give a best least-squares fit to 
the data in the angular region > 50°. This adjustment 
was carried out using the formula for the change in the 
cross section linear in AKo, the change in Ko, viz., 


(Ac), = (2/k) Re{Lexp(— 27K) ][Sa.(8) 


+(sinKo) exp(iKo) }}4Ko, (3.1) 


where %a,(6) is the singlet Coulomb scattering ampli- 


2 Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
8 The authors wish to thank Dr. J. Shapiro and Mr. K. D. 
Pyatt for coding this work for an IBM 650 digital computer. 
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Fic. 1. Graph A: The fractional contribution to the theoretical 
cross section o(@,,) when changing @,, to 6. Graph B: The frac- 
tional contribution to the experimental value genr(Onr) when the 
exact transformation of ¢,; to o, is used. 


tude." Since the change AKo was always less than 
0.06°, the linear approximation used here is well 
justified. A good fit to the cross section for 090° is 
thus obtained with an apparent S wave which would 
give a fit neglecting the presence of vacuum polarization 
and of dynamic relativistic corrections and of P-wave 
effects 6=50° and #=90°. This apparent 
phase shift is called 


KN +Ko'? + (AKo) ep t+ (AKo) a+ (AKo) p- 


between 


Ko? . 


It consists of a specifically nuclear part Ko* which is 
the phase shift for the relativistic wave function which 
would be caused in the absence of vacuum polarization 
effects outside the nuclear range of force, a vacuum 
polarization S wave Ko’, and three further contribu- 
tions: (AKo)»p, (AKo),, and (AKo), due to the presence 
of vacuum polarization scattering with L>0 for 690°, 
the employment of 7 rather than n, in obtaining Ko* 
from the experimental cross section, and the P-wave 
scattering contribution to o at angles 090°. The 
magnitude of the contribution fA); depends on the 
size of the P wave. The contribution (AKo), was 
neglected in the present work, but its possible effect 
on the vacuum polarization contribution to the f 
function is discussed in Sec. 4. The fractional devi- 
ations [o,—o0+(Ac)»p+(Ac),|/o of the theoretical 
S-wave fit from the data are shown in Graph A of 
Fig. 2 for E=3.037 Mev. Deviations larger than the 
experimental uncertainties appear generally at angles 
6<40° for all the WMF experiments. These deviations 
have roughly the form of a small mean nuclear P-wave 
contribution to the section. Nuclear P-wave 
scattering was therefore introduced and was described 
by a mean P-wave phase shift 6= (1/9) (60+36:+56.), 
with neglect of quadratic contributions in 6. In this 
linear approximation the contribution to the theo- 
retical cross section is!® 


(Ac) p= (18/k?)5 cosd Re[7a.(0)e1, o* J, 


CcTOSS 


(3.2) 


where “a, is the triplet Coulomb scattering amplitude" 


The Coulomb scattering amplitudes as used in the present 
work are equivalent to scattering matrix elements S**, S** of 
G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955) after 
multiplying the latter by (1/kv2)e~*®. 

18 Equation (3.2) is equivalent to Eqs. (6.3) and (6.6) of 
reference 8 and Eq. (1) of Breit, Kittel, and Thaxton, Phys. Rev. 
57, 255 (1940), if quadratic effects are neglected. ; 
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Fic. 2. The results of the analysis of the 3.037-Mev experiment 
of WMF. In Graph A is shown the fractional difference between 
the experimental and theoretical cross sections; the latter was 
calculated neglecting vacuum polarization scattering and using 
n rather than 7,. The S wave in the present and the following 
graphs is obtained from a fit to the data in the angular range 
50°<@<120°, and is here the apparent S wave Ko*= Ko" +Ko"? 
+(AKo)ep+(AKo)_g+(AKo)p. The solid curve is the fractional 
contribution (Ac),/o to o due to the apparent mean P wave 
52=5n+(A5)»p+(A5)_. Graph B shows the fractional difference 
when S-wave vacuum polarization scattering is neglected and 7 is 
used rather than 7, in calculating o. The S wave is now Ko’ 
= Ky*—(AKo)»p and the vacuum polarization S wave has been 
considered part of the total § wave temporarily. The solid curve 
shows the fractional contribution to o of an apparent mean P 
wave 5,'=5,—(Aé)e,. Graph C shows the fractional difference 
when only the S-wave vacuum polarization scattering is neglected 
and considered part of the total S wave. The S wave is now 
K," = Ko*— (AKo) »p— (AKo)». The solid curve shows the contri- 
bution to o of the mean P wave 6,” =5.— (Ad) »p— (Ad). 


and éz,9 is the Coulomb factor." These apparent mean 
P-wave phase shifts were considered to consist of three 
parts 

ba= by+ (Ad) op+ (Ad) ” 


where 6y is the specifically nuclear P-wave phase shift 
and (Aé6),» and (Ad), are the contributions due to 
vacuum polarization scattering and the employment 
of n rather than 7, in obtaining 6, from the experimental 
cross section. The mean P-wave contribution (Ac) ,/o 
thus obtained at 3.037 Mev is shown as a solid line in 
Graph A of Fig. 2. The results for Ko* and 6, at the 
five energies used by WMF are shown in Table I in 
columns two and five, respectively, and do not differ 
substantially from those obtained previously by Hall 
and Powell.'* The present values of Ko* should be 
readjusted again for the contribution (AKo),, resulting 
from the small P-wave contributions to o at the large 
angles. When this was done, agreement was obtained 
with the results of Hall and Powell, to within the 
statistical uncertainties. 

The contributions to the theoretical cross sections, 


16H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
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(Ac), or (Ac),,/c, resulting from vacuum polarization 
scattering in angular momentum states with L>0 are 
given in Table II’ and Fig. 7 of reference 3, for the 
WME energies. The vacuum polarization S-wave phase 
shift of Foldy and Eriksen! was temporarily considered 
to be part of the total S-wave phase shift Ko necessary 
to fit the data because conclusions regarding presence 
of P waves are not affected by the origin of Ko but only 
by its magnitude. After including (Ac),, in o a different 
S-wave phase shift is necessary to fit the data around 
6=90°. The deviations [¢,—0+ (Ac), |/o are shown for 
the 3.037-Mev data in Graph B of Fig. 2 with S wave 
Ko* =Ko*—(AKo),»». The changes (AKo)»p are given 
in column three of Table I for the WMF experiments. 
At all energies there still occurred deviations of the 
theoretical fit from the data at angles 0<40°, and these 
were attributed to a mean P wave, denoted by 6,’ 
=6,—(A6),,. The quantities (Ad),, and 5,— (Aéd),, are 
given in columns six and seven of Table I, and the 
solid curve in Graph B of Fig. 2 shows this P-wave 
contribution as (Ac),/o for the 3.037-Mev experiment. 
The effect of the contribution (Ac), to the theoretical 
cross section which results from employing the rela- 
tivistic value of the Coulomb scattering parameter 
rather than its nonrelativistic value was treated in the 
same manner as (Ac),». The contribution is 


(Ac) ,= (d0/0n)(n-—7) 

= 2(E Mc?)n(da/0n) (3.3) 
to order £/Mc*, where Mc* is the proton rest-mass 
energy, n= (e/h)(M/2E)', and & is considered inde- 
pendent of 7 in the partial derivative. Over the energy 
range of the WMF experiments (Ac),/¢ is isotropic for 
large angles'* and its contribution to o required the 
small change (AKo), in Ko%, which is given in column 
four of Table I. The deviations [¢,—o |/o, with S wave 
Ko*"’ = Ko*— (AKo)»»— (AKo),, are shown in Graph C 
of Fig. 2 for E=3.037 Mev. These deviations were in 
general negative at angles 6<20° for all the WMF 
experiments, the maximum deviation of 1% occurring 
for the 3.037-Mev experiment. It was not found to be 
possible to fit the data simultaneously at large and 
small angles by changing the S-wave phase shift and 
adding small P- and D-wave contributions to the cross 
section. Nevertheless, at each energy, a fit to these 
deviations was made using a mean P-wave phase shift 
denoted by 6,.’=6,—(A6),,»—(A6),. The quantities 
(Ad), and 54— (Ad), »— (Ad), are given in columns eight 
and nine of Table I. The solid line in Graph C of Fig. 2 
is the contribution of this P wave to o at E=3.037 
Mev. Although the fit to the data could thus be im- 
proved somewhat at intermediate angles, 20°<@< 40°, 
the fit at small angles, 0< 20°, became worse for all the 
WMF experiments. 


17 [Ag (12°) ]op=59.0 mb at 1855 kev instead of 77.1 mb as 
given in Table II of reference 3. 
18 See Fig. 5 of reference 3 for (Ac),/o at 1.855 Mev. 
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TaBLeE I. The S- and P-wave phase shifts* fitting the p-p scattering data,» from 1.8 to 4.2 Mev. 


5a — (A5)vp — (45) 
(deg) 


(A5)n 
(deg) 


—0.014 
—0.013 
—0.016 
—0.023 
—0.022 
—0.024 
—0.019 


(Ad) ep 
(deg) 


—0.023 
—0.030 
—0.030 
—0.033 
—0.030 
—0.030 
—0.021 


5a — (Ad) vp 
(deg) 


—0.018 
—0.021 
—0.042 
—0.035 
— 0.049 
—0.055 
—0.045 


(AKo)n ba 
(deg) (deg) 


—0.010 — 0.041 
—0.010 —0.051 
—0.013 —0.072 
—0.014 — 0.068 
—0.015 —0.079 
—0.015 —0.085 
—0.015 — 0.066 


Ko (AKo)vep 
(deg) (deg) 
44,249 0.051 
44.304 0.051 
48.345 0.047 
50.979 0.045 
52.534 0.043 
53.342 0.042 
53.848 0.041 


E 
(Mev) 


—0.004 
—0.008 
—0.026 
—0.012 
—0.027 
—0.031 
—0.026 


1.855 
1.858 
2.425 
3.037 
3.527 
3.899 
4.203 


® The statistical uncertainty in Ko* was in the range 0.020° to 0.070°, while the statistical uncertainty in 42 was typically 0.020°. 


b See reference 4 


The effect on the present results of using split P-wave 
phase shifts in the analysis has been considered only 
qualitatively employing results obtained by Hull and 
Shapiro” with split P- and D-wave phase shifts. It is 
apparent, however, that the present fits cannot be 
improved by a useful amount unless the 6, are suffi- 
ciently large (|6,|>1°), so that the mean phase-shift 
approximation is inapplicable. A real determination of 
the presence or absence of split P- and D-wave phase 
shifts will require a more complete analysis than has 
been attempted here. 


4. NUCLEAR S-WAVE SCATTERING 


The present section is concerned with the f function 
of Breit, Condon, and Present,’ which is known to 
vary nearly linearly with energy over a considerable 
range of energies, if the non-Coulomb interaction 
between the protons has a short range. Any small 
additional long-range interaction between protons will 
contribute to the f function a part which does not vary 
linearly with energy especially at the lowest scattering 
energies. The vacuum polarization potential represents 
just such a long-range interaction. The contribution to 
the f function resulting from vacuum polarization 
scattering in the L=0 state has been considered by 
Foldy and Eriksen,' The present work supplements 
their treatment by considering both the contributions 
to f due to vacuum polarization scattering in angular 
momentum states with L>0 and the employment of 
the relativistic value of the Coulomb scattering pa- 
rameter rather than its nonrelativistic value. 

The f function is defined as 


f=(Ce/n) cotKo+4C—2—2 Inn 


+2 Re{I’(—in)/T(—in)}, (4.1) 


where C?=(2xn)/Lexp(2rn)—1], C=0.5772--- is 
Euler’s constant and I'(x) is the gamma function. The 
vacuum polarization scattering contributes to f through 
its contributions Ko’? and (AKo),, in the apparent 

9 L. Durand, ITI, dissertation, Yale University, 1957 (unpub- 
lished). 

”M. H. Hull, Jr., and J. Shapiro, Phys. Rev. 109, 846 (1958). 
Effects of split P-wave phase shifts on p-p scattering analysis 
have been considered for older data by Breit, Kittel, and Thaxton, 
Phys. Rev. 57, 225 (1940). 


S-wave phase shift Ko*. The quantity Ko’?+(AKo)ep 
corresponds to a small contribution (Af),, to fa which 
was split into three parts, 


(Af)ep= (Arf) opt (Asf) opt (Asf) ip. 


The first two parts are due to the vacuum polarization 
S-wave phase shift Ko’”, and were calculated by Foldy 
and Eriksen as A;,K=3(A;f),p and AgK=3(Aof)»p. 
The first part is caused by the interaction at distances 
less than e?/mc* and varies linearly with energy. The 
corresponding contribution to the total S-wave phase 
shift was therefore considered*! to be part of the 
nuclear phase shift Ko’. The second part is caused by 
the interaction at distances greater than e?/mc?. The 
third part is caused by the vacuum polarization inter- 
action in states with Z>0O, and was obtained from 
(AKo)»p as calculated in Sec. 3 for the WMF energy 
range, with the formula 


(Asf)op= (af 0K o)(AKo) vp: (4.2) 


For energies outside the range 1.8-4.2 Mev the quantity 
(AKo)»p was obtained on the assumption that the 
S-wave phase shift is determined by the data at @=90°. 
This assumption is equivalent to assuming that 
[ Ac (0) ]»p/[ Ao (8) ], is sufficiently constant over the 
angular range which is used to determine Ko*. This 
was found to be the case for 50°<@<90° in the energy 
range 1.4-4.2 Mev, but for energies below 1 Mev the 
validity of the assumption was not investigated. For 
energies above ~2 Mev it was also assumed that 
nuclear P-wave scattering may be neglected for the 
present purpose. The reason for this was that in the 
present work the change (AKo),, in the S-wave phase 
shift, after (Ac),, was included in o, was taken to be 
the difference between the two initial S-wave fits to 
the data in the angular range 90°>6@> 50°, before the 
introduction of a mean P wave in the analysis. When 
P-wave scattering was introduced, these initial S-wave 
phase shifts required a readjustment (AKo)», which 
depends on the sizes of the respective P-wave phase 
shifts 6, and 5,.— (A6),». Since the P-wave phase shift 
became smaller in magnitude after the inclusion of 
(Ac)»p, the readjustment (AKo), of the initial S-wave 


*1 The authors wish to thank Professor G. Breit for suggesting 
this procedure. 
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Fic. 3. The contributions to f which do not vary linearly with 
energy. The vacuum polarization contribution (A2f)»p+(Asf)»p 
is due to scattering in all angular momentum states except for 
the interaction at r<e/mc? in the L=0 state, which is not 
included. The dashed curves are the least-squares fits to this 
contribution. The employment of 7, rather than 7 in the determi- 
nation of the S wave from experiment and in the calculation of f 
results in the contribution (Af),. 


phase shift was different, depending on whether or not 
(Ac), was included in ¢. For example, at 3.899 Mev, 
considering the two initial S-wave fits, (AKo),,»=0.042°. 
After the addition of the mean P-wave phase shifts 6, 
and 6,— (Aé),, of Table I, and subsequent readjustment 
of the initial S-wave phase shifts, (AKo),,=0.031°. 
Below 1 Mev, [Ac(90°) ],, was calculated according to 
Eq. (24.3) of reference 3, with the vacuum polarization 
scattering amplitude to order 7’. In Table II the 
quantity (A3f),, and the results of Foldy and Eriksen 
for (Asf),p are listed over the energy range 0.2-4.0 
Mev for comparison, and Fig. 3 shows (Aof)»»+(Asf)op 
vs E. 

The employment of the relativistic value of the 
Coulomb scattering parameter rather than its non- 
relativistic value resulted in a contribution (Af), to 
fa,” which consisted of two parts 


(Af)a=(Aif) ot (Aof)s- 


The first part arose from the small change (AKo), in 
Ko* when the contribution (Ac), in o was incorporated 
in the data analysis. Assumptions similar to those used 
in obtaining (A;f),, were made for calculating (A;/),. 
The quantity (A, /), was calculated from 


(Ai f),= (of ‘0Ko) (AKo)., (4.3) 
where (AKo), was obtained from [Ao(90°)], and 


[Ao (90°) ], for energies outside the range 1.8-4.2 Mev. 
The second part is 


(Aof),= (0f/dn)(n—n,), 


and is the difference between the two values of f 
calculated with nonrelativistic and relativistic values 
of n, for a given fixed value of Ko in Eq. (4.1). These 
quantities are given in Table II and Fig. 3 over the 
energy range 0.2-4.0 Mev. 


(4.4) 


2 The authors wish to thank Professor G. Breit for communi- 
cating to them the results of some unpublished work in which a 
partial justification for the use of 7, in the calculation of f was 
obtained. 
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The effect on f resulting from the use of the exact 
transformations (2.2) for o.:(@) and © instead of (2.1) 
was not investigated. The main effect appears in the 
P wave, which is more negative when Eqs. (2.2) are 
used. The effect on the S-wave phase shift is smaller 
than (AKo), in magnitude. Equations (2.2) were only 
used for the WMF data. 

The data determine an apparent f function 


fa= f(n,Ko*) = f(n,Ko%)+(Af)opt (Af), (4.5) 


The f function was represented by an expansion in 
powers of the energy in the form 


f= fO+ fME+ fOR+ see, (4.6) 


and the coefficients of the powers of E were determined 
from a least-squares analysis of the data. Sources of 
experimental data and the weight per point for each 
group of observers are given in reference 9. The WMF 
data were used with a weight of 0.37 per point. The f 
function as calculated from the data in previous work” 
corresponds to the present fa, which is calculated 
employing 7 and Ko* in (4.1). A linear fit to fa was 
first made in the form (4.6) with f®=0. The result was 


fa=7.8073+0.9162E. (4.7) 


Expansions of f, quadratic in F can be obtained 


employing 


df /daf%=5.64, daf/af%=—5.23. (4.7’ 


These derivatives are independent of the experimental 
values of f and the size of f®. The coefficient f® is 
small and may be calculated for a particular well shape 
using approximate values of / and f/f. The effect of 
(Acf)ep, (Asf)ep, and (Af), on the coefficients fa and 
fa was first considered. This was done by means of a 
least-squares fit of a polynomial linear in F to (Aof)»», 
(Asf)»p, and (Af),, at the experimental values of E 
and employing the weights assigned to the experimental 
points. The results of these least-squares fits can then 
be combined with the fit to f, according to (4.5) and 
give the same result for f(n,,Ko‘), which would have 
been obtained if a least-squares fit had been made to 


TABLE IT. Nonlinear contributions to the f function. 


(Arf)n 
0.0028 
0.0042 
0.0058 
0.0073 
0.0088 
0.0104 
0.0134 
0.0165 
0.0254 
0.0352 


E (Mev) 


0.2 
0.4 
0.6 
0.8 
1.0 
Lz 
1.6 
2.0 
3.0 
4.0 


(Azf)up* 


0.1398 
0.0690 
0.0488 
0.0392 
0.0334 
0.0296 
0.0248 
0.0220 
0.0180 
0.0158 


(Arf ep 


—0.0391 
— 0.0239 
—0.0153 
—0.0127 
—0.0115 
—0.0107 
—0.0103 
—0.0102 
—0.0105 
—0.0109 


(Ar tn 


0.0033 
0.0019 
0.0015 
0.0014 
0.0015 
0.0016 
0.0018 
0.0021 
0.0028 
0.0037 


® These results are due to Foldy and Eriksen, reference 1. 


% Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 
540 (1952). 
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the experimental values of this latter quantity. The 
values of (Asf)»p, (Asf)»p, and (Af), above 4.2 Mev 
were obtained from graphs extrapolated from the 
calculated values. These results are summarized in 
Table III. The results of Foldy and Eriksen for the 
short-range contribution of the vacuum polarization 
potential in the L=0 state can be represented by 


(Ai f)»p=0.0160+0.00044, (4.8) 


since it varies linearly with energy. The effect of 
(Asf)»p, (Asf)»p, and (Af), on the coefficients of an 
expansion linear in E will depend on the weights 
employed and the energy range considered, because 
they do not vary linearly with energy. It was found 
possible, however, to represent (Af), as a quadratic in 
E over the energy range 0.4-8.0 Mev 


(Af) ,=0.0035+-0.0062E+0.00067E7, (4.9) 


which fits the calculated values to better than 2% of 
(Af), in this energy range, but is too small by 23% at 
0.2 Mev. The effect of (Azf),,+(Asf)»p on the coeffi- 
cients fa, fa, and f, of a quadratic fit was also 
considered. This was done by means of a least-squares 
fit of a polynomial quadratic in E to (Asf)ept+(Asf)op 
at the experimental values of / and employing the 
weights assigned to these points.® The result was 


(Acf)ept (Asf)»p= 0.0488 —0.0241E+0.00324E2. (4.10) 


The linear and quadratic fits to (Aof),,+(Asf)»p are 
shown in Fig. 3, as dotted curves, for comparison with 
the calculated values. 

The present results for the vacuum polarization 
contributions to f give a decrease in f,‘” of about 0.8% 
on account of the L=0 state interaction and an increase 
of 0.2% on account of the interaction in states with 
L>O resulting in a net decrease in f, of 0.6°> when 
a linear fit to (Af), is used. The use of a quadratic fit 
to (Af)»» gives a decrease in f, of 0.8%. The effect 
on fa‘ is an increase of about 0.89% for a linear fit to 
(Af)»p and an increase of 2.69% for a quadratic fit to 
(Af)»p. The effect of (Af), on fa is less than 0.04% 
and gives a decrease in /,"” of 1% for a linear fit and 
a decrease of about 0.7°% for a quadratic fit to (Af),. 


5. SUMMARY 


The vacuum polarization scattering with L>0O ac- 
counts for about half of an apparent mean_ P-wave 
phase shift needed to fit the WMF data in the angular 
range 12°<@<40°, and in this angular range the 
apparent mean P-wave contribution to o is typically 
twice the quoted, nonsystematic, experimental uncer- 
tainty. Below 2 Mev, mean P waves determined after 
introducing this vacuum polarization scattering are of 
the same magnitude as their statistical uncertainty. 

The subsequent employment of the relativistic value 
of the Coulomb scattering parameter rather than its 
nonrelativistic value resulted in a theoretical cross 
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TaBLE III. The contributions to fa and fa of Eq. (4.7) 
due to vacuum polarization scattering and due to employing 7 
rather than 7,. 


Af 1) 

~ —0,0084 
0.0012 
0.0097 


Af 


0.0450 
~0.0144 
— 0.0002 


Quantity 


(Asf)s Pp 
(Asf)ep 
(Af)n 


section which was larger than the WMF cross section, 
but not by more than 1%, at angles 6< 20°. It was not 
found possible to fit the data over their complete 
angular range using small mean P and D waves in 
addition to Coulomb, S-wave, and vacuum polarization 
scattering. Below 3 Mev, the mean P-wave phase shift 
has the same magnitude as its statistical uncertainty. 
A better determination of nuclear P waves would 
probably require data of higher precision, over the 
angular range 12°<@<40°, than was achieved in the 
WMF work. 

The vacuum polarization scattering in states with 
L>0O also gave a small contribution to the S-wave 
phase shift, which is approximately equal to the 
statistical uncertainty in Ko*. On account of its system- 
atic character it was, nevertheless, applied and its 
effect on the f function was ascertained. It was found 
to give a contribution to f which does not vary linearly 
with energy, and its sign is opposite to that of the 
contribution to f owing to vacuum polarization scat- 
tering in the L=O state, which had been considered 
previously by Foldy and Eriksen. The part (Asf).»p 
+ (A3f),» of the total vacuum polarization contribution 
to f does not vary linearly with energy and is ~0.1 at 
0.2 Mev decreasing to 0.02 at 0.9 Mev. For comparison 
one may quote the minimum uncertainty in f in this 
energy range as determined from the Heydenburg and 
Little data as between 0.01 and 0.04.% In the energy 
range 1.8-4.2 Mev this contribution varies from 0.01 
to 0.005, whereas the uncertainty in f for the WMF 
data is between 0.008 and 0.010. 

The contribution to f resulting from employing 7, 
rather than 7 in an analysis of the data was also con- 
sidered, but in view of the difficulty in fitting the 
WMF data at small angles the use of this result would 
need a more thorough investigation than was attempted 
in the present work. 
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Radiative Capture of Protons in Oxygen at 140 to 170 kev* 


R. E. Hester, R. E. Prxtry, anp W. A. S. LAMB 
University of California Radiation Laboratory, Livermore, California 
(Received May 26, 1958) 


The thick-target yield of the reaction O'*(p,y)F!” has been measured by bombarding Al,O; targets with 
protons from 140 to 170 kev using currents from 3 ma to 10 ma and counting the induced positron activity of 
the F!’. The thick-target yield ranges from (1.91) X 10~” beta/incident proton at 140 kev to (1.47+0.15) 
X 10~* beta/incident proton at 170 kev. The corresponding cross sections are (4.6+2.4) X10" barn at 140 
kev and (2.34+0.3) X 10” barn at 170 kev. The activity was identified by observing the half-life. The cross- 
section factor So was found to be 6.81.4 kev-barns between 140 kev and 170 kev bombarding energy. 


INTRODUCTION 


HE reaction O'*(p,7)F'"-0'"+6*+ » followed by 
O'(p,a)N™ has been discussed by Burbidge et al.! 
as a part of the CNO cycle which is a generalization of 
the CN cycle. This series of reactions is believed to take 
place in the hydrogen-burning shells of red giant stars. 
In the absence of resonances, the reaction rate at stellar 
energies is controlled by the barrier-penetration de- 
pendence of the cross section. The approximate ex- 
pression for the cross section valid in the energy range of 
this measurement is 


So 
o(E) a. exp(—31.28Z,Z,A¥/E.'), (1) 


~¢ 


where o(£) is in barns (10-*4 cm?), E, is center-of-mass 
energy in kev, Z, and Z, are the nuclear numbers of the 
interacting nuclei, A is the reduced mass of the system, 
and So is an approximate constant given in kev-barns. 

The purpose of the measurement discussed here is to 
establish the value of the quantity So for the reaction 
O'*(p,y)F" to enable extrapolation of the value of the 
cross section to energies of interest in astrophysical 
processes. 


EXPERIMENTAL PROCEDURE 


The counter and target assembly used in this experi- 
ment are shown in Fig. 1. A magnetically analyzed 
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Fic. 1. Diagram of target and counting equipment. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 


beam of protons from a high-current ion injector® 
impinged on a target which could be moved in front of a 
8 counter to measure the induced activity after bom- 
bardment. The entire target assembly was insulated 
from ground and biased from —5 to —30 kv to obtain 
the additional energy required to make this measure- 
ment. The beam currents used in this experiment ranged 
from 3 to 10 ma over a 1}-inch diameter beam spot. 
With beam currents as high as 15 ma, slight target 
erosion was noticed on visual inspection of the target. 

The thick Al,O; targets were prepared by electro- 
chemically anodizing* aluminum sheets. They were 
mounted in a water-cooled probe which could be placed 
} inch in front of a 13-inch diameter anthracene crystal. 
The }-inch-thick anthracene crystal was covered with 
1-mil aluminum foil. A 6292 photomultiplier tube was 
used. 

The beam current was deduced by measuring the 
beam power with a calorimetric apparatus and the 
bombarding energy by means of a voltage divider. The 
voltage divider was calibrated on the B"(p,y)C® reso- 
nance at 163 kev. 

The efficiency of the counting system was determined 
by using a P® source 1} inches in diameter mounted on 
aluminum backing ; P® was used because it has the same 
end-point energy as the F"’ activity. The spectrum end 
point of a RaDE source was periodically checked to see 
that the gain of the counting system did not change. 


RESULTS 


The F"’ activity was identified by observing its half- 
life. The counting rate for any individual run was too 
low to indicate anything more than a short-lived 
activity, but the addition of several runs made the 
counting statistics sufficient to establish a reasonable 
identification. Figure 2 shows a decay plot of the 
induced short-lived activity utilizing the runs taken at 
165 kev and 170 kev bombarding energy; this was used 
to identify the activity as F"’. 

The target was bombarded for 198 seconds, three half- 
lives of F'’, and counted for 1800 seconds. The cosmic- 
ray background was well established and was subtracted 

2W. A. S. Lamb and E. J. Lofgren, Rev. Sci. Instr. 27, 907 


(1956). 
3. Harris, J. Opt. Soc. Am. 45, 27 (1955). 
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from the counting data. The data taken during the last 
1500 seconds of the counting period were examined to 
determine the initial counting rate of N, the product of 
the principal contaminant, ubiquitous C”. The ap- 
propriate number of N"™ counts was then subtracted 
from the data taken during the first 198 seconds to 
obtain the yield of F!’. Due to the low F"’ counting rate 
and the high background caused by N™ and cosmic 
rays, the statistical uncertainties are large. The range 
of statistical uncertainty is 159% to 43% at 170 and 140 
kev, respectively. The thick-target yield Y;, is given by 
nN 
Y .<=—_——_—— Sia , (2) 
effIr(1—e—/")(1—e- 9/7) 


where » is the total number of counts of F!” in the 
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Fic. 2. Decay of the short-lived activity used to identify F"”. 


interval used, 3 half-lives (198 sec); g is the charge per 
proton in coulombs; 7 is the mean life of the F"’ activity 
in seconds; J is the bombarding current in amperes; eff 
is the efficiency of the counter; and #, and é2 are the 
bombardment time and the counting time, respectively, 
in seconds. 

The thick-target yields are shown in Fig..3. The 
errors indicated are statistical errors. The estimates of 
the systematic errors are voltage measurement +2 kev, 
beam current +6%, and the counter efficiency +7%. 

The cross section with statistical uncertainties is 
shown in Fig. 4 and is obtained by integrating the 


expression 
E g(E) 
Y= f —4dE, (3) 
0 


€ 


OF 
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Fic. 3. The thick-target yield is shown here as a function of the 
proton energy in the laboratory system in kev. 


where o(£) is given by Eq. (1), and ¢ is the stopping 
cross section per oxygen atom in Al,O; which is assumed 
constant over the energy range studied here. Substi- 
tuting Eq. (1) into Eq. (3) and performing the integra- 


tion gives 
ZneY t BE} 
o=— (1+ -), 
2E} Za 


where £ is in the laboratory system and now measured 
in Mev, Z, is the nuclear number of oxygen, and 


(4) 





r 
Ss CROSS SECTION 


op, y)F” 
= 


So * 6.8 kev- barn 
~~ 





! i at 
150 160 170 
Ep(kev) LAB 








Fic. 4. The cross section in barns is shown as a function of the 
proton energy in kev in the laboratory. The curve drawn through 
the experimental points is that represented by So=6.8 kev-barns. 
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TABLE I. Value of the cross section ¢ in barns and So in kev-barns 
at energies shown. 





O16 (p,y)F17 
So 
kev-barns 


Ep o 
kev (c.m.) barns 





132-160 See Fig. 4 
259 (4.9 +2.7) X10 
332 (3.8 +1.0) K10-% 
580 (2.6 +0.5) X1077 
(3.14+0.34) x 1077 
753 (11.1 41.5) 1077 


e=28X10-! Mev-cm** it is believed that the ap- 
proximations in expression (4) and uncertainties in the 
stopping cross section introduce an additional 10% to 
the error given on the yield. 

A systematic error that is difficult to determine is the 
loss of induced activity due to target erosion during 
bombardment by the beam. A feeling for the magnitude 
of this effect on the measured yield was obtained by 


‘Ward Whaling, Kellogg Radiation Laboratory, California 
Institute of Technology (unpublished). 


PIZLEyY, 


AND LAMB 
varying the beam current by a factor of 3 at the same 
energy. With similar counting statistics no systematic 
difference was observed. The effect of this error would 
cause the cross section to be larger than given here. 
Table I shows a comparison of the value of So from 
the measurements at the California Institute of Tech- 
nology® and the University of British Columbia.® We 
believe our value So=6.8+ 1.4 kev-barns is in substantial 
agreement with the values shown here taken at higher 
bombarding energies. 
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Measurements of Light Masses with the Mass Synchrometer* 


Lincotn G. SmitHt 
Brookhaven National Laboratory, Upton, New York 


(Received May 13, 1958) 


A complete account is presented of all results obtained with the 
mass synchrometer before November, 1957. Included, besides 
measurements made before March, 1957, tentative values of most 
of which have been published with little discussion by the author 
and/or by others, is an extensive later set of measurements on 40 
parent ion doublets. From least squares analyses of 39 of these 
doublet values and of 11 selected earlier values and from three 
other earlier values are derived what are believed to be the best 
values obtainable from all synchrometer data of the mass excesses 
of the 14 nuclides from which all ions studied are composed. These 
are H!, D®, He‘, B®, B!, C2, N* O!8, Ne”, Ne, S%, Cl*5, Cl57, and 
A®. Best values of all measured doublets are also tabulated. 
Statistical analyses indicate that, for external consistency of re- 


INTRODUCTION 


FTER conversion of the mass synchrometer in late 

1951 from a pulsed beam! to an rf* device, its 
modification in 1952 to essentially its present form and 
development of the peak matching techniques which 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Now on leave at Project Matterhorn, Princeton, New Jersey. 
( 1 = Smith, Rev. Sci. Instr. 22, 115 (1951) ; Phys. Rev. 81, 295 
1951). 
2L. G. Smith, Mass Spectroscopy in Physics Research, National 
Bureau of Standards Circular No. 522 (U. S. Government Printing 
eo Washington, D. C., 1953), p. 117; Phys. Rev. 85, 167 
(1952). 


sults, the internal errors given should be multiplied by either 2.35 
or 3.6 (the larger fraction applying primarily in cases where ions 
are formed by molecular dissociation). They also indicate that, 
except in cases where ions are formed with appreciable kinetic 
energies, the external error of the mean of twenty measurements of 
a doublet separation made with present techniques is about one 
part in 4107 of the mass number. The agreement of the best 
values with the latest comparable values obtained at the Uni- 
versity of Minnesota is excellent for the important mass excess 
C—12 and satisfactory in nearly all other cases. Agreement with 
comparable values obtained from measurements of nuclear reac- 
tion energies is fairly good except for C;—HCI* and Cl**—35, the 
synchrometer values of which appear to be in error. 


have so greatly enhanced the precision of doublet 
measurements, the first reasonably reliable doublet 
measurements were made in early 1953. These, together 
with a brief description of the instrument and the 
measuring equipment and procedure then used, were 
published in a letter and two abstracts.’ Since that time 
a large number of measurements have been made. 
Results of nearly all but the most recent set of these 
have also been published by the author and/or by others 
in reports cited below. However, to date, published 


3L. G. Smith and C. C. Damm, Phys. Rev. 90, 324 (1953); 91, 
481 (1953). 
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TABLE I. Doublet values in »MU. Values in italics are adjusted, others are observed. Best values from all synchrometer measurements 
are the adjusted values AMs. Errors are internal standard errors of means. For external consistency of all values AM,;, errors of those 
marked with superscript b should be multiplied by 3.6, errors of others by 2.35. Superscripts on errors of synchrometer values give 
numbers of readings in all cases where these are less than 20. Superscripts in parentheses identify the six values for which readings 
were obtained on one day only. 


AMi 


Doublet (gases used 


H2—D 

H:—D 

(CHa —CaD2)/2 
(CsHs—CsDa 


D:—He 


BeH —Bu 
BMBUH,—(B")oHs 
BeBUHs —(B")sH, 

(45 doublets from BsHo) 


(BoHe +C2Ha 


BUH —C 
((B")2Hs—C2H)/2 } 
((B")2H¢ —C2H2)/2 
((B")2Hs —C2H3)/2 
((B")3Hs —C3)/3 
((B")4Ha —Ca)/4 


(BeHe +C2Ha) 


(BsHo +C4He) 
(BsH» +CaH2) 


De—C 
CaDs—CaDe 


BUD —CH 
B'DH —CH: (B2Ds+CHa) 
CD—-N 
CDi—NDs 
iC, N- 4 

2D2—N:2)/2 

*:D:—DC N 


CH:—-N 
CH:—N 

(C2Hi —N2)/2 
(C2H«O —N2O)/2 


12 574.65 +0.80"4 


BUD:—CHs 
B'D:—CHs3 (B2D6+CHa) 
ND-O 

ND; —D:0 

DCN —CO 


CD:—O 

CDs —D20 
C:D:—CO 
(CsD4—CO2)/ 


36 393. 5940.89 
36 390.9 +1.5*" 
36 392.9 +1.0 
36 395.4 +1.7 


CHi-—O 
CH4—O 
C:H«—CO 
CH;0OH —O2 
CoHsO —COz 
(CsHs —CO2)/2 
CsHs—C2H.O 


36 387.7 
36 374.8 


$1,516 
+1,618 


36 387.6 +1.7% 


CH4s-ND 
C:H4« —DCN 


Ne —A/2 
Ne —A/2 
H20'8 —A/2 
H,O'8 —A/2 
D,0 —A/2 
D:0 —A/2 
ND: —A/2 
ND;s—A/2 
CD4—A/2 
CD4—A/2 
H:20'8 —Ne 
H:0'% —Ne 


D:0 —Ne 
D0 —Ne 
ND; —Ne 
ND; —Ne 
CDs —Ne 
CDi —Ne 
DO —H,0" 
D220 —H20'8 


ND; —H:08 
ND; —H20% 


AM; 


1548.98 +0.10 
1549.67 +0.16 


25 612.27 +0.454 
11 463.25 +0.29 
11 460.92 +0.720 ® 
11 462.62 +0.32 


17 136.12 +0.16 
17 134.47 +0,198 
7 136.35 40.3100 
7 135.53 +0,21 
84 625.26 +0.34 


15 587.144+0.14 
15 586.95 +0.350® 


11 030.06 +0.16 
11 030,07 +0.20 


9.67 +0.12 


12 57 
12 57 
12 57 


9.51 40.15 


14 038.16 +019 
14 035.14+0.45 

22 264.47 +015 
22 264.35 +0.20 


33 294.53 +017 
33 295.11 +0.25 


36 396.01 40.20 


36 396.36 +0.36 
36 397.20 +0.43 


36 395.12 +0.48 


11 247.30 +0.25 
11 247.20 +0,33 


41 931.73 +0.26 
41 932.42+0.44 


64 196.20 +0.26 
64 196,14+0.60 
75 226.26 40.28 
75 224.73 +0.78 


30 684.43 +017 
30 684.57 +0.23 


52 948.90 40.19 
52 949,25 +0.31 


63 978.96 +0.20 
63 977.93 40.38 


AM; 


1548 .573 +0.035 


1548.59 +0.10 
1547.58 +0.225 


11 462.88 +0.30> 


17 136.03 +0.20' 


84 637.55 
84 638.39 


15 587.46 


11 031.386 +0.060 
11 033.04 +0.42 
1 +0.23 
11 031. ‘59 +0.15 
11 031.69 +0.18 


12 579.959 40.065 


12 580.43 +0.20 
12 579,88 +0.27 


14 038.88 +0.19%.> 


22 268.793 +0.079 
22 268.89 +0.25 
22 268.64 +0.35 


33 300.179 +0.082 
33 300.36 +0.23 
33 299.25 +0.45 
33 299.37 +0.23 


36 397.33 +0.11 
36 397.50 +0.35 
36 395.48 +0.42 
36 397.50 +0.256 
36 398.13 +0.47 


14 128.53 +010 
14 129,09 +0.20 


11 251,79 +018 
11 252.43 +0,37 


33 628.79 +0.14 
33 629.16 +0.24 


41 940.37 +0.15 
41 939.94 +0.36 


64 209.16 +0.15 
64 210.53 +0.48 


75 240.55 +014 
75 240.88 +0.32 


22 377.00 +0.16 
22 377.11 +0.39 


30 688.58 +015 
30 688.57 +0.29 


52 957.38 +0.15 
52 957.08 +0.27 


63 988.76 +0.15 
63 989.35 +0.27 


8311.58 +0.10 
8311.65 +0.14 


30 580,38 +0.11 
30 581.31 +0.27 


4Ms 


1547.7 + 0.44 
1548.34 1.0¢ 


36 396.14 O58 


36 396.0+ 0.56 
36 395.8+ 1.26 


36 396.6+ 0.86 


41 939.04 1,34 


22 377.0+ 0.65 


30 687.2+ 0.75 


8310.2+ 0.44 
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TABLE I.—Continued 








AM: 


Doublet (gases used) 


CDs —H208 
CD, —H,0"8 


CDs4—H.O 
CsDi —C2Hi0 


(CO2)/2 —Ne® 
(CO2)/2 —Ne® 


D208 —Ne 
D208 —Ne® 


AMs 





41611.76 +0.11 
41 612.00 +0.22 


30 203.03 42-015 
30 203.38 +0.36 


3532.51 +0.21 
3531.71 +049 3530.7 + 0.6% 
35 991.13 +0. 
35 991.20 +0 


32 458.62 +0.17 


D208 —(CO2)/2 
32 459.62 +0. 


D208 — (CO2)/2 


BUBUH; —Ce 
BYBUHs —C2He 


N:—CO 

N:—CO 

N:0 —CO2z 
BYBUD, —CoHs 
BY’ BUD.H —CoHe 
C:Hs —NO 
O:-S 

O:—-S 

CO:—CS 


CH;OH —S 
CH;OH -S 


45 735.4940.42% 45 734.95 +0. 


(BsHe +CoHa) 45 730.99 +0.50'9 « 

11 237.41 +4011 
11 237.81 +0.2 
11 237.88 +0.: 


11 236.67 +.0.22 
11 236.32 +0.28 
11 233.60 +0.32* 


11 237.26+0.69 11 235.5+ 0.65 


11 237,05 0.65 


39 539.57 +0.43 39 540.65 +0. 


39 541.93 +0.66 
48 965.5 +1.7 48 977.29 +0.1,. 


17 762.04 +0. 


7 762.27 +0.51 
7 762.1140.55 
7762.6 +2.12% 


17 764.45 40.89 1 
17 764.7 +1.5 1 
17 764.3 +1,1 1 


17 761.24 0,98 


54 158.28 +0.55 54 159.37 - 


54 163.0 +2.8 
99 319.36 +0.63 99 323.85 


(B")2Ds —O2 
99 324.80 +0.78 


(B")2Ds —O2 
C3; —HC# 
C3H —Cl# 


40 CsHi—A 
40 CsHi—A 


44 N:0 —CS 
44 N:0—CS 


23 309.4 +1.38 
41 951.89+0.988 


68 940.69 
68 939.45 68 934.64 1.18 
28 998.94 4.0.56 28 999.45 +0.51' 
28 998.2 42.518) 


55 362.95 
55 360,83 


+0.17 


44 C3:3Di—N20 
+0.43 


44 C:D4—N20 


44 C;:Hs—N:0 
44 CsHs—N:0 


+0.21 
+0.67 


61 555.36 +0.37 
61 553.2 +2.01 


33 025.02 +0.66%.' 


33 031.17 1.05 


48 C4—SO 
33 031.1 +1.5 


48 C4—SO 


48 (B"),H4—SO 
48 (B")4H«—SO 


64 (B")sH» —SOrz 
64 (B")sH» —SOz 


33 031.8 +5,810 33 026.9+ 1,34 


101 575.7 +1.0 101 569.15 +0.75* 


101 566.6 +2.0% 


155 107.8 +11 155 102.51 +0,90%.> 


155 114.6 +1.8 





® Observed values not included in adjustment. 

> Readjusted value AM3. 

¢ Sum of adjusted values AMs of CH: —N and CH4—O. 

4 Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 

¢ Demirkhanov, Gutkin, Dorkohov, and Rudinko. Atomnaya Energ. 2, 21 (1956) (translation: J. Nuclear Energy 3, 251 (1956) ]. 
!H. Liebl and H. Ewald, Z. Naturforsch. lla, 406 (1956). 

® Quisenberry, Giese, and Benson, Phys. Rev. 107, 1664 (1957). 

b Scolman, Quisenberry, and Nier, Phys, Rev. 102, 1076 (1956). 


results have consisted for the most part of lists of values, 
often tentative and incomplete, accompanied by little 
collateral information. It is the purpose of this paper to 
present a complete account and discussion of all signifi- 
cant measurements made with the mass synchrometer 
before November, 1957. 

The data have been divided into five sets which will be 
individually discussed in chronological order. Between 
all but the first two, modifications of either the instru- 
ment or measuring techniques were made. All doublet 
values obtained are listed in Table I in order of increasing 
mass except that doublets of larger mass whose spacings 
are equal to or multiples of one of lower mass are listed 
with the latter. Values of mass excesses derived from the 


doublet values are listed in order of increasing mass in 
Table II. All values, save those identified by superscript 
b in Table I and superscript c in Table II, are based on 
entirely independent sets of data. Many values in 
Tables I and II differ somewhat from corresponding 
ones previously reported because the former are based 
on more data or more exhaustive statistical analyses. 
In conformity with the usage of others, errors given 
in the tables and, unless otherwise qualified, elsewhere 
in this paper are or are derived from standard errors of 
the means of individual readings. Thus they differ from 
errors previously reported which were probable errors 
either of single measurements or of their means. The 
superscripts on errors in Table I give the numbers of 
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TABLE IT. Mass excesses in » MU. Best values of all synchrometer measurements are those in column 5. Their errors are derived from 
the internal standard errors of the means which are the observed values in Table I. For external consistency of best values except those 
marked with superscript c, errors should be multiplied by 2.35. This appears to be a reasonable multiplier for the error of He—4 as well. 
For other values, marked for reference c, a multiplier of about 3.6 is indicated. 


Excess As Aa my 


8144.19+0.43 


H'—1 
D?—2 
He'—4 
B!’—10 
BY—11 
C#—12 
N'4*— 14 
O¥8—18 
Ne” — 20 
Ne” — 22 
S®—32 —17 764.45+0.89 —17 762.27 +0.51 
Cl4%—35 —20002.4 +1.6 
Cl? — 37 —22355.5 +1.3 
A*®—40 


8144.695+0.088 
14 740.41 +0.20 
3868.55 +0.60 
16 127.21 +0.46 
12 808.66 +0.34 
3817.23 +0.29 
7526.95 +0.36 


3816.8 +1.5 
7526.95+0.80 


14 739.974+0.048 


3814.58 +0.15 
7524.50 4-0.16 


— 1204.48 +0.20 


— 24 903.56 +0.55 


Others 


As Mass spect.* Q value 


8145.2+ 1. 

14 740.34 2.8> 

3873.94 2.6> 
16118 + 8&4 
12800 + 84 
3811 + 74 
7519 + 34 
4867 +114 
—1213 +164 
—1624 +134 
—17787 +314 

—20036.54 4.5! 
—22369 +148 


8145.1+0.2 
14 742.5+0.6 


8145.395+0.037 
14 742.216+0.044 
3872.16 +0.46° 
16 123.87 +0.31°¢ 
12 806.38 +0.14° 
3815.75 +0.11 
7526.577+0.085 
4882.06 +0.11 
—1204.15 +0.17 
— 1624.64 +0.19 
—17 762.04 +0.50° 
—20007.5 +1.3%¢ 
—22 359.3 +1.0° 
—24911.88 +0.28 


16121 +6 

12802 +8 
3815.6+0.4 
7525.8+0.3 
4885.4+0.7 
—1201.8+0.8 
—1622.9+0.6 
—17 761.2+0.9 


— 24 907.4+1.8% 


® See references d, g, h to Table I. (Some of the values have been changed from those given in d and h to account for later results given in g.) 


> A, H. Wapstra, reference 16. 
¢ Readjusted value from observations AMs;, Table I. 
4 See reference h of Table I. 


¢ This value of Cl**—35 is probably less reliable than the value in the final column. : 
{From weighted mean of Q values for Cl**(p,a)S® given in reference 15 and synchrometer values of H —1, He —4 and S —32. 


« From f together with O values for Cl’ (d,@)S* and S*(g 


CB given in references 15 and 17 and the synchrometer value of D —2. 


b Derived from values given in reference g of Table I for CsH4—A, C —12 and H —1, 


readings of which the values are the means in all cases 
where these numbers are less than 20. Superscripts in 
parentheses identify the six values which are the means 
of readings taken on a single day only. 

Throughout this paper H, C, N, Q, Ne, S, and A refer 
to the common (most abundant) isotopes. 


APPARATUS AND PROCEDURE 


Throughout the first two sets of measurements, rf 
signals, for which {/Af was measured as sketched in 
reference 3, were generated by a 150-watt amateur 
transmitter (Collins, Model 32-V3). A reactance tube 
for sweeping f and an adjustable capacitor, alternated 
with a fixed one by a mechanical switch driven by a flip- 
flop to produce the adjustable A/, were added to the 
oscillator circuit. With this equipment, data could not 
be obtained nearly as readily as with later rf equipment 
and observations were impossible on very light ions 
having adequate energy for reasonable intensity and 
resolution because of the low maximum attainable fre- 
quency (32 Mc/sec). However, the fact that they were 
obtained by the older rf techniques is not alone grounds 
for judging the reliability of the first two sets of results 
to be much less than that of later sets. 

A complete description of the instrument as it was, 
except for modifications described below, throughout all 
work and of the measuring equipment and techniques 
used to obtain the last three sets of data, as well as an 
account of many difficulties encountered, has been 
published.‘ The new rf apparatus, after much debugging, 
has functioned far more satisfactorily than the older rf 
equipment. Its chief residual drawback is rather fre- 
quent jitter (probably microphonic) of the locked 


4L. G. Smith and C. C. Damm, Rev. Sci. Instr. 27, 638 (1956). 


oscillator which has caused considerable frustration and 
eye strain but little loss of accuracy in measurements. 

All measurements have been made on gaseous samples 
whose purity has generally been found to be satisfactory. 
Half-width resolutions attained in the first four sets of 
measurements were for the most part between 15 000 
and 25 000. Values between 10 000 and 15 000 resulted 
from use of abnormally low rf voltages because of low 
intensity for H,—-D, D2— He, B;'"H3— C3, and C,—SO 
and because of both low intensity and interference by 
numerous metastable ions‘ for many readings of 
Bs"4H g—SOz2. Resolutions during the most recent set of 
measurements ranged from 25 000 to 32 000. Ion ener- 
gies were between 1000 and 1900 volts in the first two 
sets of measurements, between 2000 and 3000 volts in 
the third and fourth sets, and between 3000 and 4000 in 
the last set. Orders (i.e., ratios of applied to ion cyclo- 
tron frequencies) ranged from 140 to 201 in the first two 
sets and early readings of the third set and from 94 to 
145, following incorporation of the more open modulator 
described in reference 4, throughout the remaining 
measurements. 

The controlled parameter most frequently varied 
between readings was the order. Often when it was not 
changed, it was measured, a procedure which also 
required retuning of all rf circuits as well as readjustment 
of Af. Usually, when the order was neither changed nor 
measured, the resolution was measured. Thereafter, only 
resetting of Af (over a wide range) and of the differential 
gain control were required to restore the match. Oc- 
casionally with the new rf equipment, when possible 
errors due to impure rf wave forms were suspected, the 
shifted frequency f—A/ was alternated with the usual 
f{+<Af. Other parameters consciously but less frequently 
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varied between readings were electron accelerating po- 
tential and current and, to a lesser extent, rf voltage and 
gas pressure. One was generally deterred from varying 
most of these as well as ion energy over wide ranges by 
the desire to have optimum intensity and resolution at 
all times. In many cases, ion currents were so low that 
variations of these parameters would have resulted in 
serious losses of precision. 

The sensitivity of peak match to ion accelerating 
voltage in cases of wide doublets, which was observed 
with the source having an exposed filament used in the 
first two sets of measurements, was not observed with 
the enclosed source mentioned in reference 4 and used 
in all later measurements. Otherwise, except in cases 
involving ions formed by dissociation with appreciable 
kinetic energies, conscious variation of parameters 
seldom produced variations of results immediately 
noticeable (i.e., larger than the error of resetting with- 
out making such changes). 

Day-to-day variations of results were noted which 
sometimes were larger than variations on a single day. 
Hence in the latest set of results and, for the most part, 
in the next-to-last set, the procedure was followed of 
taking only a few measurements (usually about five) on 
any one day. It should, however, be remarked that 
analyses of the dispersions of daily means reveal that 
departures thereof from the means of all results are 
generally no greater than normal statistical expectancy 
would predict. 


EARLY RESULTS (SETS 1 AND 2) 


The measurements reported in references 3 are re- 
produced with slight modifications in column 3 (AM;) 
of Table I. These modifications comprise changing the 
errors as mentioned above and increasing the value of 
CsHe—NO by 3.2 uMU because of inclusion here of 55 
measurements originally rejected as less reliable than 
the 10 of which the value previously published is the 
mean. Further work indicated that the reliability of 
these 55 readings is probably not greatly less. 

Further measurements made with the old rf tech- 
niques until mid-1954 are summarized in column 4 
(AM:) of Table I. It is evident that while further work 
during this period resulted in no change in the value of 
the relatively close doublet N2— CO, higher values were 
obtained for CoH,— CO and particularly for CH;OH—O» 
(which now agrees much better with C,H,—CO). 
Values were also obtained of the doublets O.—S, 
CO.—CS and C,—SO. Tentative values of all these 
measurements as well as the published earlier values 
were published by Duckworth ef al. These have been 
only slightly modified by inclusion of more data in 
column 4 of Table I except for the errors and the value 
of Cs—SO. The tentative value of reference 5, namely 
33 062.1 u.MU, was the mean of 12 measurements where- 


5 Duckworth, Hogg, and Pennington, Revs. Modern Phys. 26, 
463 (1954). 
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in C4* ions were obtained from butadiene (C4Hg) and in 
which the intensity of the C,+ peak was very low. The 
value AM» in Table I is the mean of 10 later measure- 
ments wherein C,* ions formed in C4He gas, though still 
scarce, were so much more copious as to warrant the 
complete rejection of the earlier values. The two 
“adjusted” values of AM, are simply the weighted 
means of the two doublets below in each case. (The 
directly measured value of CH,—O is rejected because 
of the very great sensitivity of peak match to instru- 
ment parameters.) 

By combining the best value of O.2—S with the value 
of Cs—SO we obtain the value of the mass excess of C 
shown in column 2 of Table II. By combining this value 
with those (AM») of Ne—CO and CH,4—O we obtain the 
values of the mass excesses of H and N also shown here. 


LATER RESULTS (SET 3) 


After incorporation of the electronic equipment for 
generating rf voltages and measuring relative frequency 
differences on a ratio scaler described in reference 4, 
further measurements were made both of doublets pre- 
viously measured and of a considerable number of 
others. Many of the latter involve ions obtained from 
samples of BsH», BsHe, and B2Ds. The results of 
measurements made from late 1954 till mid-1956 are 
summarized in columns 5 and 3, respectively, of Tables I 
and II. Tentative values of some of these results were 
presented at a meeting of Committee E14 of the 
American Society for Testing Materials in May, 1955, 
but not published by the author. Along with a later 
value of C,—SO they were reproduced by Mattauch 
et al.® and kindly presented by Hintenberger at the 
conference on mass measurements at Mainz in July, 
1956, which the author was unfortunately not able to 
attend. They were published along with later values of 
doublets at mass 20 by Hintenberger in the proceedings 
of that conference.’ 

All values AM; in Table L are slightly higher than the 
tentative values reported by others. The value of the 
very wide doublet D,—He is 3.3 uMU higher because 
measurements wherein peaks of different order (and 
closer spacing) were matched are here replaced with 
measurements exclusively on peaks of the same order. 
This change is in line with the estimated correction re- 
quired for measurements of peaks of different order. 
Values AM; of doublets yielding CH,.—N and CH,—O 
are generally higher than values AM, and AM; of these 
doublets while values AM; of doublets yielding Ne—CO 
are slightly lower. The former result is probably due to 
improvements in techniques, including better shielding 
of the source and of electronic components and greater 


® Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch. 
lla, 525 (1956); Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 179. 

7 Nuclear Masses and Their Determination, edited by H. Hinten- 
ber . (Pergamon Press, New York, London, Paris, Los Angeles, 
1957). 
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care in avoiding errors due to metastable hydrocarbon 
ions. 

Publication of results was delayed because of in- 
creasing evidence of inconsistencies in the data and the 
discovery, after the results listed by others were ob- 
tained, that measured spacings of doublets involving 
ions formed by dissociation could be altered by many 
times the error of a single measurement by moving small 
pieces of iron placed against the outside of the vacuum 
chamber. (No such change was detected with any 
doublets involving only parent ions.) Since it had often 
been found advantageous to “shim” the magnet with 
such pieces of iron in order to optimize intensity and 
resolution, much effort was expended in attempts to 
eliminate this difficulty. The only generally successful 
remedy found was to diffuse ions at a screen over the 
slit through which they left the source box as mentioned 
in reference 4. All readings from which the values AM; 
for CH;JOH—S, CO.—CS, and N,O—CS are derived 
were obtained with this arrangement. It was also used 
in obtaining 37 readings of O.—S, with H2S, SOs, or CS» 
as the source of S+ ions, which were combined with the 
25 earlier readings, with HS as the source of S*, from 
which the earlier tentative value was obtained, to give 
the observed value AM; of this doublet. Unfortunately, 
other values could not be checked with the diffusing 
screen for lack of adequate intensity. However, the 
spacing of N2—CO when CO?* ions were formed in CO2 
gas, though quite sensitive to the exact location of a 
shim, was found to be closest to the usual value when 
CO* ions were formed in CO gas for an adjustment of 
shims approximately the same as that which had 
generally been used to give optimum resolution and in- 
tensity. Moreover, with no shims, a considerably differ- 
ent value was obtained. Thus we must expect that the 
values of doublets with dissociation ions in Table I are 
generally less reliable than those with parent ions only, 
but that their errors are not all in the same direction or 
of the same magnitude.*® 

Six of the seven observed values in column 5 of 
the four spacings, CH2—N, CHy—O, N2—CO, and 
C3Hs—N,O, obtained from measurements on parent 
ions only, were combined in a weighted least squares 
calculation to obtain the adjusted values shown of these 
four spacings. (All are expressible in terms of two 
spacings.) The value of NxO— CO, was rejected as being 
definitely inconsistent with other values for reasons not 
well understood. 

Subtraction of the adjusted values of Ne—CO and 
CH,—O, respectively, from the observed values of 
N2O—CS and CH;OH—S yielded two additional ‘‘ob- 
served” values of the spacing O.—S. The weighted mean 


8 Values particularly sensitive to motion of the shims were those 
of H.—D, B"D.—CH;, CH,—O, O2—S (with St from CSe or 


SO2) C;— HCI**, CO.—CS and C,—SO. Values of BB" D,H — C.H¢ 


and (B")2D5—Oz were particularly insensitive. The sensitivities of 
other values were either intermediate or not tested. 
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of these and the observed values of O2—S and CO.—CS 
is the “adjusted” value AM; of O2.—S. 

Eleven of the remaining fourteen observed values 
AM; other than CH,.—N, D2—He, C;—HCl**, and 
C3;H—Cl*”? have been combined in a second least- 
squares calculation to obtain the remaining adjusted 
values shown. By subtracting the adjusted value of 
CH,—O and twice this value, respectively, from the 
observed values of (B");Hyg—SO:s and (B!).D;—Oz, 
“observed” values of (B")2H;— COS and Bo"Ds— CoHs 
were first obtained. These and the other twelve are all 
expressible in terms of the four differences H.—D, 
BY’ H—B", BYH—C, and C4y—SO. In this adjustment it 
was deemed best to reject the values (marked with 
superscript a) of B’H—B", BYH—C, and B’B"H; 
— (C,H, obtained from measurements on ions formed in 
BsH, gas because of deuterium contamination in the 
sample (D/H~0.37%) sufficient to cause at least the 
last two values to be low by an amount roughly esti- 
mated to be ~3 wMU. Errors of this sort are not ex- 
pected in other cases (1) because the sample of BsHy 
used had been fractionated to enrich B” and, like the 
hydrocarbon samples used, showed very little trace of D 
content, and (2) because absence of ions of the type 
B2D,* or BD;* from BeD¢ assured that B'DH*, B"Dz-*, 
B’B"D,H*, and (B")2D;* peaks were free of over- 
lapping peaks of ions containing Hz in place of a D 
atom. 

From the adjusted values of O.—S and Cy—SO the 
value of the mass excess of C in column 3 of Table II 
was derived. Other values in this column were derived 
from other adjusted values or, in the cases of D2— He, 
C3;—HCl*, and C;H—Cl*’, from observed values in 
obvious ways.’ 

It is evident on inspection that many of the observed 
values AM; in Table I are inconsistent with the “best” 
values obtainable from the data. As has been pointed 
out by DuMond and Cohen et a/.!°"" and by Mattauch 
et al.,® this inconsistency may be measured by the 
minimized sum of squares, namely, x*=)>_ ;(D;—A,)?/¢2, 
where D; and A, are, respectively, the adjusted and 
observed values and a,’ the variances of the latter. The 
expected value of x’ is the number of doublets (.V) less 
the number of independent quantities (v) determined by 
the adjustment. In the two least squares adjustments 
made here, these expected values are 6—2=4 and 
11—4=7, while the respective values of x? are 16.0 and 


® For the record, it should be stated that the mass excess values 
(in «MU) given by the author at the American Society for Testing 
Materials meeting in 1955 were as follows: H—1=8143.5 
+1.1; BY—11=12 811.844.6; C—12=3821.24+3.8; and S—32 
=—17 761.642.4. These are, of course, based on doublet values 
published in references 6 and 7 and errors are based on probable 
errors of a single reading. The mass excess of C was obtained from 
the derived value Cy—SO= ((B");Hy—SO2) —$[(B")2Hs—C2Hs ] 
— (CsHy—CO) = 33 046.3415.0 uMU. 

10 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953). y 

4 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). $ 
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TABLE IIT. Values of mass excesses, (D—A)*/o?, x?, etc. for various least squares adjustments of observed values AM3. In readjustments 
II, the doublets B"7D2—CH3, C,—SO, and (B");H,—SOz have been excluded. Values x? are the sums of all terms (D—A)?/o? except 
those in parentheses. Values (x*)’ are the sums for all doublets common to the original adjustment and to readjustments I. N =number 
of doublets, y=number of independent quantities determined in an adjustment. 





Original I 
Quantity adjustment Corrected for a 


Readjustments 


Uncorrected for a Corrected for a Uncorrected for a 


Mass excesses 


16 124.79+0.30 
12 806.98+0.13 
—17 764.12+0.46 


16 127.21+0.46 
12 808.66+0.34 
—17 762.2740.51 


B’—10 
B'—11 
S—32 


16 123.87+0.31 
12 806.38+0.14 
—17 762.04+0.50 


16 124.79+0.31 
12 806.98+.0.14 
—17 762.69+0.50 


16 123.82+0.30 
12 806.30+0.13 
—17 763.39+0.46 


Values of (D—A)?/oe? 


19.20 
3.90 
0.52 
8.37 
0.31 

44.5 

13.00 


H:—D 

BH — BY 

iL CBs sHs— Cs] 
i] (B"),.H.—C, 
B"DH—CH, 
B'D.—CH; 
BYB"D,H—C.H,¢ 
O.-—S 
CH;OH—S 
(B"),D;—Oz 
CO.—CS 
N2O0—CS cee 
C,—SO 0 
B'H,—SO 20.5 
(B");Hs—SOs2 14.3 
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x? 162.8 
[x?/(N—v) }! 4.82 
(x?)’ 143.6 


wow 
~ 


163. These numbers make it clear that the internal 
errors given in Table I are too small, presumably be- 
cause significant variables were not sufficiently ran- 
domized in taking the data. Specifically these numbers 
indicate that, for external consistency of the results, the 
errors of the six observed and four adjusted values of the 
first adjustment should be multiplied by a factor of 
about (16/4)*=2.0 while those of the eleven observed 
and adjusted values of the second adjustment should be 
multiplied by about (163/7)!=4.8. To avoid confusion 
and to conform with the practice of others, none of the 
errors in Tables I and II has been multiplied by such 
factors; i.e., all are internal errors. Individual values of 
(D—A)?/o? for the eleven doublets of the second adjust- 
ment are listed in column 2 of Table III. 


MODIFICATIONS OF THE INSTRUMENT 


In an attempt to reduce errors, particularly of 
measurements on ions formed by dissociation, the in- 
strument was virtually rebuilt during the spring of 1956 
and modified as follows. 

The circumferential baffles and the deflecting plates 
in front of the source slit (S,) visible in Fig. 2 of refer- 
ence 4 were removed. The detector housing was mounted 
on a nearby radial tube extending outside the vacuum 
chamber through a Sylphon bellows into the amplifier 
box. A fine axial wire through the tube connects the 
detector plate with the amplifier input. Adjustment for 
zero splitting of the two components of a peak is now 


0.68 
1.06 
6.00 
2.14 
(68.1) 
3.80 
0.02 
1.65 
1.50 
0.07 
0.24 
(16.40) 
1.62 
(46.9) 
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done by motion of the detector and its housing along a 
nearly radial line. Hence possible errors due to failure to 
shift deflecting voltage between scannings of the two 
peaks of a doublet are avoided. 

The source has also been redesigned and removed 
about three inches from S;. Cas is admitted directly to 
the Nichrome ionization chamber and can escape only 
through the slits through which electrons enter and 
leave and the 0.1-in. diameter hole whence ions are 
drawn (not pushed as before). After traversing similar 
holes in two accelerating electrodes and passing between 
deflecting plates which allow radial positioning, the ion 
beam is focused on S; by a lens comprising two holes 
is in. in diameter in two radial plates about °; in. apart. 
Between the lens and 5S, it passes between a pair of 
plates which provide for its axial centering on S;. As 
with previous source arrangements, the (adjustable) 
potentials for focusing and positioning the beam on S; 
are obtained from a bleeder across the high voltage 
supply so that all are maintained inversely proportional 
to mass as the two peaks of a doublet are scanned. 

The source and the accelerating, deflecting, and 
focusing electrodes have been enclosed in a housing 
whose ends, along with the attached base plate for slits 
S1, Ss, and S., are soldered to the chamber wall. The 
(enlarged) housing, which extends about 3.5 in. on 
either side of the base plate, and the plate are provided 
with wide flanges to which new gold-plated copper cover 
plates (without excess holes) may be made sufficiently 
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tight with close-spaced screws to insure that the main 
flow of gas into the rest of the chamber occurs through 
S;. The housing, the base plate, and the inner wall of the 
brass chamber were gold plated. Provision was made for 
exhausting the source housing past a cold trap through 
a second oil diffusion pump. The length of S$; has been 
reduced to } in. 

These changes resulted in considerable reduction of 
the axial extent of the ion beam and of background 
pressure in the main chamber without appreciable loss 
of intensity. Unfortunately they did not eliminate the 
possibility of errors due to differences in orbit distribu- 
tions of the two components of a doublet which was still 
detectable by distortion of the magnetic field, even with 
the effective length of the modulator slits reduced (by 
the adjustable baffles described in reference 4) to 0.1 in. 
However, they did obviate the necessity of placing iron 
“shims” against the vacuum chamber to optimize reso- 
lution. Loss of intensity due to large divergence of the 
beam as it leaves the source is indicated by blackening 
on the first lens plate over an area nearly an inch in 
diameter. 


RESULTS (SET 4) 


The failure to eliminate errors in cases of dissociation 
ions focused attention on the validity of the statement 
made in reference 4 that no mass excesses can be ob- 
tained without measurements on doublets involving 
such ions. That this statement is incorrect was pointed 
out to the author during the summer of 1956 by 
Richard Feynman, who suggested that one way of 
obtaining mass excesses from doublets with only parent 
ions would be to combine measurements of C2H,—CO 
= CH,—O with those of a doublet involving two hydro- 
carbons, one of which could be formed from the other by 
replacing a C atom with twelve H atoms. The simplest 
such doublet is CyH2o—CioHs=Hi2—C at mass 128. 
Because of difficulties with unresolved peaks con- 
taining C" and the relatively poor accuracy of a meas- 
urement at such a high mass number, it appeared better 
to the author to measure instead a doublet comprising 
two types of deuterocarbon ions of which one could be 
formed from the other by replacement of a C atom with 
six D atoms. The simplest such doublet is C;Ds—C4D2 
at mass 52. This could be combined with measurements 
of CD4—D,0=CD.—O to yield values of the mass 
excesses of C and D. Accordingly, samples of C3Ds and 
CyD2 were kindly prepared by S. Thompson and D. 
Christman of the Brookhaven Chemistry Department 
and purified by the latter by gas chromotography. 

A series of measurements of C;Ds—C4De2 was made, 
in the process of which care was taken to avoid possible 
error due to ions of mass 52 containing CH in place of 
CD. Peaks of these ions are located 2.92 mMU or one 
part in 17 800 below each of the main peaks and thus 
were not resolvable with the resolution then available. 
From measurements of the mass 51 peak in each sample, 
the H/D ratio of each was obtained. Hence was deter- 
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mined the ratio of intensity of each CH peak to the 
corresponding main (CD) peak at mass 52. Fortunately 
the latter ratio was somewhat lower in the freshly 
prepared C,D2 sample and could be increased to near 
equality with that in the C;Ds sample simply by having 
the CyD2 in contact with the glass walls of the gas- 
handling system at room temperature for a day or two 
because of exchange of D atoms in C,D2 with H atoms 
in light water adsorbed on the glass. (Such exchange 
does not occur with the saturated deuterocarbon C3Ds.) 
The H/D ratio measured for the C;D, sample indicated 
that C°C.D;H+/C;Ds+= 0.9%. Measurements of doub- 
let spacing were made with the ratio C“C;DH*/C,D.* 
between 0.7% and 1.1%. Over this range no systematic 
variation of the spacing was observed. Absence of error 
due to the presence of higher hydrocarbons giving 
unresolved CyDH,* ions in the CyD2 sample was as- 
sured, after purification, by the absence of any traces of 
C,D2H* ions at mass 53. 

The result of these measurements is shown in column 
6 (AM,) of Table I as are measurements on the ten 
possible doublets at mass 20 involving the five ions 
Att, Net, D,Ot+, ND;*, and CD,*. Also shown here are 
adjusted values obtained by weighted least-squares 
adjustment of the ten measured spacings at mass 20. 
Combining the value of C;Ds—C,D2= D,.—C with the 
adjusted value of CDh—D,O=CD.—O gives values of 
the mass excesses of D and C. With this value for D—2 
and the best values of the other three doublets involving 
D.O, values of the excesses of N, Ne and A were ob- 
tained. These five excess values are given in column 4 
of Table II. They were presented at the Washington 
meeting of the American Physical Society in 1957,)* 
while the adjusted values of the ten doublets at mass 20 
have been published in reference 7 and by Duckworth® 
who also gives the measured value of CsDs—C,D2. 
Errors previously published were probable errors of the 
means. Aside from being converted to standard errors 
of the means, they and a few excess values have been 
very slightly modified here by a recheck of the least 
squares calculation. 

The value of x? determined from the values for the ten 
doublets at mass 20 is 20.88. Since the ten doublets are 
all expressible in terms of four independent ones, the 
expected value of x? is 10—4=6. Thus, to obtain ex- 
ternal consistency of the ten adjusted values, errors in 
column 6 of Table I and column 4 of Table IT should be 
multiplied by (20.88/6)#= 1.87. 


RESULTS (SET 5) 


Following the obtaining of the results just discussed, 
the ever-present concern that errors might be caused by 
surface charges on walls was heightened by the unusual 
and ominous observation that, immediately after rf 
voltage was reduced to give maximum current to the 


21. G. Smith, Bull. Am. Phys. Soc. Ser. IT, 2, 223 (1957). 
13H. E. Duckworth, Revs. Modern Phys. 29, 767 (1957). 
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detector and returned to its working value, intensity 
was only about 20% of its original value, to which it 
returned gradually in about 30 seconds. Coupled with 
the fact that resolution was somewhat below its theo- 
retical value, this observation led to repetition of some 
of the measurements at various energies differing by a 
factor of two. Definite systematic dependence of meas- 
urements on energy were not found but resolving power 
and intensity were both considerably lower at 1200 volts 
than at the customary value of 2500 volts. Thus the 
instrument was taken apart and cleaned with detergent 
and a gold-plated baffle was installed to prevent ions 
from striking the long wall of the source housing after 
one complete revolution. (The orbit of accepted ions 
after one turn lies about ;%; in. from this wall.) 

After reassembly of the instrument, the ominous 
observation could not be repeated and resolution was up 
to or slightly above its theoretical value. An extensive 
series of. measurements was then made on 40 doublets 
containing only parent ions. These were: the 15 possible 
differences at mass 20 between the five previously used 
ion species plus H,O'**+; the three doublets at mass 22 
involving Ne***, (CO.)**, and D,O'**; the 10 possible 
ones at mass 28 containing CO*+, Ns+, DCN*, C2D2", 
and C2H,*; the 10 at mass 44 involving CO.*, N,O*, 
C.H,O0+t, C3;D,*, and C3Hs+; and the doublets CsDs— CyD2 
and C;H,—A at masses 52 and 40, respectively. The 
measured values of the 40 doublets are given under AM; 
in Table I. Also shown here are adjusted values (those 
not marked with superscript b) obtained from a 
weighted least squares calculation which yielded directly 
the values shown (not marked with superscript ‘c) in 
column 5 of Table II of the mass excesses of the eight 
nuclides in terms of which all 40 doublets are expressible. 
This calculation was performed on the Brookhaven 
punched-card machines with the kind help of Peter 
Mumford of the Applied Mathematics Department. In 
it the observed value of C;Hs—C3;D, was omitted be- 
cause of evidence of error caused by overlapping of the 
C;D,* peak and the weak C"C.H;* peak from C;Hs. For 
the observation of C;Ds—C,4Dz, a fresh sample of C.D» 
was kindly prepared and purified by Christman and 
precautions as before were taken to avoid error due to 
peaks containing CH in place of CD. Similar precau- 
tions to avoid errors from such ions or from ions con- 
taining H, instead of D were also taken in all other 
cases. 

The value of x? obtained from the values of the 39 
doublets used in the adjustment is 171.5, while its 
expected value is 39—8=31. Thus again we conclude 
that significant parameters have been inadequately 
randomized and that errors of values not marked with 
superscript b in column 7 of Table I and not marked 
with superscript c in column 5 of Table II should be 
multiplied by (171.5/31)#= 2.35 in order that the values 
be externally consistent. 

It should be noted that the latest set of data includes 
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three different parent ion cycles from which mass ex- 
cesses may be determined. Besides the cycle (I) previ- 
ously employed for getting the masses of D and C, these 
are as follows: (II) D—2=3(CD,—4A)—4$(C3Hi—A) 
+$(CHy—O); and (III) D—2=}{D,0'*—43(CO,)} 
+4(D.O—H,0"*)+4(CH,—O). Because the more ele- 
gant least-squares computation uses all the data, 
excesses obtained from these cycles are probably not the 
best values. However, it may be of interest to note that 
with the measured doublet values (including weighted 
means of those yielding CHy,—O and CD2—O) the three 
cycles give the following values: 


from cycle I, D—2=14 742.273+0.098, 
C—12=3815.25+0.22; 


from cycle Il, D—2= 14 742.445+0.096; 
from cycle III, D—2= 14 742.474+0.087. 

These values are all externally consistent with the 
“best” values in column 5, Table II. 


COMPARISONS OF SYNCHROMETER RESULTS 


It will be noted that the values AM; in Table I are 
consistently higher than corresponding values AM 4. The 
discrepancies in adjusted values are plotted vs doublet 
spacing (AM) in Fig. 1 where the half-length of each 
vertical line represents 2.35 times the standard error of 
the difference. Clearly the discrepancies are correlated 
with AM and the best simple relation is direct pro- 
portionality. The solid line is the regression line fitted to 
the eleven points. The only apparent explanation of this 
correlation is the assumption that the earlier data are in 
error because of the presence, while they were being 
taken, of a small electric field predominantly in the 
inward radial direction. The presence of such a field (£) 
over the entire orbit (of radius r) would raise the 
cyclotron frequency (w) of an ion of charge e, mass m, 
and energy V by the fractional amount 6w/w= Ee/mrw?* 
=Er/2V. Since the spacing is computed from the 
relation AM=M(Aw/w) and since Aw is not changed 
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Fic. 1. Differences between adjusted values AM; and AM, vs 
doublet spacing AM. The solid line is the regression line through 
the origin for all points. The lower dashed line is a similar one for 
points representing doublets not involving A** ions. The parallel 
dashed regression line is for the four doublets that do involve A** 
ions. Errors are external standard errors of the differences (i.e., 
internal errors X2.35). 
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while w is raised, we see that the fractional error caused 
in the computed value of AM is 6(AM)/AM=— Er/2V. 
In the earlier experiments V was about 2500 volts for 
all doublets so that we should expect an electric field to 
cause the same fractional error in spacing at mass 52 as 
at mass 20. It is interesting that, with the slope of the 
regression line and the value r=12.7 cm, this relation 
gives E~0.07 volt/cm. Since accepted ions pass close to 
a wall (i.e. the source housing) whereon surface charges 
(presumably deposited by the fanned out beam after 
one turn) could cause an electric field only over about 
one tenth of its orbit, this field would be expected to be 
~0.7 volt/cm. If this interpretation is correct, the baffle 
that prevents ions from striking the long wall of the 
source housing would appear to have greatly reduced 
the probability of occurrence of an insidious source of 
error. 

It is further evident from Fig. 1 that all the points for 
the four doublets containing A** ions lie considerably 
above the solid regression line while all but one other lie 
below it. The lower dashed line is the regression line for 
the seven latter points, while the upper one is a parallel 
regression line for the former four which lies 2.58 uw MU 
higher. We see that these two dashed lines represent all 
data well within statistical uncertainty, while the solid 
one does not. However, what physical reason can be 
adduced to explain why, in the earlier experiments, the 
A++ peak was displaced by 2.58 «MU more below its 
expected position than the peaks of singly charged ions 
is not as yet clear. It is true that doubly charged ions 
have twice the energy and therefore half the fractional 
thermal energy spread of singly charged ions. In fact, 
it was noted that the At+* peak was a slightly narrower 
function of both accelerating voltage and frequency. 
However, it is not obvious how this could lead to a 
greater relative shift of the A** peak by an electric field 
since in all other respects A** ions should behave ex- 
actly as singly charged ions of mass 4/2. 

The adjusted values AM; obtained from measure- 
ments on parent ions only of the four spacings, CH2—N, 
CH,—O, N2—CO, and C;Hs— N20 are all slightly lower 
than the adjusted values AM; of these spacings. The 
discrepancies are plotted vs doublet separation (AM) in 
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Fic. 2. Differences between adjusted values AM; and the four 
adjusted values AM; obtained from parent ion doublets only. The 
regression line through the origin is shown. Errors are external 
standard errors of the differences (i.e., internal errors 2.35). 
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Fig. 2. Here also the half-length of each vertical line is 
2.35 times the standard error of the difference. Again a 
linear regression line through the origin represents the 
discrepancies better than any horizontal line, particu- 
larly the axis, AM;—AM;=0. This fact appears to 
indicate that a small inward radial electric field may 
have caused the earlier results to be slightly low. How- 
ever, it should be pointed out that the earlier measured 
value of C;Hs—N.O, which is the mean of only six 
readings obtained on but one day, had very little effect 
on the four earlier adjusted values. Thus the evidence of 
systematic error due to electric fields in the earlier 
results is primarily the fact that the discrepancy for 
CH,—O is larger by less than 1 «MU than the mean of 
the discrepancies for Np—CO and CH.—N. When it is 
recalled that the results in column 5 (AM3) were ob- 
tained under a greater variety of conditions than those 
in column 7 (AM;) and over a longer period, during 
which the instrument was cleaned several times and the 
wall of the source housing was shorter, this evidence 
does not seem strong enough to justify multiplication of 
all earlier doublet values by (1+a) where a is the slope 
of the regression line of Fig. 2, namely a=3.25X 10-°. 
The most important evidence provided by Fig. 2 is that 
this value of a is only about one-fifth of that of the lines 
in Fig. 1 so that at least no such serious systematic 
errors are indicated in the values AM; as in the values 
AM. 

In order possibly to obtain further evidence of errors 
in the results AM; in Table I and to determine pre- 
sumably better excess values than those in column 3 of 
Table II, it is of interest to combine the latest excess 
values of H, D, C, and N with the values AM; of all 
doublets containing B and S in a least squares adjust- 
ment. (With these excess values assumed known, all 
doublets are expressible in terms of the mass excesses of 
B”, B" and S.) Such a “‘readjustment”’ has been made 
involving 14 such earlier doublets, namely the ten, 
aside from H.—D, used in the previous second adjust- 
ment and the four from which the mean value AM; of 
O.—S was determined. (Again doublets involving ions 
from B2Hg have been rejected.) The readjustment has 
been made both with and without correction of all 
measured values by the factor a. Values obtained by 
these readjustments (I) of the y= 3 mass excesses and of 
(D—A)?/o” for the N= 14 doublets as well as of x? and 

x?/(N—v) }! are shown in columns 3 and 4 of Table III. 
For comparison, similar values for the original adjust- 
ment of V=11 doublets are shown in column 2 of this 
table. Also shown are values of the sum (x?)’ of terms 
for the ten doublets common to all three adjustments. 
It is apparent that the fit for these ten is better with the 
uncorrected values and worse with the corrected ones 
than the fit of the original adjustment. It is also ap- 
parent that the uncorrected readjustment I requires 
particularly large corrections for the three doublets, 
B"D.—CHs, C,—SO, and (B")sHy— SOx, while such 
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corrections are required for seven of the eleven doublets 
in the original adjustment. Hence readjustments (II) 
corrected and uncorrected for a have been made of the 
N= 11 doublet values other than these three. Results of 
these readjustments are given in columns 5 and 6 of 
Table III. We see that, principally because of the wide 
doublet (B")2Ds;—O2 (whose value is believed to be 
fairly reliable), the fit is materially better for the uncor- 
rected values. We note also that the main effect of 
excluding the three doublet values is a lowering of the 
adjusted value of O2—S resulting in a better fit of the 
eleven doublet values while not greatly increasing the 
corrections required in the three excluded ones. 

In view of all these considerations, the values ob- 
tained by the uncorrected readjustment II have been 
adopted as the best values yielded by all synchrometer 
results. The best values of the three mass excesses in 
column 6 of Table III are reproduced marked for refer- 
ence c in column 5 of Table II, while the best doublet 
values obtained therewith are shown marked for refer- 
ence b in column 7 of Table I. Because of the exclusion 
of the three experimental doublet values, it would 
appear best to adopt the value 3.6 as the factor by 
which the errors of all these values and corresponding 
observed values should be multiplied since this multi- 
plier is required for external consistency of all results if 
the three doublet values are not excluded. “‘Best”’ values 
of the mass excesses of He, Cl**, and Cl*’, obtained by 
combining the latest values of the mass excesses of H, 
D, and C with the doublet values AM; of D.—He, 
C;— HCI, and C;H—Cl*’, are also shown with arrows 
in column 5 of Table II. A multiplier of about 2.35 is 
indicated for the errors of Do— He and He—4 and of at 
least 3.6 for the errors of C;—HCI**, C;H—CI*’, 
C§— 35, and Cl*7— 37. 

That the values of B"D.— CH; and C,—SO should be 
less reliable than others is not surprising in view of the 
particular sensitivity of each to distortion of the mag- 
netic field and the low intensity of C.* peaks. It is 
surprising that the measured value of the parent ion 
doublet (B™“)sHs— SOz should be low by about 12 u.MU. 
Possibly this may be accounted for by low intensity of 
B;H,* peaks and large backgrounds caused by meta- 
stable ions. Remeasurement of this doublet would 
appear in order. It may be noted that this doublet has 
the largest spacing and largest mass number of any 
doublet measured and that the discrepancy of 12 «MU 
is one part in 1.3X 10 of the former and in 5.3X 10° of 
the latter. It is primarily this discrepancy, plus the low 
value of (B")»H;—(C2H3, which accounts for the high 
value of C—12 given by the author at the meeting of the 
American Society for Testing Materials.® It may also be 
noted that the observed value of each of the three 
doublets involving ions from BeH, is, as expected, lower 
by a few w»MU than the value obtained via either the 
original adjustment or the readjustment. 

Comparison of the adjusted value AM, of H2—D in 
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Table I with the value 1549.27+0.18 uMU obtained 
subsequently“ following another cleaning with nar- 
rowed slits and higher resolution from measurements on 
C2H.—C2Dz alone reveals a discrepancy 1.6 times the 
external error of the difference. A wholly satisfactory 
explanation of this discrepancy is not apparent. It does 
not appear that all doublet values AM; in Table I are 
systematically in error, since a recheck of three others 
at mass 28 gave substantially unaltered results. Though 
the decision is debatable, it was deemed best to utilize a 
set of results all obtained under the same experimental 
conditions, and hence perhaps more self-consistent, for 
determining the mass difference T—He*. Past experi- 
ence would indicate at least that this procedure would 
be more apt to avoid errors in such a small mass differ- 
ence caused by electric fields should such fields have 
been different in measurements of the observed values 
AM; and in later measurements. If the value AM; of 
H.— D were used instead of the value 1549.27 uMU, the 
values obtained for the mass difference T— He’ and the 
neutrino rest mass would be higher, respectively, by 
0.70 uMU and 0.65 kev than those given in reference 14. 
A completely satisfactory determination of these quan- 
tities within the errors given (which should probably 
be multiplied by about 2.4) will apparently not be 
available until further work is done. It may be noted 
that the value of D.—He in reference 14 agrees within 
internal error with the value AM; in Table I. 
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Fic. 3. Differences between best synchrometer doublet values 
and latest values of the Minnesota group vs doublet spacing (AM). 
Errors of the latter are indicated by the shaded area and, as for the 
synchrometer values, are internal standard errors. No point is 
shown for Cy—SO because the adjusted synchrometer value de- 
pends entirely on other doublet values and differs appreciably 
from the measured value. 


41. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 
In this Letter, very minor errors occur in the values of H—1, T—3, 
He?—3, and T—He*. These values should be, respectively (in 
uMU), 8145.395-+0.037, 17 007.04-.0.38, 16 987.00+0.22, and 
20.04+-0.21. 
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COMPARISONS WITH THE RESULTS OF OTHERS 


At present it appears that the only other mass 
spectrometric results of precision comparable with the 
synchrometer results are those obtained by the group 
under Professor Nier’s direction at the University of 
Minnesota. The author is convinced that a prime reason 
for this fact is the use exclusively to date in the syn- 
chrometer and the Minnesota instruments of electrical 
recording such that the two ion groups of a doublet 
follow identical paths. He believes that a second 
principal reason is the adaptation to a conventional 
instrument, sparked by T. L. Collins, of the rapid 
oscillographic display and peak-matching techniques 
after they had been shown’ capable of yielding such 
astonishingly high precision without requiring com- 
parable long-term stability of magnetic field, acceler- 
ating voltage, etc. For these two reasons, both groups 
have been able to measure reliably the positions of 
peaks to much smaller fractions of their widths than has 
otherwise been possible. 

Comparison of the two most recent sets of synchrome- 
ter results with the latest results published by the 
Minnesota group and reproduced in Tables I and II 
provides further evidence for rejecting the earlier of the 
two sets as being unreliable. A plot (Fig. 3) of the 
differences between the best synchrometer values and 
the latest ones published by the Minnesota group of 
eleven doublets vs their spacing (AM) reveals no such 
proportionality correlation as do Figs. 1 and 2. It shows 
further that the synchrometer values are in general 
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slightly higher but that, except for C3;H,—A, all dis- 
crepancies are less than 2 u.MU. In view of the (internal) 
errors shown, the discrepancies would appear to be 
statistically significant. However, the above statistical 
studies and those by Wapstra™ of the Minnesota results 
indicate that errors of both sets of doublets should be 
multiplied by a factor between 2 and 3 for external 
consistency. Hence the agreement for ten of the eleven 
doublets measured by both groups does appear to be 
within statistical uncertainty. Though less good than 
the fortuitously nearly perfect agreement pointed out by 
Mattauch ef al.,® of earlier tentative results for six 
doublets measured by both groups, the agreement indi- 
cated in Fig. 3 is far better than between any two other 
sets of mass spectrometric doublet values from different 
laboratories. 

Because values of mass excesses obtained by the two 
groups are generally based on different doublet combi- 
nations, it is of interest to compare these values as well. 
For this purpose, the differences of values shown in 
Table II are plotted vs mass number in Fig. 4. The 
Minnesota values given in references d and h of Table I 
have been revised by the author to conform with later 
values of H—1, C—12, and S— 32 given in reference g of 
Table I. Their errors are determined as in references d 
and h of Table I except that internal errors are used 
where these are greater than rms departures of values 
from their unweighted means. Probably the most sig- 
nificant result of the comparison of values measured by 


"18 A. H. Wapstra, Physica 21, 367 and 385 (1955). 
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the two groups is the excellent agreement of the 
Minnesota value of C—12 obtained from the single 
parent-ion doublet $(CsH,O)—H,.O». with the latest 
synchrometer value obtained from combination of many 
parent-ion doublets. In every case, save that of O", the 
discrepancy in mass excess value is within 2.5 times the 
standard (internal) error of the difference. 

The fact that errors of the best mass synchrometer 
results are all less than errors of the Minnesota results is 
doubtless due partly to the greater number of doublets 
on which the former are based. It appears to be due in 
part also to the necessity of allowing for uncertainties in 
resistance calibrations which has no counterpart in 
measurements based on relative frequencies and ob- 
tained by counting cycles. 

In column 6 of Table II are given what appear to be 
the best values of mass excesses yielded by measure- 
ments of nuclear reaction Q values. Values for mass 
numbers A <10 are taken from Wapstra’s adjustment’® 
while those for 10<A<32 are the revised values of 
reference h of Table I. The values for Cl*®—35 and 
Cl*7—37 were obtained by combining the best syn- 
chrometer values of H—1, D—2, He—4, and S—32 
with the weighted mean of the three latest Q values'® for 
the reaction Cl**(p,a)S* and with the Q values'®” for 
Cl*7(d,a)S** and S**(8-)CI*. The differences between the 
reaction and synchrometer values of mass excesses are 
also plotted in Fig. 4. The agreement is appreciably 
poorer than between the two sets of mass spectrometric 
results but is within the larger errors of the reaction 
values for all nuclides except N, O'*, and Cl**. The 
discrepancy of 29 .MU for Cl**—35 cannot reasonably 
be attributed to the Q-value measurements of Cl*"(p,a)S* 
or to the synchrometer values of H—1, He—4, or S— 32 
and therefore indicates an unusually large error of the 
synchrometer value of C;—HCl** due presumably to 
large initial kinetic energy of C;*+ ions formed in C,H» 
gas. It would appear therefore that the reaction value of 
C}*®*—35 in Table II is considerably more reliable than 
the synchrometer value. 


SUMMARY AND CONCLUSION 


All significant measurements made with the mass 
synchrometer before November, 1957 and listed in 
Table I have yielded results on 65 doublets (the 
bracketed doublets and the 45 from BsHy yielding 
B”“H—B" being each considered as one doublet). These 
are expressible in terms of 46 distinct mass differences. 
A survey of the results has led to the adoption of the 42 
adjusted values and the derived value of C2Hs—NO 
listed under AM; in Table I and the observed values 
AM; of D2—He, C;— HCI", and C;H—CI*’ as the best 
values of the 46 differences obtainable from all the data. 
The corresponding best mass excess values from which 


16D). M. van Patter and W. Whaling, Revs. Modern Phys. 29, 


757 (1957). 
17, J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 
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all 46 differences are exactly derivable are the 14 values 
listed in column 5 of Table IT. In adopting these as best 
values, we have rejected all results AM, and the 
corresponding mass excesses in column 4 of Table II as 
being very probably in error, presumably because of 
electric fields due to surface charges. We have also 
ignored all results obtained before June, 1954, 15 of 29 
observations AM;, and the value AM; of C;Hs— C3D,. 
Seven of these were excluded for special reasons, while 
in other cases it is believed that later measurements 
provide more reliable values. Thus the latter value and 
those of the three doublets obtained with BoH¢ gas were 
rejected because of suspected errors due to unresolved 
satellite peaks, while the values AM; of B"D.—CHs, 
C,—SO, and (B");Hy»—SO2 were excluded chiefly be- 
cause adjustments indicated them to be particularly in 
error. The five other doublets studied besides these 
seven for which no measured values were used in de- 
termining the best values are H2— D, CH.— N, CH,y—O, 
CoHg— NO, and CH;0H—O2z. Thus the best values are 
based on the latest measurements of 53 doublets, of 
which 50 are interrelated. 

Two least-squares adjustments of these 50 values, one 
involving the 39 AM; and the other the 11 AM3, have 
indicated ratios of external to internal errors of 2.35 and 
3.60, respectively. That these ratios are greater than 
unity presumably means that all variables affecting 
measured values have not been sufficiently randomized 
in the taking of the data. The only reasonable way at 
hand to compensate for this defect of measuring tech- 
niques is to multiply by 2.35 the errors of values not 
marked with superscript b in column 7 of Table I and 
not marked with superscript c in column 5 of Table IT 
and by 3.6 the errors of the adjusted values AM, that 
are so marked, the corresponding observed values AM;, 
and the values marked with superscript c of the mass 
excesses of B’’, B", and S. It also seems reasonable that 
the errors of D.—He and He—4 be multiplied by 2.35 
and that those of Cl*7—C;H and Cl*’— 37 be multiplied 
by at least 3.6. The values of C;—HCI* and Cl*®*—35 
appear to be definitely unreliable. 

It appears that, except in the case of C;— HCI*, the 
particular source of error observed in cases of doublets 
involving dissociation ions has not seriously affected the 
best values adopted, and that in general reasonable 
allowance for this source of error is provided by the 
larger multiplier (3.6). 

The best values are in good agreement with the recent 
results of the Minnesota group and in fairly good 
agreement with values obtained from nuclear disinte- 
gration energies. 

In conclusion, it should perhaps be mentioned that, 
while variations with time of results obtained with the 
mass synchrometer have occurred, they have been, for 
the most part, less than those of results obtained with 
more conventional instruments during the same period. 
It also seems fair to say that the precision of results has 
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compared quite favorably with that of the most precise 
results obtained elsewhere. In this connection, it is of 
interest to note that the rms value of the ratio of 
adjustment required to mass number for all 39 doublets 
of the most recent adjustment is 2.24 10-8, while that 
for the 14 doublets of the readjustment I of values AM; 
is 6.52X10-*. For all 53 doublets, the rms value is 
3.32 10~* and, for the 52 excluding only B'D.—CHs, 
it is 2.45X10-*. It therefore seems fair to say that, 
except in cases of ions with large initial kinetic energies, 
the mean of about twenty measurements of a doublet 
made with the mass synchrometer in its present form 
can be expected to have an external precision of about 
one part in 40 million. This figure agrees with the 
observation’ that the (internal) probable error of a single 
reading is about 10~ of the half-width of a peak for a 
resolution of 30 000. 

Finally, it would seem well to point out that this 
instrument and associated techniques are much newer 
and less well known than others. In fact, to date, the 
synchrometer as a precision measuring device suffers 
from many defects such as inadequacies of vacuum 
technique, ion optics in the source, detector sensitivity, 
electronic gear and general precision workmanship which 
are common to the developmental or prototype stage 
from which it has yet to emerge. Should most of these 
defects be remedied, as seems quite possible in a new, 
enlarged device, precision more than ten times greater 
than that so far attained would appear a distinct 
possibility. Attainment of such precision is certainly not 
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precluded by uncertainties in the dispersion relation, 
i.e., in frequency measurements. 
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y—vy cascades following thermal neutron capture in Hg™ have been measured. A three-crystal pair 
spectrometer was used to measure the high-energy gamma rays and a single NaI(T1) crystal spectrometer 
detected the lower energy radiation. A detailed comparison is made between the experiment reported here, 
the previously known high-resolution mercury capture gamma-ray spectrum, and the previously measured 
decay scheme of Tl™. Several discrepancies between the capture gamma ray and §-decay work are resolved, 
though others remain. By combining the results of the three experiments, probable spin and parity 
assignments are made for several of the low-lying levels in Hg™. With these spin assignments, some 
conclusions are drawn as to the relative transition probabilities for the various multipolarity radiations 


present. 





INTRODUCTION 


HE spectra of the gamma rays following thermal 

neutron capture have recently been the subject 
of considerable investigation. This work has, in general, 
concentrated on obtaining the singles spectra of the 
emitted gamma rays under as high a resolution as 
possible. From the energies and intensities of the 
gamma rays present, it is possible to infer many of 
the features of the decay scheme. However, the spectra 
are, in general, so complex that even with measurements 
at an energy resolution of approximately 1% for the 
gamma rays, it is usually impossible to deduce an 
unambiguous decay scheme. For this reason, a program 
has been initiated by the Aeronautical Research 
Laboratory group at Brookhaven to study the y—y 
cascades following thermal neutron capture. 


EXPERIMENTAL TECHNIQUE 
The low yield inherent in high-resolution 6-ray 
spectrometers or crystal diffraction spectrometers 
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Fic. 1. Three-crystal pair spectrometer response to 4.45-Mev 
carbon gamma ray. The scale is expanded such that channel 0 
corresponds to channel 200 on an absolute scale. 
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renders them impractical to use for coincidence meas- 
urements with the neutron fluxes available, and it is, 
therefore, necessary to use sodium iodide for the y-ray 
detectors in spite of the relatively poor resolution 
obtained. Sodium iodide, however, has the further 
disadvantage of yielding a rather complex spectrum 
for incident monoenergetic gamma rays. This effect is 
particularly severe at y-ray energies of several Mev 
where pair production is the dominant mode for electron 
production and, therefore, the full energy peak is 
accompanied by two lower energy peaks corresponding 
to the escape of one or both of the 0.511-Mev annihila- 
tion quanta. While crystals large enough (~10-in. 
linear dimensions) to act as total absorption counters 
up to an energy to several Mev appear to be com- 
mercially available, no crystal of this size with 
sufficiently good y-ray resolution has been brought to 
this author’s attention. Since a thermal neutron is 
generally captured into a state of excitation energy of 
from 6 to 9 Mey, it is necessary to separate gamma rays 
in this energy region. 

In order to circumvent the above difficulty, a three- 
crystal pair spectrometer was constructed. The spec- 
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Fic. 2. Diagram of experimental geometry. 
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Fic. 3. Block diagram of electronics. 


trometer consisted of a 3-in. thick, 1-in. diameter 
center crystal and two 3-in. thick, 3-in. diameter 
side crystals. The three counters are placed in coinci- 
dence, with the side counters channeled on 0.511 Mev. 
The coincident spectrum in the center crystal for the 
4.43-Mev gamma ray from a Po-Be source is shown in 
Fig. 1. The low-energy tail is due to bremsstrahlung 
and electron escape. The spectrometer has an approx- 
imately constant y-ray resolution of about 4% from 
4 to 8 Mev (remembering that the pulse height in 
the crystal corresponds to E,—1.02 Mev). 

The lower-energy gamma rays (up to ~3 Mev) 
were detected with a 3-in. diameter, 3-in. thick NaI(T]) 
crystal. 

The target was placed in a thermal neutron beam 
emerging from the BNL research reactor. A schematic 
of the experimental geometry is shown in Fig. 2. 
The detectors were placed close (1 in.) to the target 
in order to increase the solid angle, and, therefore, the 
coincidence yield. The beam hole was lined with boron 
carbide in order to prevent neutrons from boiling 
through the lead shield, and Li® was interposed between 
the target and the detectors in order to absorb scattered 
neutrons. A ;%-in. lead filter between the target and 
the pair spectrometer served to lower the singles rate 
in the spectrometer crystals, and also to reduce 
crystal-to-crystal coincidences between the center 
crystal of the pair spectrometer and the low-energy 
y-ray counter. 3 

A block diagram of the electronics is shown in Fig. 3. 
Double delay-line clipped amplifiers were used in 
order to minimize spectral distortion due to pulse 
pileup, as singles rates of up to 10° pulses/sec were 
present. The photomultiplier tubes of the center 
crystal in the pair spectrometer and the low-energy 


counter were stabilized using stabilizers of the de 
Waard' type. A strong line in the singles spectrum was 
used as the stabilization reference for the low-energy 
counter, while a Cs"? source was placed near the center 
crystal to serve as a reference for the high-energy 
counter. A separate amplifier was used to feed the 
high-energy counter stabilizer. This extra amplifier 
was necessary as the amplifier gain for the center 
crystal was set at about 100 kev/volt and, therefore, 
the Cs’? peak fell at too low a voltage to permit 
adequate stabilization. 

The fast-slow coincidence circuit had a resolving 
time of 10-7 sec. Rather wide channels (~200 kev) 
were used on the side crystals of the pair spectrometer. 
The pair-spectrometer spectrum appeared to be the 
same in the pulse-height region corresponding to 
gamma rays of energy greater than 4 Mev as when 
narrower channels (50 kev) were used on the side 
crystals. 

In the interaction of thermal neutrons with nuclei, 
the only process which can compete with elastic 
scattering is neutron capture followed by y emission, 
except at the extrema of the periodic table where 
occasionally heavy charged particle emission is possible. 
The probability for y-ray emission is a sharply increas- 
ing function of y-ray energy (I'y~£* for dipole radiation, 
E* for quadrupole, etc.) and, therefore, the capturing 
state will primarily emit high-energy gamma rays in 
the region of about 5-8 Mev. Except for transitions to 
the ground state or to isomeric states, each high-energy 
gamma ray will be promptly followed by one or more 
lower-energy gamma rays. The running procedure was, 
therefore, to channel on a high-energy line in the pair 
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Taste I. Gamma rays observed by Adyasevich, thermal neutrons captured by natural mercury are 
captured by Hg™, with no other isotope contributing 
siatletia’ more than 2% of the captures, and therefore all of the 
y-ray energy (photons/100 Energy of level fed lines which have an intensity greater than 2 photons/ 
(Mev captures) (Mev) ie 
aaa — : on co 100 captures can be presumed to be due to transitions 
7.66+0.0: . .40+0.03 SO Dive rdns , - ee ee ie " 
(7'084.0.05) 0.03 0.984. in Hg . Nuc lear mass measurements yield a neutron 
6.95+0.05 0.03 1.11+0.05 binding energy in Hg” of 8.06 Mev which is in agree- 


Toren = pres es ment with the present work and the work of A.G.D. 
“ Ue < ° US r . . ‘ 
5.99 4.0.03 2074-003 Table I gives the lines measured by A.G.D. as well 


(5.88+0.05 2.18+ as the energies of the low-lying levels that the high- 


5.67 £0.03 2.39-+0.03 energy gamma rays feed. The 7.66, 7.08, and 6.95 lines 
5.44+0.03 2.62+0.03 tp owis . 2 in oo : 

(5.28-4.0.05 2.784 are too weak to be assigned to Hg™ with certainty. 
ee 3.01+0.03 However, the present work demonstrates that these 
Ht re pers lines are also due to Hg™. 
4.69+0.05 
(4.59+0.05 
4.12+0.05 
3.80+0.05 
3.60+0.05 
3.50+0.05 
3.25+0.03 
3.14+0.03 
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3.37+0.05 The decay scheme of Tl™, which decays primarily 
by K capture to Hg™, has been investigated by 

Herrlander and Gerholm‘ (hereafter referred to as 

H.G.) and their decay scheme is shown in Fig. 4. 

The levels at 0.37, 0.95, 1.59, and 1.73 Mev correspond 

to levels deduced from the capture y-ray spectrum. 

2.89+0.03 Transitions to the other levels in the region between 
renee en 1.57 and 1.89 Mev could have been missed in the 
2.29+0.03 capture y-ray spectrum because of inadequate resolu- 


reef tion. In the region where the measurements overlap, 
1.85-40.02 the only levels indicated from the capture y-ray 
1.73+0.01 spectrum that are not seen in the 6-decay work are 
es the levels at about 1.10 and 2.07 Mev. 

(1.49+0.02) 2137 
1.41+0.02 . 
1.29+0.01 
1.22+0.015 
1.10+0.02 
1.01+0.02 
0.90+0.03 
0.83+0.02 
0.68+0.015 
0.58+0.02 
0.37+0.01 
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® See reference 2. 
> Energy values which have not been determined very precisely are 
given in parentheses. 
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spectrometer, and observe the coincident radiation in 
the low-energy counter with the aid of a 100-channel 
analyzer. The fourfold coincident yield was about one 
count per minute per 1% cascade for a totally absorbing 
target. 














PREVIOUS WORK ON Hg” 


The capture y-ray spectrum in mercury has been 
investigated by Adyasevich, Groshev, and Demidov’ 
(hereafter referred to as A.G.D.). These workers used 
a Compton recoil spectrometer and found 42 lines in the 
energy region 0.37-7.66 Mev (throughout this paper 
all energies will be given in Mev). Over 90% of the 




















2 Adyasevich, Groshev, and a fugrtion of the ° 
Conference of the Academy of Sciences of the U.S.S.R. on the 3 . 200 

Peaceful Uses of Atomic Energy, Moscow, July, 1955; Physico- on ne a atl Gone on mengured 
Mathematical Sciences (Akademiia Nauk, S.S.S.R., Moscow, _——— ; 

1955), p. 270; [English translation by Consultants Bureau, ’ Henry E. Duckworth, Revs. Modern Phys. 29, 767 (1957). 
New York: U. S. Atomic Energy Commission Report TR-2435, *C. J. Herrlander and T. R. Gerholm, Nuclear Phys. 3, 161 
1956, p. 195]. (1957). 
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Fic. 5. Mercury capture y-ray spectrum as measured by 
three-crystal pair spectrometer. 


As can be seen from Fig. 4, no crossover transitions 
from the higher excited states to the ground state were 
observed. However, in the capture y-ray spectrum, 
several lines are seen which appear to correspond to 
transitions from levels in that energy region to the 
ground state. H.G. refer to the A.G.D. work, and 
searched for ground-state crossover transitions, but 
failed to find any. 

It was partially to resolve the above discrepancies 
that the present work was undertaken. 


EXPERIMENTAL RESULTS 


The spectrum observed with the three-crystal pair 
spectrometer is shown in Fig. 5. Radioactive sources 
were used to obtain a rough calibration for the spec- 


trometer, and then a more exact calibration was 
obtained by identifying the strongest lines observed 
here with the stronger lines observed by A.G.D. (see 
Table I). The main features of the pair spectrometer 
spectrum relevant to the present work were the 
following: 


(1) A broad plateau at about 6.4 Mev. This corre- 
sponds to the 6.31- and 6.44-Mev lines. 

(2) A strong, sharp peak at about 6 Mev. This 
corresponds to the 5.99-Mev line. 

(3) and (4) Two weak, but definite, lines between 5 
and 6 Mev. These are the 5.44- and 5.67-Mev lines. 
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(5) A strong broad peak at about 5 Mev. This 
should consist of the four lines from 4.69 to 5.05 Mev. 
(6) A peak at about 3.2 Mev. This is composed of 
the 3.14- and 3.25-Mev lines. 


Coincidence spectra taken with the pair 
spectrometer channeled at settings 1-5 above. For 
the broad peak at 5 Mev, coincidence spectra were 
taken with the pair spectrometer channeled on the 
low side of the peak, on the high side, and at the peak. 
These spectra were quite different, demonstrating that 
the peak was, indeed, composed of several lines. 

The coincidence spectrum in the low-energy crystal 
with the pair spectrometer channeled from 6.25 to 
6.55 Mev is shown in Fig. 6. The two peaks at ~1.25 
Mev at ~1.65 Mev are both far too broad to consist of 
single lines. The 1.25-Mev group can be fitted by two 
lines of about equal intensity at 1.22 and 1.29 Mev.°® 
A line of comparable strength at 1.36 Mev® can be 
excluded by the data. The higher-energy group is 
best fitted by three lines of energies 1.59, 1.65, and 1.73 
Mev, though the crudeness of the data and an in- 
adequate knowledge of the detailed response function 
of the crystal make it impossible to be certain of the 
presence of the 1.65-Mev line. The intensity of the 
1.59-Mev line can be rather reliably estimated as 
being ~1.5-2 times as strong as the 1.22-Mev line 
(after correcting for the relative crystal peak efficiencies). 


were 





SPECTRUM IN COINCIDENCE WITH 6.318 6.44 MEV LINES 
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Fic. 6. Spectrum in coincidence with 6.25-6.55 Mev Hg 
capture gamma rays. 


5 The 1.29 line was previously mistakenly identified as the 1.36 
line of H.G. R. E. Segel, Bull. Am. Phys. Soc. Ser. II, 3, 
64 (1958). 
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SPEC TRUM IN COINCIDENCE WITH 5.95 MEV LINE 
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Fic. 7. Spectrum in coincidence with 5.95-Mev peak 
in Hg capture spectrum. 


The remainder of the peak is best fitted by the 1.73-Mev 
line being ~} as intense as the 1.59-Mev line, and the 
1.65-Mev line still weaker. A strong peak is seen at 
0.37 Mev and probable indications of transitions at 
0.58 and 0.71 Mev. 

The only conclusion compatible with a neutron 
binding energy of about 8.06 Mev (a different binding 
energy is inconsistent with much of the other data) is 
for the 6.44-Mev gamma ray to be feeding a state at 
1.59 Mev which decays ~60% to the ground state and 
~40% by a 1.22-Mev gamma ray to the first excited 
state at 0.37 Mev. The 1.73-Mev state fed by the 
6.31-Mev gamma ray appears to decay chiefly directly 
to the ground state. The 1.29-Mev line can only be 
explained as a transition from a state at 1.66 Mev to 
the 0.37-Mev state. A 1.66-Mev state is seen by H.G. 
(see Fig. 4) but they see it decaying only by a 0.71-Mev 
gamma ray through the 0.95-Mev state. The 0.71- and 
0.58-Mev lines indicated in Fig. 6 would correspond 
to this mode of decay. The possible 1.66-Mev line 
would, of course, represent the crossover from this 
state. The 1.66-Mev state would then be fed by a 
6.40-Mev gamma ray. From the published spectrum 
of A.G.D., it does not appear that such a line would 
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have been resolved from the 6.31- and 6.44-Mev lines. 
Indeed, a “hump” does appear to be present in their 
spectrum at about the right place. 

All the gamma rays indicated in the spectrum shown 
in Fig. 6 are consistent with the A.G.D. results. 
However, the crossover transitions from the 1.59, 1.73, 
and possibly 1.66-Mev states, the 1.29-Mev transition 
from the 1.66-Mev state to the 0.37-Mev state, and 
the absence of a 1.36-Mev gamma ray are in disagree- 
ment with the H.G. decay scheme. Some comments on 
these disagreements are given in the “Levels in Hg” 
section. 

The spectrum in coincidence with the 5.99-Mev line 
is shown in Fig. 7. This spectrum shows two peaks: at 
0.37 and 1.73 Mev. Both peak widths are consistent 
with their being due to single gamma rays. A cascade 
decay of the 2.10-Mev level through the 0.37-Mev 
level is, therefore, clearly implied. The total energy of 
the three gamma rays adds up to 8.09 Mev, which is 
a little high, suggesting that 5.96 Mev is a better value 
for the high-energy y-ray energy. It is interesting to 
note the absence (<10% of the 1.73-Mev peak) of a 
peak at 2.10 Mev, the crossover energy. This can be 
taken as a direct experimental verification that the 
crossover lines seen in the decay of the lower-lying 
levels were not due to sum peaks. It is also interesting 
to note that the strong 1.73-Mev line seen by A.G.D. 
is in reality a doublet. 

The spectrum in coincidence with the 5.67-Mev line 
showed a peak at 2.02 Mev as well as at 0.37 Mev. 
Again, a cascade through the first excited state is 
implied. All of the coincidence spectra showed a peak 
at 0.37 Mev, though this peak varied considerably 
in intensity. A portion of this peak was due to the 
low-energy tails from higher energy gamma rays in 
the pair spectrometer (see Fig. 1). 

The spectrum in coincidence with the 5.44-Mev line 
showed peaks corresponding to gamma rays of energies 
2.64, 1.73, 0.51, and 0.37 Mev. The 2.64-Mev line was 
the strongest, and represents the ground-state transition. 
Indications of a line at 0.51 Mev were found in all the 
spectra and are ascribed to annihilation radiation. 
However, the intensity of the 0.51-Mev line seen in 
this spectrum was greater by at least a factor 2 than 
it was in the spectrum in coincidence with 5.67 Mev. 
Furthermore, the presence of a 1.73-Mev line adds 
credence to a cascade through the 2.10-Mev level. 
However, this cascade cannot really be considered as 
being definitely established. 

The spectra obtained in coincidence with ~5.05 
Mev is shown in Fig. 8 (a) and (b). The high-energy 
end of the spectrum shows indications for lines at 
3.25, 3.00, and 2.89 Mev. A well-defined peak is seen 
at 2.02 Mev, and broad peaks centered at ~1.25 and 
1.65 Mev. Figure 8 (b) is also the spectrum in coin- 
cidence with ~5.05 Mev, but with a higher gain on 
the low-energy counter. Here is seen a rather broad 
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smear centered at ~1.25 Mev, and peaks at 0.93, 
0.54, and 0.37 Mev. The peak at 0.54 Mev appears to be 
broadened on the low side, probably because of annihila- 
tion radiation. 

The most reasonable conclusion from the data seems 
to be that the state at ~3 Mev decays primarily by a 
2.02-Mev gamma ray (indicating that the 2.02-Mev 
line in the singles spectrum is really a doublet) to the 
0.95-Mev state, which decays both directly to the 
ground state and through the first excited state. This is 
in contradiction to the H.G. data, which lists no 
crossover from the 0.95-Mev state. This point will be 
discussed in the “Levels in Hg™” section. The best 
energy for the initial state is, therefore, about 2.97 Mev. 
This state also appears to have a weak transition 
directly to the ground state. The group at around 1.25 
Mev probably is due to weak cascades through one or 
more of the states at ~1.5-1.8 Mev. 

The 2.89-Mev line probably represents a transition 
from a state at this energy to the ground state. Such a 
state would be fed by a gamma ray at 5.17 Mev. 
While no such gamma ray is listed by A.G.D., the peak 
in their spectrum at 5.05 Mev appears to be broadened 
on the high side. 

The 3.25-Mev line is almost certainly due to the 
strong 4.82-3.25 Mev cascade (see below). 

The coincidence spectrum taken with the pair 
spectrometer set at the top of the broad 5-Mev peak 
(~4.82 Mev) showed chiefly a strong line at 3.25 Mev, 
implying a transition from the 3.25-Mev state directly 
to the ground state. 

The coincidence spectrum taken with the pair 
spectrometer set to cover the 4.69-Mev region showed 
no strong lines >2.5 Mev. Lines were seen at 2.29 and 
0.68 Mev and, as usual, 0.37 Mev. A 4.69-2.29-0.68- 
0.37 Mev cascade going through a state at ~1.05 Mev 
is, therefore, implied. A 1.05-Mev crossover transition 
is also indicated by the data, though it is not certain. 
A state at about this energy is indicated by the 6.95-Mev 
line of A.G.D. However, no state at this energy is seen 
in the H.G. work. 

Again, weaker, unresolved lines at 1.2-1.8 Mev were 
observed. 

The 7.66, 7.08, and 6.95-Mev lines seen by A.G.D. 
are too weak in intensity to be assigned to Hg™ with 
certainty. However, the neutron binding energy as 
calculated from the nuclear masses* is too low for these 
lines to be due to any of the mercury isotopes except 
Hg” (8.06 Mev) or Hg”® (7.75 Mev). The low-lying 
levels of Hg’ are not sufficiently well established to 
eliminate this isotope as the source of these transitions. 

As can be seen from Table I, the energy of the 
7.66-Mev line is consistent with it feeding the well 
established 0.37-Mev level. 

The intensities of these lines were too low to permit 
the usual pair spectrometer—3-in.X3-in. crystal— 
coincidence measurements. However, as these weak 
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Fic. 8. (a) and (b) Spectra in coincidence with 5.00-5.20 
Mev Hg capture gamma rays. The spectrum in Fig. 8 (b) goes 
up to 1.85 Mev. i 


lines are the highest-energy lines present in the spectrum, 
it was possible to substitute a 3-in.X3-in. NalI(TI) 
crystal for the pair spectrometer and channel on the 
full energy peaks. A spectrum taken in coincidence with 
the pulse-height region corresponding to 6.7-7.5 Mev 
is shown in Fig. 9. The accidental coincidences have 
been subtracted from this spectrum. The spectrum of 
Fig. 9 appears to be best interpreted as follows: 
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1. The 0.68-Mev line represents a transition from a 
state at 1.05 Mev to the 0.37-Mev first excited state. 
1.05 Mev is a bit, but not significantly, outside the 
value of 1.11+0.05 implied for the energy of this 
state by the A.G.D. work. A better energy for the 
high-energy line is, therefore, 7.01 Mev, and this line 
can be assigned to Hg™. A possible weak crossover 
transition is also seen. 

2. The 0.95-Mev line represents a crossover from a 
state at this energy to the ground state. The peak at 
0.53 Mev is definitely too broad to be due solely to 
annihilation radiation and, therefore, is due to a 
combination of annihilation radiation and a 0.58-Mev 
stopover transition. The presence of this annihilation 
radiation makes it impossible to estimate the relative 
strengths of the crossover and stopover transitions. 
The 7.08 line is, therefore, also assigned to Hg”. 

3. The 1.22 and 1.59 peaks are due to coincidences 
with the high-energy tail from the 6.44-Mev line. The 
6.44-Mev line is ~100 times as strong as the 7.01- and 
7.08-Mev lines, and, therefore, its presence would still 
be felt up into the region covered by the high-energy 
channel. 

The decay scheme deduced by the present work is 
shown in Fig. 10. Table II gives the intensity of the 
cascades which were strong enough to be measured. 
These intensities should be taken only as fairly rough 
estimates. 

LEVELS IN Hg” 


The experiment reported here, as well as the work of 
H.G. and A.G.D., each contains a large amount of 
detailed information. In order to correlate this informa- 
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tion, this section will be devoted to analyzing the 
decay scheme in detail. 

There are several places in the “results” section in 
which discrepancies between the capture gamma-ray 
data and the H.G. decay scheme are indicated. Before 
proceeding to a more detailed analysis of the various 
data, a word is in order about the limitations of the 
various experiments. 

A.G.D.—This work was done using a Compton recoil 
8 spectrometer, with the electrons emerging in the 
forward direction being analyzed magnetically. The 
differential cross section for Compton electrons scattered 
in the forward direction is a monotonically increasing 
function of energy. Therefore, the energies and the 
intensities of the higher energy gamma rays can be 
expected to be the more precise in this experiment. 

H.G.—Virtually all of the data presented by these 
authors was deduced from measurements on the 
internal conversion electrons. Therefore, the transitions 
which are most likely to have been missed in this work 
are those which are weakly converted. 

Present work.—As mentioned in the “experimental 
technique” section, the response function as well as 
the poorer resolution is a disadvantage in Nal(TI) 
spectrometer measurements. A monoenergetic gamma 
ray in the low-energy counter would give rise to a 
pulse-height distribution consisting of a lower-energy 
continuum as well as a full-energy peak. The full-energy 
peaks of less energetic gamma rays would, therefore, be 
imposed on the Compton tails of the higher-energy 
lines. The present experiment is, therefore, most 
likely to miss weak transitions in the presence of 
stronger, higher-energy ones. 

With the above comments in mind, we now proceed 
to a discussion of the various levels. 

Ground state-—The fact that Hg is an even-even 
nucleus assures a 0* assignment to this state. 

8.06-M ev capturing state—The }~ spin (in the ensuing 
discussion, “spin” will be taken to include parity) of 
Hg’ limits the possible assignments to the capturing 
state to 0 or 1-. The absence of a ground-state transi- 
tion, and the low intensity of the transition to the first 
exciteWstate, indicate a 0~ assignment to the capturing 


TABLE II. Intensity of the stronger y-ray cascades 
seen in the present work. 


Cascade (Mev) Intensity*® 
33 
1.8 


6.44-1.59 
6.44-1.22-0.37 
6.40-1.29-0.37 
6.31-1.73 

5.95-1.73-0.37 
5.67—2.02-0.37 
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state. This assignment is strengthened by the enhance- 
ment of these transitions at the 34-volt resonance.® 

Ground state of Tl™.—H.G. assign 27 to this state 
from the spectral shape and the logft value of the 
positron decay to the ground state of Hg™”. 

0.37-Mev level—A 2* assignment is expected for this 
state from the systematics encountered for the first 
excited states in other even-even nuclei. This assign- 
ment is confirmed by Coulomb excitation measure- 
ments.’ The intensity of the 7.66-Mev capture gamma 
ray feeding this state is consistent with an M2 transition. 

0.95-Mev level.—A level at about this energy is seen 
in both the capture gamma-ray and the 8-decay work. 
The level seen in the capture gamma-ray work appears 


6H. H. Landon and E. R. Rae, Phys. Rev. 107, 1333 (1957). 
7 Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 1801 (1956). 
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to decay via both a crossover and a stopover transition, 
as witness the 7.08-0.95, 7.08-0.58-0.37, 5.05-—2.02-0.95, 
and 5.02-2.02-0.58-0.37 Mev cascades. The relative 
strength of the stopover to the crossover is difficult to 
estimate because of the interference of annihilation 
radiation with the 0.58-Mev peak. However, they 
appear to be roughly comparable. 

The fact that an allowed K capture to this level is 
not seen indicates that it must have positive parity. 
The intensity of the 7.08-Mev fine is most consistent 
with quadrupole radiation and, therefore, the transition 
must be M2 and the spin of the 0.95-Mev state 2+. 

H.G. also found a level at 0.95 Mev. However, 
H.G. saw only a 0.58-Mev stopover emanating from 


this state. A search for conversion electrons correspond- 
ing to a 0.95-Mev gamma ray yielded a null result, 
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TABLE III. Theoretical and observed conversion coefficients 
for (1-, 2-, or 3-)—2* transitions. 


Observed Theoretical* 


Ey (Mev) aK 
1.207 (1.340.5)X 10 
1.227 (4+1)K10° 
1.517 (1.00.5) 10 


————— 


18X10 
1.7107 
10X10 


14x10 
1.3X 10-3 
9.3X10- 


— 
® See reference 8. 


with an upper limit of about 1% being placed on the 
intensity of this conversion line relative to the K- 
conversion line corresponding to the 0.58-Mev gamma 
ray. On the basis of the absence of the crossover, H.G. 
assign a spin of 4* to this 0.95-Mev second excited state. 

It is difficult to reconcile these data. One would be 
tempted to say that a 2+-4* doublet exists at ~0.95 
Mev. However, it is difficult to see why the 4+ member 
of the doublet is preferentially populated following 
6 decay. Furthermore, accepting 1~ spin assignments 
for the 1.66- and 1.73-Mev levels (see below), the 
0.71- and 0.79-Mev transitions of H.G. appear incon- 
sistent with a 4+ assignment for the 0.95-Mev state. 
However, it must be noted that this state is primarily 
populated by the 0.83-Mev line in the H.G. decay 
scheme. 

Considering all the evidence, there seems to be good 
grounds for saying that a 2* state exists at ~0.95 Mev. 
The possibility that there also exists a 4* state at 
about the same energy cannot be ruled out. 

1.05-Mev level—The evidence for this level from 
the capture gamma-ray work is similar to the evidence 
for the 0.95-Mev state. The 1.05-Mev level differs from 
the 0.95-Mev level in that the crossover transition 
appears to be much weaker, and perhaps absent 
entirely. The intensity of the 6.95-Mev line is most 
consistent with M2 radiation, though the possibility 
of the transition being £3 cannot be completely ruled 
out. If the crossover from the 1.05-Mev state is truly 
absent (~1% or less of the stopover), 3* is a possible 
spin for this state. However, a 2+ assignment seems 
the more likely from the data. The absence of this 
level in the H.G. decay scheme is unexplained. 

1.59-Mev level—From the intensity of the lines 
listed by H.G., it can be inferred that all of the levels 
found by these workers above 1 Mev are fed by allowed 
K capture, and, therefore, must be 1-, 2-, or 3-. The 
relatively strong capture gamma ray feeding the 
1.59-Mev state implies a dipole transition, and, 
therefore, must be M1 and the 1.59-Mev state 1-. 

The decay of this state is puzzling as a ground-state 
as well as a first excited-state transition is seen in the 
present work, while only the first excited-state transition 
is seen by H.G. The discrepancy can be at least 
partially resolved by considering the multipolarity of 
the gamma rays involved. 

All of the levels which are fed by allowed K capture 
can decay by F1 radiation to the 2+ first excited state. 
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H.G. measured the conversion coefficients for three of 
these first excited-state transitions, and their results 
are listed in Table III together with the theoretical 
values® for £1 and M2 radiation. 

It can be seen from Table III that ~50% M2 
admixture is required to fit these data. 

The 1~ assignment to the 1.59-Mevy state requires 
that the ground-state transition to be pure E1. M2 
transitions are more highly converted than F1 transi- 
tions by about a factor of 10, and, therefore, even if 
the 1.59-Mev crossover gamma ray were twice as 
strong as the 1.22-Mev stopover, the conversion line 
corresponding to the crossover would be less than half 
the strength of the conversion line from the stopover. 
The intensity of the crossover conversion line should 
then have been somewhat, but not much, above the 
limit of detectability in the H.G. experiment. Consider- 
ing the uncertainties in the intensity measurements in 
both experiments, it is reasonable that the 1.59-Mev 
conversion line was missed by H. G. 

The decay seen in the present work is consistent with 
the A.G.D. spectrum, which lists strong lines of 
comparable intensities at 1.22 and 1.59 Mev. 

1.65-Mev level.—This level is also populated directly 
by K capture and by a capture gamma ray and, 
therefore, must have a spin 1~. This level is apparently 
de-excited chiefly by a 1.29-Mev transition through 
the first excited state. This 1.29-Mev transition was 
not seen in the H.G. work. Were this transition largely 
F1, it again could be weakly enough converted so as 
to have been overlooked. 

A crossover transition is also probable, but in this 
case appears to be weaker than the stopover. This 
would be in agreement with the A.G.D. spectrum 
which lists a strong line at 1.29 Mev and a considerably 
weaker line at ~1.62 Mev. Should the 1.65-Mev 
crossover be present, it must be pure £1, and the 
conversion line too weak to have been detected. 

H.G. see this state decaying through the 0.95-Mev 
state. Indications for this cascade are seen in the present 
work. 

1.73-Mev level.—This level is excited through both 
modes of excitation and so again, a spin of 17 is pre- 
ferred. Again, a crossover transition is seen in the 
gamma-ray work but not in the conversion-electron 
studies. The same reasoning as is applied to the decay 
of the 1.59- and 1.65-Mev levels can be used to explain 
the apparent discrepancy here. 

A stopover transition of 1.36 Mev is seen by H.G. 
but not in either the present study or in the A.G.D. 
spectrum. An upper limit for the ratio of the stopover 
to the crossover is difficult to estimate in either capture 
gamma experiment due to contamination of the 
1.73-Mev peak by the other line at about 1.73 Mev in 
the strong 5.95-1.73-0.37 Mev cascade (see “2.10-Mev 
level” below). The lack of knowledge of this ratio for the 


8 L. A. Sliv and J. M. Band (privately circulated tables). 
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gamma rays renders it impossible to state whether or 
not the conversion-electron data are consistent with 
the gamma-ray data. 

The above discussion implies that the strength of 
the 6.31-1.73 Mev cascade as listed in Table II should 
more realistically be considered an upper limit. 

1.57-Mev level—The energy resolution in the capture 
gamma-ray work is insufficient to separate the 1.59- and 
1.57-Mev levels. In the H.G. work, the 1.21-Mev line 
emanating from the 1.57-Mev state is about a factor 
of two stronger than the 1.23-Mev line emanating from 
the 1.59-Mev state. If one assumes that it is the 
1.57-Mev level that is fed by the capture gamma ray, 
then there must be an accompanying 1.57-Mev line 
of strength comparable to the 1.21-Mev line. The 
conversion line from this 1.57-Mev transition should 
have been strong enough to be detected by H.G. 
Furthermore, the presence of this hypothetical 1.57-Mev 
line would imply a far stronger A capture to the 
1.57-Mev state than to any of the other states. For 
these reasons, it is concluded that it is the 1.59-Mev 
level that is chiefly fed by the 6.44-Mev capture 
gamma ray. 

The absence of a strong capture gamma ray to the 
1.57-Mev state indicates that its spin is >1, and as 
this level is reached by an allowed K capture, a spin 
assignment of either 2~ or 3~ is indicated. 

1.78-Mev level—This level is also reached by an 
allowed K capture but not strongly fed by a capture 
gamma ray. As with the 1.57-Mev level, a spin of 27 
or 3~ is indicated. 

The absence of a conversion line corresponding to a 
transition from this state to the 0.37-Mev first excited 
state is noteworthy. Either both the F1 and M2 
transition probabilities must be sufficiently retarded 
to suppress the transition, or the line is present but 
almost pure /-1 and, therefore, weakly converted. 

It is also interesting to note that the conversion 
coefficient for the rather strong 0.83-Mev transition 
to the 0.95-Mev state is best fitted by an E1+M2 
mixture of approximately equal proportions. 

1.89-Mev level—This is another state which is fed 
by an allowed K capture but not by a capture gamma 
ray. A 2~ or 3~ assignment is, therefore, once more 
indicated. 

2.10-Mev level—The energy resolution of A.G.D. 
is sufficient to distinguish this level from the 2.14-Mev 
level of H.G. This 2.10-Mev level is strongly fed by a 
capture gamma ray, but not by an allowed K capture, 
1+ is, therefore, the most probable spin assignment and 
the 5.95-Mev line F1. 

This state decays chiefly by the 1.73-Mev (M1+ E2) 
transition to the first excited state, with the 2.10-Mev 
pure M1 ground-state transition much weaker. 

The strong 1.73-Mev line of A.G.D. is then in reality 
a doublet, with the major contribution probably 
coming from the transition from the 2.10 to the 
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TaBLE IV. Spins of states discussed. 


Probable spin 
0+ 
2t 
2+ 
(2)* 
2-, 3- 
1- 


Level (Mev) 
66 


Level (Mev) Probable spin 


1 

i 

1 238- 
1.89 a 
2 

rs 


10 1* 
4 (1) 


0.37-Mev state. A much weaker 2.10-Mev line is seen 
by A.G.D., which is consistent with the present work. 

2.14-Mev level—The 5.88-Mev line of A.G.D., of 
which they seem to be a bit uncertain, is of the correct 
energy to feed this state. Since this state is also fed 
by an allowed K capture, a 1~ assignment is again 
indicated. The energy resolution of the present work 
was too poor to separate the 5.88-Mev line from the 
strong 5.95-Mev line, and, therefore, cascades initiated 
by this 5.88-gamma ray were not seen. The uncertainty 
in the capturé gamma-ray decay through this state 
renders its spin assignment doubtful. 

Higher levels ——The total 8-decay energy available is 
about 2.46 Mev, and therefore, states of higher excita- 
tion could not be reached by K capture. The 2.39-Mev 
really also falls into this category, as the decay energy 
to this state is so small that a capture to this state 
would be prohibitively weak. 

The information about the states which can be 
reached only through the capture gamma rays is 
insufficient to allow definitive spin assignments. 
However, the strength of the transitions to the 2.39, 
2.64, 2.97, 3.25, and 3.36-Mev states suggest dipole 
radiation and, therefore, a spin of 1 is implied for these 
states. 

All of the lower-energy gamma rays reported here 
correspond to lines in the spectrum of A.G.D. Most of 
the stronger lines in the A.G.D. spectrum appear in 
the decay scheme of the present work. The 1.73- and 
2.02-Mev lines each appear in two places in the decay 
scheme and are, therefore, doublets. 

The probable spin assignments for the states discussed 
in this section is given in Table IV. 

Finally, it must be remarked that capture gamma-ray 
transitions to higher-spin states is severely inhibited, 
as to a lesser extent are 6-decay transitions, and, 
therefore, the preponderence of low-spin states observed 
is not necessarily of significance. 


TRANSITION PROBABILITIES 


It is well known that electromagnetic transition 
probabilities can be calculated under the assumption 
that the transitions are solely due to single-nucleon 
transitions between single-particle orbits. It is 
equally well known that these estimates are accurate 
even to an order of magnitude in only the most favorable 


®V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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TABLE V. Properties of some of the high-energy gamma rays. 





Multipolarity ry (ev) 


2x10 
7X10-5 
5X 107% 
5X 10% 
5X10 
2X10? 


I'y-calculated (ev) 


Ey 





M2 
M2 
M1 
M1 
M1 
El 


4x10 
4x10 
3X 10% 
3X10 
3X10 


5.95 3X 107 


® It is assumed that the 6.44-Mev line of A.G.D. is split equally into the 
6.47- and 6.39-Mev lines of the present work. 


situations. However, they provide a convenient 
“yardstick” against which to compare the experimental 
values and, therefore, the discussion in this section will 
be given chiefly in terms of these single-particle 
estimates. 

‘A striking feature in the relative transition probabil- 
ities is illustrated in Table III, where it is shown that 
the conversion coefficient measurements require high 
M2 admixtures into certain allowed £1 transitions. 
Assuming that the M2 transitions proceed at normal 
(i.e., single-particle) speed, these data would indicate 
a retardation of ~10° for the £1 transitions. It should 
not be assumed, however, that all the allowed £1 
transitions show these large M2 admixtures, as it is 
those lines in which the large amount of M2 is present 
that are the more strongly converted and, therefore, 
the most likely to have been detected by H.G. In fact, 
it appears likely that transitions such as the 1.28-Mev 
transition between the 1.66- and 0.37-Mev states were 
missed by H.G. because they are more nearly pure 
F1 and, therefore, weakly converted. 

The evidence on the £1 transition rates between 
low-lying levels can perhaps best be summarized by 
saying that for at least several of the transitions the 
E11 is severely inhibited. 

Information about the £2 transition probabilities 
can be inferred from the decay of the 2.10-Mev state. 
In the previous section, reasons are given for assigning 
a spin of 1* to this state. If this assignment is accepted, 
the decay to the first excited state would be (M1+-E2) 
while the ground-state decay would be pure M1. The 
preponderence of decay to the first excited state 
implies an enhancement of the £2 transition probability 
relative to that of the M1. Assuming that the M1 
transitions to both the ground state and the first 
excited state proceed at normal speed, the failure to 
observe the ground-state transition in the present work 
implies an £2 enhancement of > 10°. Large £2 enhance- 
ments are seen in other nuclei for which collective 
effects are important. 

In the “Levels in Hg” section, spin assignments are 
made for several of the low-lying levels. The O~ spin 
of the capturing state assures that the transitions to 
these low-lying levels will be of a single, pure multi- 
polarity and, therefore, if the spin of the final state is 
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known, the multipolarity of the transition is completely 
determined. 

Table V lists those gamma rays eminating from the 
capturing state whose multipolarity has been deter- 
mined. A total I, (conforming to the usual practice in 
discussions relating to this region of a nucleus we now 
refer to radiation width, I,, instead of transition 
probabilities; the radiation widths are, of course, 
directly proportional to the transition probabilities) of 
0.225 electron volts is assumed in determining the 
partial radiative widths and the y-ray intensities of 
A.G.D. are used. The theoretical widths are calculated 
from the estimate of Weisskopf* with the correction 
factor of D/D» as given in Blatt and Weisskopf.'° A 
level spacing D of 300 electron volts was assumed and 
Dy was taken to be 0.5 Mev." 

The data tabulated in Table V indicate that the M1 
and M2 widths are greater than the calculated widths 
by about a factor of 2, while the £1 width is smaller 
by about a factor of 10. The agreement obtained for the 
magnetic transitions is certainly as good as can be 
expected considering the crudeness of the calculation. 
The M1: M2 ratio is in very good agreement with 
the single-particle estimate. A reduction of the F1 
width by about a factor of 10 is indicated. While the 
radiative width of only one F1 transition is given, it 
corresponds to one of the strongest lines in the spectrum. 
If less inhibited /1 transitions were present, they would 
have showed up as stronger lines. 

Kinsey,'* on the basis of admittedly meager evidence, 
remarks that, in general, M1 capture gamma rays 
appear to be lower by about a factor of 10 than the 
Weisskopf estimate, while for even-charge nuclei, F1 
transitions appear to be in closer agreement. In the 
present experiment the M1 transitions seem to be in 
good agreement with the Weisskopf estimate, while the 
F1 transitions are too low. It is clear that more cases 
will have to be studied before definitive systematics 
as to radiative partial widths are established. 
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by Kai Siegbahn (North-Holland Publishing Company, Amster- 
dam, 1955), Chap. XXV. 
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Analysis of Gamma-Gamma Angular Correlations Involving Multipole Mixtures* 


R. G. Arnsf AND M. L. WreEDENBECK 
Harrison M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 
(Received May 26, 1958) 


A method is outlined which provides for rapid analysis of directional correlations involving gamma rays 
of mixed multipolarity. Specific examples are given to illustrate the application to cascades in which one 


or both transitions involve a mixture of dipole and quadrupole radiation. 


I. INTRODUCTION 


ITH the application of angular correlation tech- 
niques to more complex decay schemes, gamma 

rays which are not of pure multipole order have come to 
be expected. The interpretation of angular correlation 
data becomes more complex in these cases. Various 
methods have been suggested to facilitate the analysis 
when one transition is pure and the other mixed.'* The 
present graphical method of analysis has been extended 
to include the case in which neither gamma ray is pure. 


II. MIXED MULTIPOLARITY IN GAMMA-GAMMA 
ANGULAR CORRELATION 


Denote j;, j, and j2 as the initial, intermediate, and 
final momenta of a cascade in the gamma decay of a 
nucleus. Let the transition between 7; and 7 be a mix- 
ture of 24" and 2/**' poles. Similarly describe the second 
transition (from j to jy) as a mixture of 2/2 and 2/2"! 
poles. The angular correlation function will then be of 
the form 

WA= SY ax ay Px (cosd), (1) 


k even 


in which the constant a,” for the vth transition is 
dependent only upon the spins and multipolarities as- 
sociated with that transition. The a; are of the form 


an =F y(L,,Ly, jj) +25F (Ly, Ly+1, jr 7) 
+52F (L,+1, Le+1, jr, j)- (2) 


The summation over & in (1) runs from zero to the least 
of 27, 2(L1+1), or 2(L2+1). The F,(L,L’,7’,7) are the 
F-coefficients as defined and tabulated by Ferentz and 
Rosenzweig.’* 6,? is the ratio of the intensity of the 
L,+1 radiation to the L, radiation in the vth transition 
of the cascade. 

The least-squares fit of experimental data in an 

* Supported in part by the Michigan Memorial Phoenix Project 
and the Office of Naval Research. 

¢t Dow Chemical Company Fellow in Physics. 

1 Jastram, Wood, and Hurley, Bull. Am. Phys. Soc. Ser. II, 3, 65 
(1958). 

2C. F. Coleman, Nuclear Phys. 5, 495 (1958). 

3M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324, 1955 (unpublished). 

4 These are related to the definition of L. C. Biedenharn and 
M. E. Rose [Revs. Modern Phys. 25, 729 (1953) ] as follows: 

F,(Lj'j)=FiA(L,L,7’,5), 

(= 1) (2L4+1)(2L' +1) (27 +1) PG (LL’j'j) = Fe (LL, 7’, 3). 


angular correlation experiment® is ordinarily made to 
the function 


W’ (6) =aota2P2(cosd)+a4Ps(cos8). (3) 
Upon normalization, this takes the form 
W (0) =1+ BoA oP 2(cosd)+ BA «P4 (cos). (4) 


The B, are attenuation factors depending upon the 
geometry of the experiment, especially detector solid 
angle, and 

A = (ax /ao™) (ax /ao™). (5) 


Owing to the properties of the F-coefficient for k=0, 
Eq. (5) becomes 


A,p=AMA 2 =[a/(1+6:2) Tar /(14+8:2)]. (6) 


If Q, is defined as the fraction of the Z,+1 multipole in 
the vth (mixed) transition, Q, then bears the following 
relation to 6,: 


= 5,2/(1+6,2). (7) 


Then 1—Q, is the fraction of the Z, multipole in the 
same transition and the A,” become 


A ke =a, (1-—0,)+b.(0,(1-—Q,) }P+040,, (8) 


where 
ay ”) = F,(L,,L,,J»,J); 


b,=2F,(L,, L,+1, j,, 7), 
cp5O=F,(L,+1, L,+1, Ins J). 


III. CASCADES WITH DIPOLE-QUADRUPOLE 
MIXTURE IN ONE TRANSITION 


Equation (6) takes on an especially simple form if one 
transition is a mixture of dipole and quadrupole radia- 
tion and the other is of pure multipole order. If, for 
example, the mixture is in the first transition, one has 


Ag= A,YA,@ = {a2 (1-01) +2[01(1—0,) }! 


+20} a2, (10) 


(11) 


Ay=AMA = (Qa. 


A plot of As vs Q, from Eq. (10) is an ellipse. Equation 
(11) is a straight line in the variables A, and Q). 
Single-transition mixture curves of this type have been 
tabulated for all transitions involving integer spins up 


5M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 1. As and A,™ (same scale) vs Q; for a 2(D,Q)2 transition 
in Se7*. The experimental coefficients have been divided by the 
appropriate F-coefficients for a 2(Q)0 transition. 


to 6 and half-integer spins up to 11/2.° The least- 
squares fit will yield values of A 9*")+02 and Ay") +a4. 
The o;,’s are the mean square errors defined by Rose, 
Eq. (30).° In order to determine the quadrupole content 
of the mixed transition it becomes convenient to divide 
the A2“*)+0, and A,4“*)+o0, by the corresponding 
a, and a, from the unmixed transition. The re- 
sultant numbers are then to be compared with the 
single-transition mixture curves described above in 
order to find the range of Q consistent with the experi- 
ment. Often it is desirable to know the mixing in terms of 
6. In each case where 6,” [as defined in Eq. (9) ] is 
positive, the upper portion of the ellipse corresponds to 
6 positive and vice versa. 

This method is illustrated for a 2(D,Q0)2(Q)0 sequence 
in Fig. 1. The experimental coefficients, A2= —0.042 
+0.015 and A,=0.319+0.023, were measured by Funk 
and Wiedenbeck’ for the 650 kev-550 kev cascade in 
Se’®, The graphical solution indicates a Q,;=99.7+0.2% 
for the 2(D,Q)2 transition. 


IV. CASCADES WITH MIXTURES IN 
BOTH TRANSITIONS 


If both steps of a cascade are mixtures of dipole and 
quadrupole radiation, both A,“ and A, have the form 
of Eq. (8)..A4 reduces to 

Ay=A sDA = (c4Q1) (c4Q2). (12) 
The set of values of the A, satisfying 
A, A, =A, PV +o, 


(13) 


®R. G. Arns and M. L. Wiedenbeck, University of Michigan 
Engineering Research Institute, Technical Report 2375-3-T, 
January, 1958 (unpublished). 

7 E. G. Funk, Jr., and M. L. Wiedenbeck, Phys. Rev. 109, 922 
(1958). 
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Fic. 2. Analysis of angular correlation data for a 
9/2(D,Q)9/2(D,Q)7/2 sequence in Hf!””. The quadrupole content 
for the second step of the cascade is known (entire cross-hatched 
area, lower right). The doubly cross-hatched area in the 
9/2(D,Q)7/2 curve corresponds to the values of Q2 allowed by the 
correlation (within the Q2 conversion data limits) provided that the 
sequence is of the form 9/2(D,Q)9/2(D,Q)7/2. The experimental 
angular correlation data are represented by equilateral hyperbolae. 
(Because of the unusually small experimental error, the area be- 
tween the hyperbolas is not evident in this case.) 


can be calculated. These can be plotted as an area be- 
tween equilateral hyperbolas. Various single transition 
mixture curves can be placed with scales to coincide 
with the A,” axes of the experimental graph [i.e., 
graph of Eq. (13) ]. Then a range of Q; consistent with 
the first transition will correspond to a range of values 
of Q2 for the second transition required by the experi- 
mental graph and vice versa. Additional information is 
always needed in order to obtain unique assignments 
from angular correlations involving double mixtures. 
Often limits can be placed on the mixture in one 
transition from internal conversion data or from other 
angular correlation measurements. This information can 
then be incorporated into the graphical analysis. 
Application of this method to a typical doubly mixed 
sequence is shown in Fig. 2. The experimental coeffi- 
cient, A2=—0.1614+0.0015, was measured by Klema 
for the 208 kev-113 kev cascade in Hf'7’.8 Auxiliary 
information is available in the form of K-conversion 
coefficients measured by McGowan et al.,° and Marmier 
and Boehm.” These are shown in Table I. The ground- 
state spin is known to be 7/2." The 113-kev level has 
been reached by Coulomb excitation and a spin of 9/2 
was assigned." Thus (as has been assumed in Fig. 2) the 
113-kev transition is of the form 9/2(D,Q)7/2 with 
known mixing ratio. If the experimental K-conversion 


8 E. D. Klema, Phys. Rev. 109, 1652 (1958). 

® McGowan, Klema, and Bell, Phys. Rev. 85, 152 (1952). 

10 P. Marmier and F. Boehm, Phys. Rev. 97, 103 (1955). 

1 J), R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956). 

2 N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 
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coefficients of McGowan are interpreted using Sliv’s!® 
calculated K-conversion coefficients, the 208-kev transi- 
tion is found to be an £1+M2 mixture with Q; < 0.009, 
and the 113-kev transition is an M1+ £2 mixture with 
(0.896< 02.< 0.994. These are in agreement with con- 
version ratio measurements by Wiedling.™ Figure 2 
illustrates a 9/2(D,Q)9/2(D,Q)7/2 cascade. It is seen 
that the experimental A, coefficient is consistent with a 
9/2(D,0)9/2 assignment for the 208-kev gamma with 
any value of (;. However, the absence of an A, coefh- 
cient from the angular correlation requires a small 
value for Q,. The angular correlation is then clearly 

LT. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [ translation: Report 57 ICC KI], issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. Klema did not use Sliv’s tables and also omitted 
the limits of error from his interpretation. 

4 Tor Wiedling, Directional Correlation Measurements and Some 


Other Related Investigations of Excited Nuclei (Almquist and 
Wiksells Boktryckeri AB, Uppsala, 1956). 
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TABLE I. Measured K-conversion coefficients for the 208-kev and 
113-kev gamma rays in Hf!”’. 


Ey (kev) 


McGowan et al, 


Marmier and Boehm 


0.044 
0.75 


208 0.042+0.015 
113 0.81 +0.08 


consistent with the conversion data. Both the angular 
correlation and the conversion data will also fit a 
7/2(D,0)9/2(D,0)7/2 sequence, but this possibility has 
been eliminated by Wiedling on the basis of other data." 
Thus the angular correlation confirms the spin assign- 
ment of 9/2 for the 321-kev level in Hf'”? and the 
predominantly dipole character of the 208-kev transition. 
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Thermal-Neutron-Induced Fission of Th”® 


A. Smitu, P. Fretps, A. FrrEpMAN, AND R. SJOBLOM 
Argonne National Laboratory,* Lemont, Illinois 
(Received May 26, 1958) 


A back-to-back ionization chamber is used to measure the Th” fission fragment kinetic energy distri- 
bution. This fission process is found to be the most asymmetric known, with a most probable mass ratio of 
1.57. The measured total fragment energy is 160.243 Mev. The experimental results are compared with 
the characteristics of other fission processes and with theory. 


EXPERIMENTAL ARRANGEMENT 


Y far the largest fraction of the energy available A conventional back-to-back electron collection 

at fission goes into the violent kinetic motion of chamber® was used to measure simultaneously the 
the massive fragments. Many workers have experi- ionization of each of the fragments from the binary 
mentally studied this kinetic fragment energy.’-* _ fission of Th®**. This instrument’s resolution was better 
These investigations have dealt with spontaneous and — than 1% when used to study the energy distribution of 
thermal-neutron-induced fission of uranium and trans- 
uranium isotopes. From these experiments it is evident 
that the fission symmetry and total fragment kinetic 
energy increase as the mass of the fissioning nucleus 
becomes greater. This experimental study of the fission 
kinetics of Th?*+-m,(o;*~45b) was undertaken in 
order to extend the knowledge of fission kinetics to the 
lightest of the thermal neutron induced fissioners and 
in order to give an added basis upon which to construct 
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theoretical and empirical concepts of fission. 
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* Operated by The University of Chicago for the U. S. Atomic 
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1D. Brunton and G. Hanna, Can. J. Research A28, 190 (1950). 
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3A. B. Smith et al., Phys. Rev. 106, 779 (1957). 
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Fic. 1. Topological plot of the fission modes of Th®+-m¢y. 


4W. E. Stein, Phys. Rev. 108, 94 (1957). 
§Q. Bunemann eé¢ al., Can. J. Research A27, 191 (1949). 


5A. B. Smith e¢ al., Phys. Rev. 102, 813 (1956 





Fissile 
isotope 


Th2%> 
[2sb 
[U236b 
Pu” b 
Pu224.b 
(" f252b 


SMITH, 


Energy*® 
of light 
tragment 
in Mev 


98 

974 

984 
100° 
101 
105.0 


Energy* 
of heavy 
fragment 


in Mev 


62 
664 
674 
724 
73 
8O 


FIELD 


S, FRIEDMAN, AND 


SJOBLOM 


TABLE I. Summary of fission fragment properties. 


Total 
fragment 
energy® 
in Mev 


16043 
16342 
16542 
17242 
17443 
185+4 


Mass of heavy fragment 
Mass of light fragment 
(Kinetic 


measurements®) 


(Chemical 


1.57+0.03 

1.47+0.02 i 
1.46+0.02 1.45 
1.39+0.02 1 
1.38+0.02 

1.33+0.04 


Primary heavy 
measurements) fragment mass fragment mass 


141 
139 
140 
140 
140 
144 


Primary light 


89 
95 
96 
100 
102 
108 


Reference 


This work 
f,g 
f,h 
fi 


® Thermal neutron induced fission. 
b Spontaneous fission. 


J 
k,l,m 


¢ All ionization chamber measurements corrected for the ionization defect, see reference 4. 


4 Denotes average values. All others are most probable values. 
e Primary fragments ratios. 

f See reference 4. 

« L. Glendenin et al., Phys. Rev. 95, 867 (1954). 

bL. Glendenin et al., Phys. Rev. 84, 860 (1951). 


i E. Steinberg and M, Freedman, Radiochemical Studies: The Fission Products (McGraw-Hill Book Company, Inc., New York, 1951), Paper No, 210, 
IV. 


National Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. 
i A. B. Smith ef al., Phys. Rev. 106, 779 (1957). 
« L. Glendenin and E. Steinberg, J. Inorg. Nuclear Chem. I, 45 (1955). 


1 See reference 5. 
m See reference 2. 


5-Mev alpha particles. The source material consisted 
of isotopically pure Th*” obtained as a product of the 
alpha decay of U**. The sample was prepared by sub- 
liming 0.6 ug of thorium chloride onto a thin (~2yg/ 
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Fic. 2. Mass ratio distribution from Th™®-+-m, fission. 


cm*) organic film. The detector system was placed in a 
thermal neutron beam from the Argonne National 
Laboratory research reactor. A total of ~6000 Th*” 
fission events were recorded. The energy response of 
the detector system was calibrated by using a U™® 
standard. The results were corrected for the fragment 
ionization defect as determined from velocity studies 
of U*® fission.‘ 


RESULTS AND CONCLUSIONS 


The voltage pulse heights induced by the ionization 
resulting from the passage of the fission fragments 
through the chamber gas were recorded on ‘“‘punch 
cards.” All data processing was carried out with a large 
digital computer using these cards. The qualitative 
features of the fission of Th?’+-m, are presented in 
topological form in Fig. 1. The process is asymmetric. 
This is shown quantitatively by the mass ratio distri- 
bution given in Fig. 2. The most probable mass ratio 
determined from this distribution is 1.57+0.03. 

The total fragment kinetic energy distribution inte- 
grated over all modes is shown in Fig. 3. The average 
energy is 160 Mev. The full width of this distribution 
(at half-maximum) is 11%. When correction is made 
for the finite channel size shown in the figure, this width 
reduces to 10%. The average total fragment kinetic 
energy at the most probable mode is 160+3 Mev, but 
the distribution is narrower than that shown in Fig. 3, 
with a full width at half maximum of 8.5%. These 
widths are not corrected for the dispersion in the 
fragment ionization process. This ionization dispersion 
is a poorly understood phenomenon’; however, 3-5% 
is a reasonable estimate of the energy dispersion per 
fragment. Assuming this dispersion, the full width at 
half maximum of the total fragment kinetic energy 
distribution at the most probable mode is between 


TR, B. Leachman, Phys. Rev. 87, 444 (1952). 
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7.7% and 8.3%. This measured Th?” width tends to 
be narrower than that occurring at U® fission‘ and is 
much smaller than the measured total energy width 
resulting from the fission of Cf*’.2-> This narrow width 
is verified in a qualitative way by comparing the raw 
data pulse-height distributions from U**® and Th*” 
fission. The latter distribution has a much deeper valley 
between the two fragment energy peaks. 

The dependence of the average total fragment kinetic 
energy on the mass ratio is shown in Fig. 4. As symmetry 
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3. Total fragment kinetic energy distribution 
integrated over all modes. 
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Fic. 4. Average fragment kinetic energy as a 
function of mass ratio. 


is approached the average energy increases, up to mass 
ratio 1.2. This trend is in agreement with other known 
fission processes and with theory.’ For mass ratios 
between 1.0 and 1.2 the average total kinetic energy 
tends to decrease. This drop, very near symmetry, is 
similar to that found in U** fragment studies.4 However, 
it must be stressed that the average kinetic energy at 
modes very near symmetry is not well known due to 
the very few events in this region. 

A comparison of the properties of the more common 
fission processes, including the results of the present 
experiment, is given in Table I. From the table it is 
evident that Th?*? has the lowest fragment kinetic 
energy and the highest degree of asymmetry. The table 
also gives the most probable values of the primary mass 
yields. It is evident that the heavy-fragment mass 
remains essentially constant for most fission processes 
while the light-fragment mass shifts to account for the 
change in the mass of the fissioning isotope. The narrow 
spread in the total fragment kinetic energy in Th? 
fission is in agreement with theoretical predictions, and 
indicates that only a relatively small amount of energy 
is available in this fission process. 
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(d,p) Reactions in the Pb Isotopes and Their Interpretation* 


M. T. McEtustrem,f H. J. Martin, D. W. MiLier, AND M. B. SAmpson 
Indiana University, Bloomington, Indiana 
(Received May 5, 1958) 


Q valuesand differential cross sections have been measured for nuclear states excited by the Pb*(d,p) Pb”, 
Pb”? (d,p) Pb®8, and Pb®8(d,p) Pb™ reactions. The known properties of the Pb ground state, the low-lying 
states of Pb®’, and the Pb’ ground state are used to confirm the possibility of a stripping interpretation for 
these reactions. This interpretation is used to suggest possible assignments for the other observed states in 
Pb”? and Pb; in particular, the ground state of Pb®* is consistent with a gg/2 assignment. The first excited 
state of Pb®® does not seem to behave like a single-particle state. 





INTRODUCTION 


TRIPPING reactions are well established as a 

spectroscopic tool in the study of light nuclei. The 
successful interpretation of such reactions relies upon 
experimental conditions where Coulomb effects or 
additional nuclear effects, such as compound-nucleus 
formation, are not important. Recent investigations in 
medium-weight nuclei! and in light nuclei? show 
distorted angular distributions which are quite sensitive 
to changes in the deuteron bombarding energy, in 
contrast to expectations for stripping. Cross sections 
displaying these characteristics have been analyzed 
in a light nucleus? as the result of interference between 
a compound-nucleus reaction amplitude and a stripping 
amplitude. Such a two-amplitude picture might also be 
an interpretation of the distorted distributions observed 
in medium-weight nuclei, but an analysis of the 
reactions is very difficult because of the level density 
in these nuclei. Coulomb distortions would also be im- 
portant for these reactions. 

The experiment reported here is a study of (d,p) 
reactions in heavy nuclei. The specific energy-dependent 
nuclear distortions, which seem to present such diffi- 
culties for medium-weight elements, are expected to be 
less serious in the heavy elements. In particular, the 
high-level density in the compound-nucleus should give 
a cancellation of interference terms between the 
compound-nucleus reaction amplitude and the stripping 
amplitude and yield a compound-nucleus amplitude 
which varies slowly with energy. If this occurs, then 
it is possible that the angular distributions will be 
characterized by just the properties of the initial and 
final states of the reaction although they will be 
strongly influenced by Coulomb distortions. The 
experiment consists then of a measurement of differ- 
ential cross sections for (d,p) reactions involving known 
nuclear states, an examination of the consistency of 
the data with the supposition that the initial and final 


*Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Now at University of Kentucky, Lexington, Kentucky. 

1L. L. Lee and J. P. Schiffer, Phys. Rev. 107, 1340 (1956). 

2 See reference 3 of Lee and Schiffer!; also see J. B. Marion and 
G. Weber, Phys. Rev. 102, 1355 (1956); Phys. Rev. 103, 167 
(1956). 

3M. T. McEllistrem, Phys. Rev. 111, 596 (1958). 


states alone determine the reaction, and finally, an 
effort to use this interpretation to determine the 
properties of several unknown nuclear states. 

The lead isotopes, Pb**, Pb’, and Pb*’* were used 
for this study. Their low-lying level structure has been 
investigated*> and orbital angular momentum and 
spin assignments have been made for the ground and 
first four excited states of Pb’. The ground-state 
assignments of the other isotopes are known.’ These 
nuclei are near doubly-magic Pb”* and their states are 
expected to behave like simple shell-model states. This 
expectation has led to a considerable amount of theo- 
retical work on the different nuclear states of the 
isotopes®? and several of the predictions can be com- 
pared with the experimental results.? 

There is an additional interest in the Pb*’*(d,p) Pb” 
reaction. This reaction should show the order and energy 
separation of the possible angular momentum states of 
the first neutron outside of the closed shell of 126 
neutrons. Attempts to extend the independent-particle 
model interpretations of nuclear states beyond Pb** 
depend upon the energy positions assigned to the various 
angular momentum states of the 127th neutron; this 
would affect, in particular, a detailed understanding 
of the Bi (RaE) 8 decay which depends upon the 
construction of a wave function for the decaying state. 


APPARATUS AND PROCEDURE 


The 10.85-Mev deuteron beam of the Indiana Uni- 
versity cyclotron was brought out to the target chamber 
through a pair of magnetic quadrupole lenses and a 
32-degree sector magnet. The target chamber, beam 
collection, and beam integration have all been described 
previously.*’ In this experiment, the beam spot on the 


4D. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 

51. Bergstrom and G. Andersson, Arkiv Fysik 12, No. 19, 416 
(1956). These authors have summarized the experimental in- 
formation for the states of nuclei near Pb™®. 

6M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952); 
D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954) ; 
M. H. L. Pryce, Nuclear Phys. 2, 226 (1956/57); W. W. True, 
Phys. Rev. 101, 1342 (1956). 

7W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958) ; 
M. J. Kearsley, Phys. Rev. 106, 389 (1957); Nuclear Phys. 4, 157 
(1958). 

8 Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 

9J. R. Rees and M. B. Sampson, Phys. Rey. 108, 1289 (1957). 
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target was about one-eighth of an inch wide and one- 
fourth of an inch high. 

Outgoing protons passed through a magnetic spec- 
trometer, also described in an earlier paper,*® and were 
detected by a CsI (TI) scintillation crystal and photo- 
multiplier. Sufficient absorber was introduced before 
the crystal to stop all charged particles except protons. 
Throughout these measurements the spectrometer was 
operated with a momentum resolution of 0.35% and 
with a solid angle of 4.0 10~* steradians. The angle 
between the spectrometer and the incident deuteron 
beam was varied from 12.5 degrees to 142 degrees. 
Measurements were taken at 5-degree intervals for all 
of the reactions except Pb*’*(d,p) Pb”’, where 10-degree 
intervals were taken at large angles. A complete proton 
momentum spectrum was taken at each angle, including 
oxygen and carbon contamination groups. The angle 
was then changed and the procedure was repeated. The 
outgoing proton groups that were studied had energies 
between 10 Mev and 16 Mev. 

Four different targets were used; natural lead, Pb?’*, 
Pb*’, and Pb*’*. The first two of these were prepared by 
evaporation of the metal onto thin (~0.004 mil) gold 
leaf.” Separated isotopes of Pb? and Pb**® were 
obtained from Oak Ridge in the form of PbO, and the 
targets were prepared by electrolyzing the metal onto 
thin silver foils from a solution of PbO dissolved in 
dilute perchloric acid." Oxygen contamination of the 
electrolyzed targets made it necessary to carry out the 
electrolysis, including the drying of the targets after 
removal from the bath, in a helium atmosphere. In 
spite of this precaution, the oxygen contamination was 
sufficiently serious to prevent observation of the 
Pb**(d,p)Pb® reaction to the first excited state of 
Pb®” at laboratory angles forward of 75 degrees. 

Target thicknesses were between 2.5 and 3 mg/cm? 
of lead and were determined by measuring the yield 
of elastically scattered 22-Mev alpha particles at 
forward angles. This cross section has been shown to 
have the Rutherford angular dependence at laboratory 
angles forward of 90 degrees.’ The alpha particles were 
too energetic to be analyzed by the magnetic spec- 
trometer, and were counted instead by a crystal 
spectrometer mounted in the target chamber. 


ENERGY MEASUREMENT 


Two types of measurements were used in determining 
the Q-values for the different states. In order to deter- 
mine absolute Q-values it was necessary to know the 
beam energy at the time of the Q-value measurement. 
This was done by using the well-known (Q-values for 


10 Radiogenic lead, 88% Pb®*®, was kindly sent to us by Professor 
H. H. Barschall of the University of Wisconsin and was used for 
the Pb™* target. 

1 [Tsotopic purity of the Pb®? and Pb®® samples is given by 
R. E. Bell and H. M. Skarsgard, Can. J. Phys. 34, 745 (1956). 
These authors discuss also methods of preparation of electrolyzed 
targets. 
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TABLE I. Excitation energies, peak angles, peak differential 
cross sections and total cross sections. All angles +1 degree, 
all cross sections +22%. 


o/dw 


E. da /. 
(degrees) (mb/sterad) 


z oc 
Residual nucleus (Mev) (mb) 
2.01 
0.37 


0.62 


0.31 
0.06 
0.09 


0.00 65 
0.57 89 
0.90 ot 
y a S 103 1.51 
111 0.76 
98 5.16 
97 4.76 


Pb*?, O=4.51 Mev 


Pb 0.19 


Pb™?, O=1.71 Mev 


2 
0. 
d. 


the oxygen and carbon stripping reactions.’ The 
second type of measurement, giving relative Q-values, 
was carried out by using adjacent final states in the 
reaction being studied. The difference in the Q-values 
of the two states can be well determined even if the 
value of the beam energy is uncertain by 0.5 to 1.0% 
(provided the beam energy remains constant through- 
out the measurement). 

Acceptable measurements of absolute Q-values and 
of relative Q-values required uninterrupted operation 
of the cyclotron. Absolute Q-values were determined 
at the more forward angles only (less than seventy 
degrees) while relative Q-values were determined at all 
angles. The minimum number of measurements of any 
absolute or relative Q-value was six and the maximum 
was twenty. 

The nonlinear correction to the magnetic spec- 
trometer’s fluxmeter was discussed in a previous paper™ 
and is probably the most important source of un- 
certainty. Recently, this correction has been remeasured 
and extended to higher energies by measuring the 
energies of elastically scattered alpha particles from 
several elements. The importance of the correction was 
minimized in this work by the proximity of the measured 
groups to one another. 

Table I lists the excitation energies and Q-values 
that were found in the present work. The individual 
measurements were consistent with one another well 
within the final quoted uncertainty of +0.02 Mev. 


CROSS-SECTION UNCERTAINTIES 


The representative error bars displayed on the 
angular distribution curves are indicative of errors in 
relative yield only. A comparison, for example, of 
peak cross sections for two final states of the 
Pb”*(d,p)Pb*? reaction would be determined within 
limits set by these errors. The errors include the effect 


2D). M. Van Patter and W. Whaling, Revs. Modern Phys. 29, 
757 (1957). 

'8 Miller, Carmichael, Gupta, Rasmussen, and Sampson, Phys. 
Rev. 101, 740 (1956). 
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Fic. 1. A typical proton 
momentum spectrum for 
Pb*6(d,p)Pb™’. Proton 
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groups to the states of Pb®” 
are identified by capital 
letters above the groups. 
Pb*’ states corresponding 
to groups labeled A, B, C, 
D, E, F, G, and H are at 
excitation energies of 0.00, 
0.57, 0.90, 2.71, 3.61, 4.37, 
4.62, and 5.20 Mev, respec- 
tively. The positions of ex- 
pected contaminant groups 
are indicated. Vertical 
dashed _lines _ separate 
regions taken on different 
days or under different 
experimental conditions. All 
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of statistics, target nonuniformities, background sub- 
traction, and in some cases, the unfolding of over- 
lapping proton groups. Measurements at laboratory 
angles forward of 90 degrees were made with the target 
at 45 degrees to the deuteron beam and in “trans- 
mission”. The target was in “reflection” for measure- 
ments at the back angles. Broadening of the proton 
momentum spectra because of target thickness became 
important in the “reflection” position and uncertainties 
in the separation of overlapping proton groups were 
much larger (see Fig. 7). 

Angle settings for the angular distributions are 
uncertain by six-tenths of a degree. This uncertainty 
arises mainly from an indeterminacy of the zero angle 
of about one-half degree. 

A comparison of relative cross sections between 
targets involves an additional error of +16% that must 
be included with the uncertainties shown on the 
individual angular distributions. This error arises in 
the measurement of relative target thicknesses which, 
as mentioned earlier, involved the elastic scattering 
of alpha particles from the target into a crystal spec- 
trometer mounted in the target chamber. Uncertainties 
in relating the scattering yield to the Rutherford cross 
section and target thickness for a particular target were 
about 11.5%, and these have been combined in an 
rms manner f@r the comparison of yields from two 
different targets. 

Finally, absolute cross sections involve all of the 
uncertainties already mentioned, and in addition, 
involve absolute beam integration errors and measure- 
ment of the relative solid angles of the crystal spec- 
trometer and the magnetic spectrometer. The absolute 
cross sections given in Table I and as the ordinates of 
the angular distributions have a total uncertainty of 
+22%. 


RESULTS 


Figure 1 shows a typical proton momentum spectrum. 
All of the lettered groups in the figure are from the 
Pb**(d,p)Pb*? reaction. The abscissa (Fluxmeter 


of the data at lower proton 
energies are plotted to one- 
quarter scale. 


Current) is inversely proportional to the proton 
momentum. More than 15 hours of running time with a 
0.25-microampere deuteron beam were required for 
this spectrum. 

All of the nuclear states that were studied are listed 
in Table I and, except for the Pb”’(d,p) Pb®*® reaction, 
are shown in the energy-level scheme of Fig. 2. The 
dashed levels in Fig. 2 were not seen in the (d,p) reaction 
and their energies are those given by Alburger and 
Sunyar.‘ All of the other energies shown in Fig. 2 are 
the results of our measurements. No energy measure- 
ments were made for the Pb*’’(d,p) Pb’ reaction. 

The configuration and spin assignments given in 
Fig. 2 are also from Alburger and Sunyar. A search was 
made for proton groups to the two dashed levels, but 
they were not detected. At a laboratory angle of 90 
degrees the group to the 1.63-Mev level of Pb”? must 
have an intensity less than one percent that of the 
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Pb®08 (4,p) Pb?” 

Q= 4.5! 
Pb208 (dp) Pb209 

Q=1.7 
Fic. 2. Energy levels of PL®’ and Pb®, The dashed levels do not 
appear in the (d,p) reaction. Harvey’s method of plotting the 
levels relative to the neutron binding energy is used (reference 20), 


and shows the possible correspondence of several Pb®’ nuclear 
states with the states in Pb®*. 




















(d,p) REACTIONS 
ground-state group, while the group to the 2.35-Mev 
level must have an intensity less than five percent that 
of the ground-state group. 

There are two striking features of our results. 
First, nearly all of the angular distributions show 
angular maxima and fall off very rapidly at forward 
angles. Second, the variation in the observed cross 
section is very large. Peak cross sections for the different 
observed states varied between 0.06 mb/sterad and 
7.75 mb/sterad, a change in cross sections by a factor 
of more than one hundred. Table I lists the peak angles 
of the angular distributions, the peak differential cross 
sections, and a few total cross sections. 


DISCUSSION 
(a) Known Nuclear States 


Properties of the initial and final states of the reaction 
were known for four of our experimental angular 
distributions. If a stripping reaction is assumed, then 
three of these distributions would involve p-wave 
neutron capture. These are the distributions for the 
ground-state and 0.90-Mev state of Pb*’ shown in 
Fig. 3, and the distribution for the ground state of 
Pb**8 shown in Fig. 4. All three of these distributions 
have maxima at a laboratory angle of 65 degrees; they 
also have the most pronounced maxima observed. The 
fourth angular distribution is for the 0.57-Mev state 
of Pb*? and is shown in Fig. 4. This distribution would 
involve f-wave neutron capture and has a maximum 
at 89 degrees. The outgoing proton energies for the 
four distributions are between 14 Mev and 16 Mev. 

There are several features of these angular distri- 
butions which we feel are consistent with our assump- 
tion of a stripping process, and inconsistent with the 
statistical assumption for a compound-nucleus process. 
First, the asymmetrical angular distributions are not in 
agreement with Wolfenstein’s predictions for a 
compound-nucleus process.’ Second, the angular distri- 








Fic. 3. Proton angular distributions leading to the p; (ground) 
and fy, states of Pb®’, The two distributions are quite similar and 
suggestive of a stripping mechanism for the reaction. 


41. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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Fic. 4. Proton angular distributions leading to the ground state 
of Pb*8 and the /; state of Pb’. The ground-state distribution is 
for p-wave neutron capture and should be compared with the 
distributions in Fig. 3. The peaking of the f-state distribution at 
larger angles than the p-state distribution is in agreement with 
stripping effects observed in light nuclei. 


butions for p-wave neutron capture agree well with one 
another except at the back angles. This agreement is 
expected for a stripping process. Third, the movement 
of the maximum to larger angles for f-wave neutron 
capture is similar to the behavior of stripping reactions 
in light nuclei. The appearance of angular maxima 
at large angles for the Coulomb-distorted stripping 
reactions is indicated by the calculations of Tobocman 
and Kalos’ and of Biedenharn ef al.!® The interesting 
feature is, of course, the possibility that the angular 
distributions are still representative of the neutron 
orbital angular momentum transfers even though the 
distributions are strongly influenced by Coulomb 
forces. 

The supposition of a stripping process can also be 
tested in a study of the relative cross sections to the 
four states of known properties. Several theoretical 
calculations of the level structure of different lead 
isotopes have been made.*.’ In particular, the levels of 
Pb*®> and Pb*® have been treated theoretically by 
Kearsley and by True and Ford.’ A result of their 
calculations has been a mixed-configuration wave 
function for the ground state of Pb”’®. The True and 
Ford wave function has the form 


W206= @(p1j2)?°- +8 ( fy2) + (ps2)? +d (4135/2), 


where the absolute values of the coefficients a, 6, c, and 
d are 0.865, 0.306, 0.377, and 0.127, respectively. If one 
now assumes that the ground state and low-lying 
excited states of Pb*? are pure single-hole con- 
figurations, then it is possible to obtain predictions of 
relative cross sections for different final states of the 


18 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
16 ee Boyer, and Goldstein, Phys. Rev. 104, 383 
(1956). : 
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Pb**(d,p)Pb™” reaction from this wave function. 
To compare these predictions to our data, we refer to 
the reaction formalism of Auerbach and French'’ and 
French and Raz,'* who have studied (d,p) reactions in 
light elements and in the calcium isotopes. We compare 
the cross-section ratios by assuming that only the spin 
statistical factors and the neutron capture probabilities 
vary from reaction to reaction. This is a valid com- 
parison if only final states resulting from the same 
neutron capture /-value are compared and if changes of 
+1 Mev in outgoing proton energies near 15 Mev do 
not materially affect the cross sections. Our com- 
parisons will be between peak cross sections which 
should be more closely related to a stripping process 
than the total cross sections. Comparisons using total 
cross sections and comparisons using peak cross 
sections agree within the experimental error. 

The ratio of the cross section to the 0.9-Mev state 
of Pb” to that to the ground state of Pb”” should be, 
except for statistical factors, |c|*/|a/?. We find 
|c!?/|a|?=0.14+0.01. The theoretical value of True 
and Ford’ is 0.19. 

Since the ground state of Pb*’ is assumed 
to be a pure 1/2 neutron hole state, the ratio of the 
Pb™*(d,p)Pb”’ ground-state cross section to that of 
Pb*7(d,p)Pb™® yields a value for |a|*. We find |a|? 
=0.88+0.15. Then a=0.94+0.08 and c=0.35+0.05. 
True and Ford give a=0.865 and c=0.377. 

Further quantitative comparisons of our data with 
the True and Ford wave function would require a 
better understanding of the influence of different 
factors on the cross section. However, several qualitative 
remarks can be made. The (f5/2) level at 0.57 Mev in 
Pb*™? was observed; the (f72) level at 2.35 Mev in 
Pb”? was not observed. This would be predicted by 
True and Ford. The failure to observe the (43/2) level 
at 1.63 Mev in Pb” is consistent with the True and 
Ford wave function. Finally, comparable cross sections 
for the 0.57-Mev state of Pb®’ and the 0.90-Mev 
state of Pb*’ agree with the approximate equality 
of b and c. 


(b) Possible Assignments of the other 
Observed States 


The observed energy levels of Pb*®? and Pb™ are 
plotted in Fig. 2 relative to the binding energy of the 
last neutron. The ground state and low-lying excited 
states of Pb are expected to be different angular 
momentum states of the 127th neutron which lies 
outside of the closed shell of 126 neutrons. Possible 
angular momentum states of the last neutron in Pb”? 
bound to a “Pb*®” core should correspond closely to 


17T, Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 

18 J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). Our 
calculations have assumed a differential cross section similar to 
that given by French and Raz [Eq. (1) ], but our ¢:(6) would be 
* modified by Coulomb effects. Details of this cross-section expres- 
sion are in Auerbach and French.!” 
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the single-particle states of Pb. Figure 2 indicates a 
correspondence between the ground state of Pb®® and 
the 2.71 Mev state of Pb*’, a correspondence between 
the 0.79 Mev state of Pb™ and the 3.61 Mev state of 
Pb*’, and a correspondence between the 1.58 Mev level 
of Pb® and the 4.37-Mev state or the 4.62-Mev state 
of Po’. The angular distributions and relative inten- 
sities to the different states can be used to test these 
possible correspondences. We shall also attempt to 
choose among possible spin assignments for these 
states by assuming a stripping mechanism for the 
reactions. 

The angular distributions for the 2.71-Mev and the 
3.61-Mev states of Pb””’ are shown in Fig. 5. The large 
cross sections are suggestive of single-particle states. 
The lowest single-particle neutron states expected in 
this region are goo and 4j1/2..% Our observations of 
known groups indicate that the larger peak angle of 
the 3.61-Mev state is representative of a higher neutron 
angular momentum transfer. This is also in agreement 
with the relative intensities of the two states. The 
2.71-Mev and the 3.61-Mev states of Pb*’, if they are 
single-particle states, are then expected to be go/2 and 
i1/2, respectively. 

The angular distribution to the ground state of 
Pb* is shown in Fig. 6 and agrees very well with the 
angular distribution and cross-section magnitude to the 
2.71-Mev state in Pb®”’. The correspondence of these 
two states appears to establish their single-particle 
character, and our earlier arguments indicate a go/2 
assignment. 

Establishment of the single-particle nature of the 
2.71-Mev state in Pb”? strengthens our suggestion that 
the 3.61-Mev state is also a single-particle state. 
However, the angular distribution for the 0.79-Mev 
state in Pb™ (see Fig. 6) is quite inconsistent with the 
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Fic. 5. Angular distributions leading to the fifth and sixth 
known excited states of Pb’. The distribution for the 2.71-Mev 
state is nearly identical with the distribution for the ground state 


of Pb®® (Fig. 6). 


1 P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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measurements for the Pb*’ 3.61-Mev state. The 
character of the 0.79-Mev state is apparently quite 
different from that of the other states studied. Our 
data indicate very little angular dependence of the 
cross section and a much smaller. magnitude for the 
cross section than would be expected for a single- 
particle state. The failure to find a correspondence 
between the Pb®* 0.79-Mev state and the Pb””’ 3.61- 
Mev state also casts doubt upon our earlier interpre- 
tation of that Pb*’ state. 

The angular distribution of the 1.58-Mev state in 
Pb™ is shown in Fig. 6. Once again, the large cross 
section is suggestive of a single-particle state. The 
single-particle states that are expected from the shell 
model are gz/2 and d5,2.!% While the Pb ground-state 
angular distribution (presumably for a go/2 state) peaks 
at a slightly larger angle than the 1.58-Mev angular 
distribution, the latter distribution is not inconsistent 
with a gz2 assignment for the 1.58-Mev state. The 
f-wave neutron capture angular distribution in Fig. 4 
also supports a g7/2 assignment for the state. There are, 
however, several strong arguments against this assign- 
ment. First, if the state is a gzj2 state and if the go, 
assignment for the ground state is correct, then the 
g-state splitting is 1.6 Mev, slightly smaller than the 


1.8 Mev f-state splitting in Pb”’. The g-state splitting 


is expected to be larger than the /f-state splitting. 
Second, the cross section, when compared to the ground- 


state cross section, appears to be larger than is expected 
for a g state. Third, the outgoing proton energy of 11 
Mev is quite different from the 15-Mev energy of the 
protons examined in the f-wave neutron capture. 
Proton energies below the Coulomb barrier are expected 
to increase Coulomb distortions of the angular distri- 
butions and to move the peaks of the distributions to 
larger angles. For these reasons we prefer to suggest 
a ds. assignment for the 1.58-Mev state of Pb™ 
assuming, of course, that it is a single-particle state. 
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Fic. 6. Angular distributions for the three lowest known states 
in Pb™. The 0.79-Mev state appears to differ from the other 
single-particle states. The behavior of the ground state is quite 
similar to that of the 2.71-Mev state of Pb”. 
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Fic. 7. Proton angular distributions leading to two of the 
higher excited states in Pb®’. The two states appear to have very 
similar properties. 


The angular distributions of the 4.37-Mev and the 
4.62-Mev states of Pb’ in Fig. 7 are quite similar and 
are presumably representative of the capture of neu- 
trons with the same orbital angular momentum. This 
possibility seems to be ruled out by the small energy 
separation of the two states. The p-state splitting and 
the f-state splitting in Pb”’ indicate that energy 
separations of more than 1 Mev should be expected for 
this type of doublet. The data might represent two 
single-particle states with different orbital angular 
momenta. In that case, corresponding states should be 
seen in Pb. The angular distribution of the Pb” 
1.58-Mev state is similar to the angular distributions of 
these Pb”? states; however an exact correspondence 
between either one of the Pb*” states and the Pb™ 
state is ruled out by the larger cross section of the 
1.58-Mev state. 

A suggestion made to us by Professor K. W. Ford 
appears to offer a plausible explanation of the two 
identical states in Pb*”’ and also a possible correspond- 
ence with the 1.58-Mev state of Pb®*. The appearance 
of core-excited proton states in Pb™® at excitation 
energies above 2.6 Mev implies the existance of similar 
states in Pb”? and Pb*™ at similar excitation energies. 
These states would not be seen in a (d,p) stripping 
reaction. However, if one of them happens to have the 
same spin and parity as a neutron particle state and 
nearly coincides with it in energy, then the two states 
should mix strongly with approximately equal neutron 
state and proton state amplitudes. The stripping 
reaction would then excite both states, their cross 
sections should be about equal, and they should have 
identical angular distributions. This is in agreement 
with the experimental measurements for the 4.37-Mev 
and 4.62-Mev states of Pb®’. 

A correspondence between the cross section to the 
1.58-Mev state of Pb*® and the sum of the cross sections 
to the 4.37-Mev and 4.62-Mev states of Pb”? is imphed 
by Ford’s suggestion. Our earlier interpretation of the 
1.58 Mev state as a single-particle state also requires 
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some kind of correspondence between this state and 
some state or states of Pb*’’. The sum of the peak cross 
sections of the Pb” states is 9.9 mb/sterad while the 
peak cross section of the 1.58-Mev state is 7.75 mb/ 
sterad. The observed ratio of the two cross sections, 
including the experimental error, is 1.30.4 and should 
be unity for corresponding states. The experimental 
data are therefore not in good agreement with this 
assumption of corresponding states. However, the 
discrepancies between the different experimental data 
do not appear to be sufficiently large to rule out the 
possible interpretation offered here. 


(c) Comparisons with Other Experiments 


The electron decay of Bi*”’ to the low-lying states of 
Pb*? has been studied by Alburger and Sunyar.‘ Our 
experimental angular distributions and relative cross 
sections for the ground state and first two excited states 
are in agreement with their configuration assignments. 

An extensive survey of (d,p) and other reactions in 
several lead isotopes has been carried out by Harvey.” 
His Q-value and differential cross section measurements 
were carried out at a fixed angle. Several of our Q-value 
measurements appear to disagree with his results 
although the combined uncertainties are large enough 


2” J. A. Harvey, Can. J. Phys. 31, 278 (1953). 
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to account for the discrepancies. On the basis of his 
relative cross sections for the different states (at 
one laboratory angle) and using the j-j coupling 
scheme by Klinkenberg, Harvey assigned single- 
particle or single-hole configurations to all of his 
observed states in Pb®’ and Pb**. In particular, his 
assignments for the 2.71-Mev, 3.61-Mev, 4.37-Mev, 
and 4.62-Mev states of Pb*’ were go,2, i11/2, ds;2, and 
£72. His assignments for the ground, 0.79-Mev, and 
1.58-Mev states of Pb” were go/2, i11/2, and d5/2, and the 
possible correspondence of these states with states in 
Pb”? was pointed out. Our experimental results indicate 
that the 0.79-Mev state of Pb does not correspond 
to the 3.61-Mev state of Pb*’. Furthermore, our 
experimental results do not seem to permit simple 
unmixed configuration assignments for the 4.37-Mev 
and 4.62-Mev states of Pb®’. A possible interpretation 
of this doublet and its relation to the Pb*” 1.58-Mev 
state has been offered. 
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Yields from the reactions Be*(e,e’") and Be®(y,n), as well as the relative yields from C(e,e’n)C"™ and 
C(y,n)C™, were measured under conditions which permitted a comparison of the relative effects of electrons 
and bremsstrahlen from electrons in producing nuclear reactions. The primary electron energies were from 
6 to 17 Mev in the case of Be, and 24 to 145 Mev in the case of C. Comparison of the experimental results 
with the theory of electrodisintegration gives information about the multipole order of the electromagnetic 
transitions involved. The Be® results agree with theory if the reaction mechanism is predominantly electric 
dipole. For C", a mixture of 92% electric-dipole with 8% electric-quadrupole intensities gives agreement 
with theory over the energy range 28-145 Mev, provided that the finite size of the C nucleus is taken into 
account. The method of considering the finite nuclear size in the theory is presented, and the results previ 
ously obtained by Reagan for the reactions F(e,e’2p)N"” and F™(y,2p)N"’ are shown to be in good agree 
ment with the modified theory for an electric-quadrupole transition. 


I. INTRODUCTION 


HE direct interaction of the electromagnetic field 

of an electron with the nuclear charges and 
currents is closely related to the interaction of photons 
with the nucleus. One important difference arises from 
the fact that when a nucleus absorbs the energy of a 
¢ Supported by the joint program of the Office of Naval Re- 


search, the U. S. Atomic Energy Commission, and the U. S. Air 
Force Office of Scientific Research. 


photon, the momentum transfer is fixed along the 
direction of the incident photon; whereas in trans- 
ferring energy to the nucleus the electron scatters, 
giving rise to a distribution of momentum transfers. 
To the approximation that the nuclear size can be 
neglected, the relative effects of photons and electrons 
in producing nuclear reactions can be evaluated with- 
out knowledge of the nuclear wave functions other 
than the specification of the multipole order of the 
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nuclear transition involved. Specification of the multi- 
pole order is required because this determines the 
angular distribution of the scattered electrons and 
hence the distribution of momentum transfers. It is 
noteworthy that in case the electron energy is just 
above the threshold for the reaction under study, the 
scattered electron has almost no energy, and hence the 
momentum transfer is very nearly in the initial electron 
direction. If, in addition, the initial electron energy is 
large compared with its rest energy, the energy and 
momentum transfer relations are essentially the same 
as for a photon; and a comparison of photo- and 
electrodisintegration cross sections no longer gives 
information about the multipole order of the nuclear 
transition. 

Calculations of the ratio of photo- to electrodisinte- 
gration cross sections, approximating the nucleus as a 
point and the incoming and outgoing electrons as plane 
waves, have been made by a number of investigators.’ 
Similar calculations for an energy domain where the 
finite nuclear size cannot be neglected have been made 
by Dalitz and Yennie.* 

Various experiments comparing photo- and electro- 
disintegration cross sections have been reported. The 
most recent of those concerned with nuclear excitations 
below meson threshold are those of Brown and Wilson’; 
Scott, Hanson, and Kerst®; Reagan’; and Hines.® 
Brown and Wilson studied reactions resulting in the 
ejection of a single neutron from Cu®, Zn™, Ag’, and 
Ta'*!, using primary electrons of energies from 24 to 
35 Mev. In the cases of Cu, Zn, and Ag, their results 
were in agreement with theory provided the transitions 
involved were approximately 88% electric-dipole and 
12% electric-quadrupole. In the case of Ta a consider- 
ably larger fraction of quadrupole transitions was 
required to give agreement between experiment and 
theory. The authors favored an alternate explanation: 
that the approximations of the theory were not suffici- 
ently accurate for a high-Z nucleus such as Ta. Hines* 
extended the measurements on Cu® to primary electron 
energies of 81 Mev and also studied the ejection of 
three neutrons from Mn* producing 21-min Mn. 
Hines remarked that the finite nuclear size would be 
expected to modify the theory at these high bombarding 
energies but he did not attempt a quantitative evalu- 
ation of these effects. Reagan’s work was also at higher 
energies where nuclear size should not be neglected. 

The present work on Be’ and C” was undertaken to 
compare theory and experiment in the low-Z region 
where the plane-wave approximation should be most 
nearly valid. The work on C was extended to energies 

1G. C. Wick, Ricerca sci. 11, 49 (1940). 

2 J. S. Blair, Phys. Rev. 75, 907 (1949). 

3 Thie, Mullin, and Guth, Phys. Rev. 87, 962 (1952). 

4R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957). 

5K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954). 

6 Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955). 


7D. Reagan, Phys. Rev. 100, 113 (1955). 
8 R. L. Hines, Phys. Rev. 105, 1534 (1957). 
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high enough that finite nuclear size effects should 
become important. A rough evaluation of these effects 
has been made using the work of Dalitz and Yennie* 
as a basis. The finite nuclear size has a particularly 
strong influence on the excitation of electric-quadrupole 
transitions by electrons. This is illustrated by a com- 
parison of Reagan’s results on the production of N!” 
from F with the size-corrected theory. 


II. EXPERIMENTAL METHOD 


The required experimental data are the measured 
yields of neutrons or radioactivities produced when 
electrons of known energy EZ» bombard thin targets, 
and the corresponding yields when the bremsstrahlen 
from electrons of energy /» bombard similar targets. 

In practice it was convenient to obtain the ratio of 
these yields by employing foil sandwiches as electron 
targets in the method used by Brown and Wilson.® 
For the carbon experiments the sandwich consisted of 
a thin polystyrene sheet, then a tantalum radiator, 
followed by a second polystyrene sheet. The entire 
sandwich was “‘thin” so that almost the entire electron 
beam traversed the sandwich with little loss in energy. 
Under these circumstances the activity NV;(o) induced 
in the first target foil was almost entirely due to 
electrons, while that in the second target N2(EZo) was 
the sum of activities induced by electrons and the 
bremsstrahlen produced in the radiator. Since the 
target foils were of equal thickness, the quantity 
(N2—N)/N:1 gives approximately the ratio of photon- 
to electron-induced activity. In practice the foil stack 
could not be thin enough to use this equation directly, 
and corrections to take account of foil thickness were 
required. 

In the appendix these corrections are listed, and it is 
shown that to first order in the foil thickness, the 
correct ratio of photon- to electron-induced activities 
is given by 


| gle t+ty])— 
( 40 7Ot) = “~ ‘ > (1) 
R(Eo—4A,) al R| || 


where 


0(Ni+No) (A,+4,) 
sd nbeavionts ~ mf 1, (2) 


All symbols are defined in the appendix. 

For the Be® experiment where the reaction was 
detected by counting neutrons, the foil-stack experi- 
ment was modified and performed in two stages. In one 
case, the electron beam bombarded a target of }-in. 
beryllium, and in the second case, the target was a 
sandwich consisting of a ;-in. aluminum radiator 
followed by a §-in. beryllium target. The primary 
electron beam was monitored by a hydrogen-filled 
ionization chamber placed ahead of the target. Back- 
grounds for the respective experiments were obtained 
by employing as targets either an empty target holder 
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or the aluminum radiator only. (Onset of copious 
production of neutrons from the aluminum radiator 
limited the primary beam energies to 18 Mev.) The 
net yield from the beryllium target was predominantly 
due to the direct electrodisintegration, while the net 
yield from the (Al+Be) sandwich was due to the 
photons produced in the aluminum radiators as well as 
to direct electrodisintegration. 

Analysis of the data to give the corrected ratio of 
photo- to electrodisintegration yields is similar to the 
process described for the three-foil radioactivity experi- 
ments, and is described in further detail in the appendix. 


Ill. EXPERIMENTAL DETAILS 


Because the electrodisintegration cross sections are 
~ 1/137 times the photodisintegration cross sections, 
the experiment requires knowledge of any photon 
contamination of the primary electron beam. This 
was achieved through use of the double magnetic 
deflecting systems of the Mark III and Mark II 
electron linear accelerators.*"” In these systems the 
electron beam is deflected and refocused after it has 
been collimated and energy-analyzed, so that the 
bremsstrahlung produced in collimators and energy- 
defining slits is not traveling in the final direction of the 
electrons. The purity of the final electron beam was 
established by studying beam pictures on photographic 
film or glass plates, and by the good reproducibility of 
the ratio of photo- to electrodisintegration observed in 
the present experiments. (Any photon contamination of 
the beam would be expected to vary with accelerator 
tune-up conditions which produce changes in the 
electron spot size and energy spectrum.) The reaction 
yields due to unknown photon contamination of the 
incident beam were estimated to be less than 1% of 
the electron-induced activity in the present experiments. 

In the case of the C’* experiments using the Mark II 
accelerator, the foil stacks were placed inside the 
accelerator vacuum system, so no correction for 
radiation-producing material ahead of the targets was 
required. In the other experiments, where some material 
was unavoidably directly in front of the targets, a 
small correction was required (see appendix). 

The energy calibration of the Mark II accelerator 
was established to 2% accuracy by measurements of 
the thresholds of the reactions D(y,n), Cu™(y,m), and 
O'*(y,n). The energy calibration of the Mark III 
accelerator was taken from floating-wire measurements 
made on the deflecting magnets. 

The detectors for the 20-min C" were anthracene 
scintillation counters. A pair of counters was employed 
so that the front and back detector foils could be 
counted simultaneously. Successive counting periods 
were made interchanging foils on the counters so that 
possible differences in counting efficiencies could be 

9W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
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10K. L. Brown, Rev. Sci. Instr. 27, 959 (1956). 
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observed and taken into account. Successive bombard- 
ments were made in which front and rear detector foils 
were interchanged so that small variations in detector 
foil thickness were averaged out. 

The neutrons from the Be® reaction were detected 
by BF; counters enriched in B" which were embedded 
in paraffin moderator surrounding the target. This 
neutron counting assembly was constructed and cali- 
brated by W. D. George for use in an experiment to 
measure absolute neutron yields from various targets. 
Construction and calibration details will be published 
later. For the present experiment, where only the ratio 
of yields (with and without radiator) was desired, the 
efficiency calibration of the counters was not important. 
A source of error lies in the possibility that the neutrons 
from the electrodisintegration and from the photo- 
disintegration have different angular distributions. 
However, the moderator surrounded the targets except 
for openings in the forward and backward directions, 
and measurements with a RaBe source indicated that 
78% of the total solid angle was sampled. An estimate 
of the possible error due to angular distribution effects 
can be obtained from the data of Hamermesh et al.!! 
on the angular distribution of neutrons from the 
Be*(y,n) reaction. They observed a distribution of the 
form (a+ sin*@) where a/b>1 near threshold and 
a/b=1.2 at hv=2.76 Mev. If we take a/b=1.2 for the 
photodisintegration process and a/b= © (isotropic) for 
the electrodisintegration process, the computed effi- 
ciency for photon-produced relative to electron-pro- 
duced neutrons is 1.015. From the theoretical considera- 
tions mentioned in the introduction, we expect the 
electron-produced neutrons to have a distribution 
somewhat more isotropic than but similar to that of 
the photoproduced neutrons. Thus the ratio 1.015 com- 
puted on the assumption of isotropy for the electron- 
produced neutrons is an upper limit to the error from 
this source. 

The hydrogen-filled ionization chamber used to 
monitor the incident electron beam in the Be® experi- 
ments was used in a previous experiment on the specific 
ionization of electrons in gases.'? Its reproducibility at 
given energy was within 1%, and its sensitivity as a 
function of electron energy was known to 1% accuracy 
over the energy range employed. 


IV. THEORY 


The results of the theories can be expressed in terms 
of a spectrum of virtual photons, associated with an 
electron of initial energy Eo, available for producing 
nuclear excitations of energy k, and of specified multi- 
pole order. (We use units throughout such that h= c= 1.) 

For a point nucleus the matrix elements for electron- 
induced transitions can be expressed in terms of those 
for photon-induced transitions, and the electrodisinte- 

11 Hamermesh, Hamermesh, and Wattenberg, Phys. Rev. 76, 
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gration cross section can be written 


N. 
o¢(Eo,k sl) =—(ky, EoD) oy (ky), (3) 
b 


I 


where N, is the virtual photon intensity spectrum 
associated with a transition energy ky and multipole 
order specified by /, and o,(k,) is the cross section for 
photons of energy k;. The theoretical calculations give 
the result 


dky a dk, Eo—ks\? 
or eo) 
ky T ky Eo 


2Eo(Eo— ky) 
XIn—— _ -c}, (4) 
moky 
where mois the rest energy of the electron, C= 2(Eo— ky) 
Eo for electric-dipole transitions, C=0 for magnetic- 
dipole transitions, and C=— (8/3)[ (ELo—k,)/ky ? for 
electric-quadrupole transitions. Thie, Mullin, and Guth? 
show how the calculations can be extended to higher 
orders, give an explicit result for electric-octupole 
transitions, and stress the uncertainty of the magnetic- 
multipole calculations because of the unknown nature 
of the mesonic contributions to the magnetic moments. 
Dalitz and Yennie‘ have extended the calculations 
to the region where the nuclear size is no longer small 
in comparison with the length associated with the 
momentum transferred to the nucleus. In their paper 
N, is separated into contributions NV,‘ and N,' from 
those parts of the matrix elements transverse and 
longitudinal to the direction of the momentum transfer. 
Their result [Eq. (1.5) of reference 4] is 
Np kp)=Ne'(pk)+Ne'(p,ky), (5) 
where 
a crt’)? k2d(k?) 
repnncf ee. 
(ko? — k?)? 


Tv 
L(p+p’)?— Rk ]LR—(p—p')?] Be? 
4 pk? 2p? 


(p—p’)? 
(J 2(R*)) 
(J2(k?)y 
(6) 
and 
a plete’) k2d(k?) 
Nipe=-[ 
4kep? 


TY (p—p')® 


(7) 


Re 


[ee (JP (R*)) 
x| = 1 ; 


(J2(k?)) 


The new symbols employed here are defined as follows: 
pand p’ are the magnitudes of the electron’s momentum 
before and after scattering; ko and k& are the energy 
and magnitude of the momentum transferred to the 
nucleus ; (J ,”) and (J,*) are the squares of those parts of 
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TABLE I. Values of the ratios of the matrix elements for tran- 
sitions of various multipole order when the nucleus is treated as 
a point. 





(Je (R2)) 
Jelkp)) 


(Ji? (k?)) 
(J? (ks*)) 





Type of transition 
Fl 1 
M1 k?/ky? 
F2 h2/ky2 


the matrix element transverse and longitudinal to the 
direction of the momentum transfer. For a point 
nucleus the matrix element components have the values 
shown in Table I. Integration of Eqs. (5), (6), and (7), 
with the values from Table I inserted and with the 
extreme relativistic approximation that Eo= p, results 
in Eq. (4). 

An exact calculation of the matrix element ratios for 
the case where the nuclear size is not negligible would 
require knowledge of the initial and final state wave 
functions. However, an estimate of the effect of the 
finite nuclear size can be obtained by assuming that 
contributions to the matrix elements occur uniformly 
throughout the nuclear volume. At each point r the 
contribution to the matrix element should contain the 
phase factor e'*'', so that the corrected expression for 
the matrix elements would have the form 


Jssse(8) = f ¥i*Loperator Je dr. (8) 


In order to integrate (8) over the nuclear volume, the 
phase factor is expanded as usual in spherical Bessel 
functions and Legendre polynomials: 


et = 90; (21+1)i'ju(kr) pi(cosé) 


=1—fhY?4- +, (9) 


The evaluation of (8) to lowest order in kr gives an 
expression for the matrix elements of a finite-size 
nucleus in terms of those for a point nucleus: 


J finite (A) =Jo(k)[1 a &(r?) ]. 


The ratios for the squares of the matrix elements that 
appear in Table I should be multiplied by the factor 


[1—BX)P 1-2") 
[1-BA)P 1-3) 


before substitutions into Eqs. (6) and (7). Integration 
of (6) and (7) then yields values of V, for producing 
excitation of a nucleus of finite size. The calculation 
could easily be carried to higher-order approximation, 
but in view of the uncertainty in y; and yy, this is not 
warranted at this time. 

Since the principal contributions to \,‘ occur for 
values of k approximately equal to ky, it is not changed 
much by the effect of finite nuclear size. However, the 
principal contribution to NV,’ comes from larger values 


(10) 





(11) 
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TABLE II. Experimental data for the Be’ reactions. Target, 0.589 g/cm? Be; t,=8.67 X 10-%. Radiator, 0.4362 g/cm? Al; t-=1.79X 10". 
3.6K 10. Fexp=[Z(Z+1)re Ns R=7.104R. 


Material ahead of fc 


N2 
1888+23 0.96 
3623433 0.98 
5408+45 0.99 
7249435 0.993 
8630+21 0.995 
10073441 0.996 


1 —4(6?) 


Ar 
(Mev) 


0.76 
0.81 
0.85 
0.90 
0.94 
0.99 


1028+ 27 
1929+. 36 
2837+68 
3935427 
4715+22 
5422+.32 


ON. 
(Mev) SEA 


ail stack, ty= 


At a 


0.94 
0.98 
0.99 
1.02 
1.04 
1.07 





=~) 
2 
—53 
—63 
—53 
—45 


—18 


) 


280+ 28 
285+28 
300+36 
402+40 
326+33 
267+27 


aM 


GEo 


Ar + At 
2 


31 


R"” 


0.984+0.05 
0.955+-0.035 
0.995+0.04 
0.920+0.019 
0.884+0.011 
0.896+0.013 


R(Eo —$A:) 
1.328+0.08 
1.275+0.06 
1.348+.0.07 
1.214+0.040 
1.151+0.037 
1.173+0.039 


Eo— tar 


(Mev) 


5.03 
741 
9.80 
12.19 
14.58 
16.97 


Fexp (Eo — $41) 


9.444+-0.57 
9.06 +0.45 
9.58 +0.51 
8.63 +0.31 
8.18 +0.26 
8.33 +0.27 


TABLE ITI. Experimental data for the C” reaction. Targets, 0.077 g/cm? polystyrene; ¢;= 1.68 10~*. Radiator, 0.172 g/cm? Ta; 


t,=2.71X10-*. (Correction for Z dependence of bremsstrahlung from radiator, 1.07+0.007.) Fexp 





N2/M1 ty 


2.679+0.03 0 
2.982+0.03 0 
2.948+0.03 0 
2.894+0.03 0 
2.885+0.03 0 
2.755+0.03 8.2K 10-4 
2.261+0.03 19.5 10~* 


1 —4(62) 
0.99 
0.993 
0.994 
0.995 
0.996 
0.997 
1.00 
1.00 


(At + Ar) 
2 
(Mev) 


0.465 
0.511 
0.558 
0.597 
0.643 
0.688 
1.273 
2.197 


1 8(Ni+N2) 
Ni Eo 
(Ar +r) 
2 


0.806+0.08 
0.305+0.03 
0.176+0.02 
0.092+0.01 
0.028+0.003 
0.010+0.001 
0.006+0.000 
0.008+0.000 


R’ 


2.457+0.085 
2.264+0.042 
2.107+0.036 
1.972+0.031 
1.901+0.03 
1.735+0.03 
1.268+0.03 
1.097 +0.03 


R(Eo —4$4:) 


2.647 +0.095 
2.424+0.066 
2.245+-0.040 
2.092+0.035 
2.013+0.035 
1.928+0.039 
1.446+0.045 


Eo—4$At 


(Mev) 
23.4 


27.0 
30.4 
33.5 
35.9 
39.9 
75.5 


139.8 


Fexp (Eo —4At) 
10.85+0.40 
9.93+0.27 
9.20+0.18 
8.57+0.16 
8.25+0.16 
7.90+0.16 
5.92+0.19 
5.03+0.18 


2.087+0.03 19.5 10~4 





of k, and the factor (11) produces a substantial reduc- 
tion. For large values of k the factor 1—4k*(r?) becomes 
negative. This is a result of the approximation and 
cannot represent a real physical situation; hence the 
integrals of the modified Eqs. (6) and (7) have been 
taken only over the region where the integrand is 
positive. 

In all the calculations it was assumed that (r?), the 
mean square nuclear radius, is given by [1.2 10-*A*}. 


V. RESULTS AND COMPARISON WITH THEORY 


The principal experimental results, together with 
data on the targets and radiators, are presented in 
Tables II and III. The final errors quoted are statistical 
combinations of various errors from the sources listed 
in the tables. The errors introduced by the correction 
terms were estimated to be 10% of the applied correc- 
tion. The correction and analysis of the results requires 
knowledge of the activation curves V;(Eo) and N2(£o). 
In the case of beryllium the determination of these 
activation curves was a part of the experiment. Figure 1 
shows activation curves for the electron- and photon- 
induced reactions in Be. These curves are the quantities 
N.(Eo)—N,(£o) after correction as indicated in the 
appendix. The photodisintegration cross section as 
determined from the photon-difference analysis of the 
photon activation curve is shown as the histogram in 
Fig. 2. For comparison, the cross-section curve deter- 
mined by Nathans and Halpern is shown by the 
dashed line. The curves were arbitrarily normalized to 
contain approximately equal areas. Although the errors 
in the present experiment preclude any detailed com- 


“BR, Nathans and J. Halpern, Phys. Rev. 92, 940 (1953). 


1.228+-0.044 


parison of the cross sections in the region beyond 6 
Mev, the relatively high value of the cross section 
obtained in the present experiments at ~3 Mev is in 
good agreement with experiments performed with 
monochromatic 7 rays in this energy region. 

For the present C!* experiments only the relative 
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Fic. 1. Activation curves for the photo- and 
electrodisintegration of Be’. 
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values of N; and Ne were measured. Using these 
ratios, activation curves N,(/o) and N2(Eo) were 
determined from the results of Barber, George, and 
Reagan" where the activation and cross-section curves 
for the reaction C!*(y,z)C" were determined. 

Finally available from experiment are the corrected 
ratios [ Eq. (1) ] giving the relative yields of a reaction 
from the bremsstrahlen and the direct effect of an 
electron of energy /». The theory is able to predict 
this ratio for a process with a fixed value of the tran- 
sition energy ky and a given multipole order. Since 
both the reactions under study have a cross section 
which is significant over a wide range of ky, it is neces- 
sary to average the theoretical predictions over ky 
before a comparison with experiment can be made. 
The theoretical ratio to be compared with experiment is 


Eo dky 7 p® dk, 
vf a(kys) ¢y(Eo,ks,Z) /f ob MN Eohy) 
0 ky 0 es 


(12) 


where V, is given by Eq. (4) or (5), ¢, is the brems- 
strahlung intensity spectrum produced by an electron 
of energy / in the radiator of atomic number Z, and 
N, is the effective number of atoms/cm? in the radiator. 
In the present work, the Bethe-Heitler formula with 
intermediate screening is used as the basis for ¢y. 
Screening is neglected in computing V, because here 
the principal contributions come from “‘close”’ collisions, 
the same fact that makes nuclear-size effects so im- 
portant. Consideration must be given to the brems- 
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Fic. 2. Cross-section curves for the reaction Be®(y,n). The 
histogram is the cross section derived by photon difference 
analysis of the photon activation curve shown in Fig. 1. The 
dashed curve is the cross section as determined by Nathans and 
Halpern.# 
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Fic. 3. Ratio of the yields of neutrons from Be? by photo- 
disintegration to those by electrodisintegration, as a function of 
primary electron energy. The experimental ratios are indicated 
by points with standard errors shown. Theoretical ratios calcu- 
lated under different assumptions are indicated by the arrows. 


strahlung produced in the field of the atomic electrons 
of the radiator and to the fact that for high atomic 
numbers the Bethe-Heitler formula overestimates the 
amount of radiation produced. A sufficiently accurate 
correction for the former effect is obtained by applying 
the factor (Z7+1)/Z to the radiation formula. For the 
latter effect an empirically determined correction factor 
for the Z dependence of bremsstrahlung"® is used. As a 
matter of convenience, these corrections have been 
made to the experimental ratio (1) rather than to (12). 
Since V, depends on the multipole order of the tran- 
sition, Eq. (12) should be written separately for each 
multipole transition using for o(k,) that part of ¢ which 
is due to the multipole order under consideration. In 
practice we have little direct knowledge of the multipole 
order of the processes producing the reactions under 
study, and we expect a comparison of experiment and 
theory to tell us something about this. For a first-order 
comparison we have computed values of Eq. (12) under 
the assumption that the process is of a single multipole 
order over the entire range of k;. Figures 3 and 4 show 
a comparison of the ratios computed from Eq. (12) by 
numerical integration and the experimentally deter- 
mined ratios Eq. (1) as functions of Eo. In order to 
permit a comparison with the convention of Blair? 
employed by Brown and Wilson® and others, both 
ratios (12) and (1) were multiplied by the constant 
quantity (Z°ro?V,)~! before they were plotted. Multi- 
plication by this factor removes the experimental 
quantity NV, from the theoretical ratio and gives 
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Fic. 4. Ratio of the yields of C" from the photodisintegration 
of C® to those from the electrodisintegration, as a function of 
primary electron energy. Experimental ratios are shown as points 
with standard errors. The theoretical ratios assuming a point 
nucleus are shown as solid curves. The dashed curves are for a 
nucleus of finite size. 


directly the ratio F defined by Blair? and employed by 
Brown and Wilson,® and Reagan.’ The results for Be® 
and C!* are shown in Figs. 3 and 4 with the experi- 
mental ratios as plotted points and the theoretical 
ratios as curves. Reagan’s experimental values of the 
ratio F for F“-2p+N" are shown in Fig. 5. Since 
Reagan found that the activation curve for the reaction 
was indistinguishable from an isochromat with ky=40 
Mev, the theoretical ratios have been computed by 
using a delta function at ky=40 Mev for o(k,) in 
Eq. (12). 


A. Be® 


Figure 3 indicates that the experimental results are 
in very good agreement with the theory if the reaction 
is almost entirely electric-dipole. There are two theo- 
retical electric-dipole curves shown in Fig. 3 corre- 
sponding to the two cross-section curves of Fig. 2. The 
difference in the two curves for F comes chiefly from 
the difference in the cross-section curves at low energies, 
and is relatively insensitive to the other differences. 
The lower theoretical curve for F which was derived 
from the present measurements is better for comparison 
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with the experimental F values for two reasons: (1) 
any error in the determination of the cross-section 
curve due to variation of counter efficiency with neutron 
energy would cancel in the determination of /; (2) the 
high cross section at a photon energy of about 3 Mev 
observed in the present experiments is checked inde- 
pendently by experiments using monoenergetic y-rays. 
The agreement between experiment and electric-dipole 
theory is in accord with the model of Guth and Mullin'® 
for the photodisintegration of Be’. It should be noted, 
however, that the experiment is not very sensitive in 
discriminating between electric- and magnetic-dipole 
transitions, and a fractional intensity of 10 or 20% of 
magnetic-dipole transition cannot be ruled out. 


B. CY 


The experimental points fall fairly close to the 
theoretical curves for electric-dipole absorption. The 
point at 24 Mev apparently disagrees with theory. Part 
of this disagreement might be related to the finite end 
point of the bremsstrahlung spectrum, which has been 
neglected in the present analysis. However, it should 
be pointed out that 24 Mev is very near the peak of the 
cross-section curve and the corrections for thick-target 
effects are large and uncertain. It is believed that the 
present experiment is not an adequate test of the theory 
in this region. As the energy is increased the experi- 
mental points fall below the electric-dipole curve. The 
experimental uncertainties decrease as the energy is in- 
creased, and the data give evidence for participation of 
magnetic-dipole or more likely electric-quadrupole tran- 
sitions. Independent evidence for a mixture of transitions 
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Fic. 5. Ratio of the yields of N'’ from the photodisintegration 
of F® to those from the electrodisintegration, as a function of 
primary electron energy. The experimental ratios are shown as 
points with standard errors. The theoretical ratios assuming a 
point nucleus are shown as solid curves. The dashed curves are 
for a nucleus of finite size. 


16 E. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 
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is supplied by the experiments of Dodge and Barber? 
which show a cos@ term in the angular distribution of 
photoprotons from C'*. A quadrupole intensity of 
about 8% would give agreement with both experiments. 
The points at 75 and 145 Mev lie on and above the 
theoretical electric-dipole curve for a point nucleus. 
This would be in disagreement with the evidence for a 
mixture of other types of transitions. However, if the 
finite-nuclear-size effects are included, the theoretical 
F values are shifted up as shown by the dashed curves 
in Fig. 4, and the comparison of experiment and theory 
remains compatible with an electric-quadrupole in- 
tensity of a few percent. 


C. FY 2p+N" 


The F values and their standard deviations as 
determined by Reagan do not fit with any mixture of 
transitions if only the theories for a point nucleus are 
considered. The point at 90 Mev suggests a large 
amount of electric-quadrupole intensity whereas the 
higher-energy points do not support this. The photon 
activation curve is like an isochromat at ky=40 Mev, 
and therefore it is not possible to make a reconciliation 


in at higher values of ky. However, when the theory is 
corrected for the finite size of the nucleus the experi- 
mental points fall along the theoretical electric-quadru- 
pole curve. This result suggests that the F"—2p+N" 


reaction is a direct process with the two protons 
emitted in opposite directions or at least with some 
symmetry relation such that the dipole matrix elements 
are nearly zero. 


D. Conclusion 


The comparison of the present experiments on Be’ 
and C with the electrodisintegration theories gives 
results in very good accord with present ideas about 
the photodisintegration of these nuclei. The theory of 
the electrodisintegration of low-Z nuclei is thus checked 
within experimental error. The results for F“—-2p+N" 
indicate how experiments of this type are a very 
sensitive test for the occurrence of electric-quadrupole 
transitions, and if the experiments were performed 
with high precision they could provide data on the 
nuclear form factors for these transitions. 
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APPENDIX. CORRECTIONS FOR THE FINITE 
THICKNESS OF THE TARGET AND 
RADIATOR FOILS 


The following processes must be taken into account 
in analyzing the stacked-foil experiments: (a) reduction 
of the electron energy as the foil. stack is traversed; 
(b) effective loss of electrons through radiation and 
collision in the foil stack; (c) change in the effective 
thickness of the foils due to multiple scattering of the 
electrons; (d) radiator thickness effects in the produc- 
tion of bremsstrahlung; (e) activity induced in the 
target foils by the bremsstrahlung produced in the 
target foils themselves; (f) any activity due to brems- 
strahlung produced in the region “upstream” from the 
foil stack. 


A. Definition of Symbols 


Ey= energy of incident electrons. 
\,(Eo)= activity (or yield) per electron induced in the 
first target foil. 

-activity (or yield per electron induced in the 
second target foil, the target foil that is 
behind the radiator. 

= target thickness in radiation lengths. 

radiator thickness in radiation lengths. 

total material upstream from the foil stack in 
radiation lengths. 

total electron energy loss in the target by 
radiation and collision. 

total electron energy loss in the radiator by 
radiation and collision. 

mean square scattering angle of the electrons 
in the radiator (scattering in the targets 
can be neglected). 

= that part of V2 due to photons produced in the 
first target and the radiator. 

N,.=that part of V; due to the direct effect of 
electrons. 
‘= N,/N, in the three-foil stack experiments. 
R” = N,/N, in the two-stage experiments. 
R=N,/N.. 


B. Calculation of the Corrections 


First consider experiments of the C™ type where a 
three-foil stack (target 1/radiator/target 2) is em- 
ployed. The quantity 


N,(Eo—Ar— +A,) = Nal 1— 3(6)) 
ON, 


+ . (A,+4,)—N, 
Oy 


(A-1) 


gives the photon-induced activity in the second target 
due to the bremsstrahlen coming from the first target 
and the radiator. VN; and N: contain equal activities 
from photons produced ahead of the foil stack and from 
photons produced by the target foils acting as their 
own radiator; hence these effects cancel in Eq. (A-1). 
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The term in (6?) corrects for the fact that both the 
radiator and the second target are effectively thicker 
due to multiple scattering in the radiator. The term 
containing 0N,/dE» corrects for the fact that the 
electron-induced effect in foil 2 is less than in foil 1 
because of effects (a) and (b). [Corrections for these 
effects could be made separately by dividing the 
electron energy loss into two categories: small energy 
losses that reduce the electron’s effectiveness, and large 
energy losses which substantially remove the electron 
from the beam. Of these the former is more important; 
and it is sufficiently accurate to take the latter type 
into account by writing the total energy loss in the 
correction term for effect (a). ] Effect (d) involves many 
processes which can be taken into account in detail.!* 
For the present work it was sufficiently accurate to 
approximate the thick-target bremsstrahlung spectrum 
produced by electrons of energy Eo by the thin-target 
spectrum produced by electrons at the mean energy in 
the radiator Ey—A,—}A,. Equation (A-1) is then 
interpreted as the photo-effect due to bremsstrahlung 
by electrons of this reduced energy. Since .V; is produced 
by electrons of mean energy Eo—}A,, it is necessary 
to increase Eq. (A-1) by 


O(No- (=) 
OF» 2 


in order to have a photoeffect corresponding to an 
energy Eo— (A,/2) for comparison with N;. This yields 


N,(Eo— 4341) = N2(1—3)) 
O(Nit+No) sArt+A, at, 
+ ate (- . —)-a 1, (A-2) 
dk» 2 

which when divided by J, is the R’ given in Eq. (2). 
It remains to correct for effects (e) and (f). Since these 
effects subtracted away in Eq. (A-1), it is necessary 
only to correct N, in the denominator of Eq. (2). 


18 R. Wilson, Proc. Phys. Soc. (London) A66, 683 (1953). 
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Effect (e) produces the same activity as a radiator of 
thickness }¢;. Effect (f) is due to a thickness éy. 
N,[ £o—434,] represents the activity due to an actual 
radiator of thickness (/,+/,). Therefore, NV; must be 
reduced to obtain 


bitty 
N, (Eo- SA:) = Ni- N,(Eo- sao | (A-3) 
lett, 


the yield due to the direct effect by electrons only. 
Division of Eq. (A-2) by (A-3) results in Eq. (1). 
When the experiment is performed in two stages, as 
was the case for Be’, the analysis is basically the same, 
but because of the fact that target 1 is absent while 
the yield from target 2 is being measured, the results 
are different. In this case, 
ON, 
N,(Eo—434,) = N2(1—4(4))+ ( - xa.) —N,. (A-4) 
OL 


To obtain N,[£o— (A:/2) ] corresponding with Ni, we 
must add to (A-4) the quantity 


0(No- =(~ - ~) 
dE, by: 
N,(Eo—}4,) =N2(1-(@)) —N, 


ON /A,—At ON, /4,+A4; 
+—(-—)+—(-). ws 
OFy 2 Oly 2 
Corrections for effects (e) and (f) are exactly the same 


as in the three-foil experiment. The corrected ratio of 
photon- to electron-induced activity is 


Netty 
(E44) =R" /{1—R ||. (A-6) 
am 


N,,(Eo—}4,) 
IP cirri, 
M, 


This gives 


where 


(A-7) 
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Some remarks are made concerning pion production in pion-nucleon collisions at incident kinetic energies 
of from 300 Mev to about 600 Mev. We discuss a certain representation of the matrix element which in- 
volves explicitly a term that is dependent upon a pion-pion scattering amplitude off the energy shell. A 
partial-wave decomposition of the rest of the transition operator is attempted upon the assumption that the 
amplitudes so introduced contain the effect of strong pion-nucleon interactions in the P wave. We discuss 
certain quantities, such as the angular distribution and the polarization of the recoil nucleon, which may be 
determined largely by the interference between the amplitudes involving specific pion-pion and pion-nucleon 


effects, respectively. 


I. INTRODUCTION 


T appears likely that in the near future a considerable 

experimental effort will be expended with the new 
cyclotrons, as well as with the larger machines, in the 
detailed study of the properties of pion-nucleon colli- 
sions at bombarding energies from 300 Mev to about 
600 Mev.'-> This region would seem to be the natural 
extension of the region in which the low-energy scatter- 
ing experiments have been carried out. It will be 
interesting to determine the extent to which. present 
descriptions of the S- and P-wave elastic scattering 
can be extended to the higher energies and also to study 
the behavior of the scattering in the higher orbital 
angular momentum states. Above 300 Mev preliminary 
experimental work indicates that pion production by 
pions begins to occur to the extent of several millibarns 
of cross section.® In this energy region the pion produc- 
tion will still be small compared to the elastic scattering 
(5-20% of the total interaction cross section) but will 
be quite measurable. A separate study of the pion 
production reactions may be a useful manner of gaining 
further insight into the dynamics of the pion-nucleon 
system. 

In anticipation of the current experimental studies of 
these processes a number of calculations have been 
made.*-” These calculations have to a large extent been 
directed at determining the order of magnitude of the 
total cross section for pion production at these moderate 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ A National Science Foundation Postdoctoral Fellow. 

t Present address: Institute for Theoretical Physics, Copen- 
hagen, Denmark. 

1 Private communication from the experimental groups of 
Dr. V. Perez-Mendez and Professor W. Powell, University of 
California Radiation Laboratory. 

2 Private communication from C.E.R.N. 

3 Private communication from W. J. Willis, Yale University. 

4 Blevins, Block, and Leitner, Phys. Rev. (to be published). 

5S. M. Korenchenko and V. G. Zinov (Joint Institute for 
Nuclear Research, U.S.S.R., to be published). 

6S. Barshay, Phys. Rev. 103, 1102 (1956). 

7J. Franklin, Phys. Rev. 105, 1101 (1957). 

8 E. Kazes, Phys. Rev. 107, 1131 (1957). 

®L. S. Rodberg, Phys. Rev. 106, 1090 (1957). 

10 R. Omnes, Nuovo cimento 4, 780 (1957). 

1M. Nelkin, Phys. Rev. 104, 1150 (1956). 

2 A. M. Bincer, Phys. Rev. 105, 1399 (1957). 


bombarding energies. With the exception of an applica- 
tion of the Tamm-Dancoff approximation to the relati- 
vistic theory,'' the theoretical work has been mainly 
carried out using the fixed-source theory of P-wave 
pions which has been useful in correlating the low- 
energy elastic scattering in the isotopic spin 3, angular 
momentum 3} state.’ Some S-wave effects have also 
been calculated within the framework of a fixed-source 
model.” It is interesting that whereas several of the 
calculations have given cross sections of the order of 
magnitude of the current measurements,** several 
others, approximating the fixed-source equations in a 
different manner, have given results one or two orders 
of magnitude smaller.?-"’ It is of further interest that 
the very preliminary Russian measurements® of the 
reactions + ponrt+a-+n and r+ pm +7°+ p at 
bombarding energies from about 300 to 370 Mev seem 
to indicate cross sections about twice those given in the 
more optimistic of the calculations with the fixed-source 
P-wave theory.’ 

It is the purpose of this note to discuss briefly the 
pion production from the following viewpoint: It may 
be possible, under certain simplifying assumptions, to 
discuss the transition operator for these reactions in a 
manner which exhibits explicitly the quantities in- 
volving the various dynamical effects which we might 
expect to be present, and then to suggest certain types 
of measurements which might be useful in determining 
the extent to which these hypothesized dynamical 
effects are present. It is quite likely that the interaction 
in the final state of either or both of the pions with the 
nucleon will be an important dynamical factor. It is 
also possible that a specific pion-pion interaction may 
play a role in these reactions. By a specific pion-pion 
effect we mean an interaction of the incident pion with 
the meson cloud of the nucleon, the result being the 
creation of two real pions with the dynamics of the 
situation being determined largely by the pion-pion 
interaction, apart from the factor involving the nucleon 
as the source of the meson cloud. The tremendous 
difficulty with the present approach is that it may not 
be at all possible to separate the observable effects of 


1B G. F. Chew, Phys. Rev. 95, 1669 (1954). 
44 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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two such physically distinct factors in the reaction. It is 
quite possible that a pion-pion effect might be operative 
in the production mechanism, but that its specific 
effects are lessened or obscured in the observable 
quantities by subsequent pion-nucleon interactions. 
In the following we have assumed that at least to some 
extent these effects are separable. Upon writing out the 
formal expression for the matrix element for the process, 
we observe that a portion of the “dispersive” part of 
this element may be identified with a specific pion-pion 
effect. A partial-wave analysis of the remainder of the 
matrix element is made and its usefulness involves the 
implicit assumption that the amplitudes introduced 
are largely determined by the dynamics of the strong 
pion-nucleon interactions in the P wave. Formulas for 
certain types of measurements are discussed in their 
dependence upon the amplitudes describing these differ- 
ent dynamical effects. We are well aware that limited 
statistics ard techniques may make rather detailed 
studies quite futuristic. However, the formulas may be 
useful in discussing the manner in which such future 
detailed experiments on these reactions may be capable 
of further probing the rather complicated dynamics of 
the pion-nucleon system at moderate energies. 


II. REPRESENTATION OF THE MATRIX ELEMENT 


We denote the S-matrix element for the process in 
which a pion and a nucleon of four-momenta (q:,w:) 
and (p:,£;), respectively, collide and produce two pions 
and a nucleon of four-momenta (q2,w2), (q3,w3), and 
(pe,E2), respectively (the isotopic indices are included 
in these symbols), by 


Sue 1siBlor tact Ey~ui~E,) 
Xo(qo+qs+pe—qi-—pi)T. (1) 


Then the 7-matrix element is given in pseudoscalar 
meson theory by the following expression"*: 


Ta = (m, 'Qw, Es)! 


1 
|; fas e*976(x){—gogs| U( po) ravysW (x) | pr) 


~i far e'92(—)g0q3| P{ jar(—x/2), (po) A(x/2)}| »)} 
(2) 


where!® 0=4(q:+)2); m is the nucleon mass; 


ju=Mrysravt+hooa— 501; 
A=gryysho;— bmp; 


15 The symbol g; denotes the four-vector of energy and mo- 
mentum whereas q; denotes the momentum three-vector. 

16 The symbols have their usual meaning: 7 is the nucleon iso- 
topic spin operator, dy? and 6m are the pion and nucleon mass re- 
normalization constants, respectively; and g and A are the pion- 
nucleon and pion-pion coupling constants, respectively. 
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u(p2) is a positive-energy Dirac spinor for a particle of 
four-momentum f2; and @ denotes the time-order 
product. All operators are in the Heisenberg representa- 
tion and | p;) and | g2q3~) are exact single-nucleon and 
two-meson (with incoming wave) eigenstates of the 
total Hamiltonian, respectively. The second term in 
the square bracket may be rewritten as 


+i fax e'82n (x) 

X(~gogs| Ljar(—x/2), W(p2)A(x/2)]| pr), (3) 
where the bracket here denotes the anticommutator and 
n(x) is the step function. The equivalence of the two 


terms may be shown by noting that the difference 
between the terms, which is given by 


-i f ax et@z((- g2q3|ja(—x 2; ti(po)A(x 2)! pi) (4) 
vanishes since it contains a delta function of four mo- 
menta, 5(pa+p2— pi), where p,22u* and p= p2=m’. 


We now write the 7-matrix element as i7=D+iA, 
where!” 


Da = (m/2w,E2)} 


1 
x|- fas e227 5(x)(— gaqs| U( po) rary (x) | pr) 


+ie(x)(—gogs| Cja1(—x/2), a(p2)A(x/2)]| pr) ]}, (5) 


Aa =(m/2wE2)! 


1 
|; fa ef@2(—)goqs| [ jar(—x/2), W(p2)A(x/2) ]| pr), 


with 


e(x)=2n(x)—1 and n(x)=1 for xo>0, 


n(x)=0 for x <0. 


It can be shown that invariance under time reversal 
implies the following relations: 


D,,-,o'(Q,q2,43,P1) = Ds,—, o(—Q, — qe, —q3, —p.), 


, 6) 
A,,—,0'(Q,q2,43,P1) = As, —, 0o(—Q, —q2, — qs, —Ppx), ( 


where the subscripts refer to the charge state of the 
incident pion. 

Instead of dealing with the matrix elements 7, D, or 
A we may deal with Lorentz-invariant operators in the 


17 Tt should be remarked that A has singularities of the delta 
function type arising from the single-pion intermediate state in 
the first term [this state also gives rise to a singularity in Eq. (4) ] 
and from the single-nucleon intermediate state in the second term. 
These terms vanish for physical values of the momenta, which are 
those with which we are concerned with in this discussion of the 
physics of the problem. The singularities would be significant in a 
dispersion integral over the relevant variable in A. 
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nucleon spin space defined by 


iT =CX TX; =CX;(D+i)X,, 
where 
C= (m? Sw wow 3h E2)!, 


and X; and X; are two-component spin functions for the 
initial and final nucleons at rest. The most general form 
of T is given by 


T= (p2)¥s(BotBry -A/ut+Bey -\’/u 
+Bsy-dy-N'/u"ju(pi), (7) 


when yu is the pion mass; \’=g2+q3; A\=q2—qs; and the 
8 are complex functions of the five scalars (A)*, \-K, 
-O, \’-K, and \’-0 with K=qi—ps. The u(p) are 
positive-energy Dirac spinors of four momentum p. 
By reducing this expression to its equivalent in terms of 
the two-by-two nucleon spin operators, we obtain the 
general forms for the operators D and @: 


D= ryv2{ doo -pom2— opin | 
+diLo-pimAot+ @ -prdA0t o-2+¢0-pio-20- pen: | 
+d.{o-pinr0' +o -pmard0 
+oe-’+e ‘pig -X'o@ penne | 
+d3[_(@-pom2— o-pin:)AvAo — O Poo -AG-2'niN2 
+o-20-2'¢-pinint+o-ddo +a-2 Xo 
+o-proo:(X’A0o—AAo’)o-prnine |}, (8) 


and similarly for @ with d,; replaced by a,;. Here 
m=(E;+m)— and »,=[(Eit+m)/2m}' with i=1, 2. 
Equation (6) requires that the d’s and a’s be real 
functions of the five scalars enumerated above. 

Before going on to a phenomenological discussion of 
the pion production, we remark upon the structure of 
D and A. If we open up the commutator by introducing 
a complete set of intermediate states between the two 
operators we note that in A (often called the 
“absorptive” part of the matrix element), the first term 
in the commutator contributes nothing, while the con- 
tributions from the second term start with the nucleon- 
one pion intermediate state, i.e., pn? 2 (u+m)*.” In D 
(the “dispersive” part of the matrix element) both 
terms in the commutator contribute; the lowest-mass 
intermediate state contributing to the first term is that 
of a single pion, and to the second term that of a single 
nucleon. These terms involve the product of two matrix 
elements; one, in each case, is related to a pion-nucleon 
vertex function, and the second is related to an off the 
energy shell scattering amplitude. In the first term 
this is a pion-pion scattering amplitude, and in the 
second term, a pion-nucleon scattering amplitude. In 
the following we wish to discuss briefly the former 
term, and then to attempt a partial-wave description 
of the remainder of the pion-production matrix element. 


III. DISCUSSION OF THE TRANSITION OPERATOR 


The contribution to D from the term involving the 
pion-pion scattering amplitude is given by the following 


PION-NUCLEON COLLISIONS 


expression : 


iF ((21)*,07, (4—)*)(g| W(p2)A(0) | pi) 
(29)! (we+E2— E;) 


(9) 





where q=pi— po, w= (q?+u)!, and the quantity F is a 
Lorentz invariant real scalar function of the indicated 
scalar variables, with o and 2, being the relative 
momenta of the two pions before and after the pion- 
pion interaction, respectively, as measured in the 
center-of-mass system of the two pions; 4;—@ is then 
the momentum transfer in the pion-pion interaction. 
The collision conserves 3-momentum but not energy, 
1.€., 41° 0”. In what follows we make the approximation 
(q| Ui (p2)A(0) | pi)~ —ia-qre/(2w,)*(f,/u) for g@<m?, 
where f, is the rationalized, renormalized pseudovector 
coupling constant, f/?/4r~0.08. 

We see that a term proportional to a specific pion- 
pion interaction appears in a first approximation to the 
“dispersive” part of the transition operator for the 
process r+.V—>2r+N and its effects are largely im- 
bedded in the structure of the function F. We do not 
at this time go into a discussion of the possible theoretical 
structure of F. It is known that such structure may arise 
from an interaction term involving the fourth power 
of the pion field, or by the intermediary of baryon- 
antibaryon pairs,'* or possibly by the intermediary 
of pairs of K mesons.'® What we should like to note at 
present is that this function, for a given energy of 
the incident pion, depends in general upon the following 
four variables as measured in the center of mass of the 
pion production reaction (with an orthogonal coordinate 
system defined conveniently by the momentum of the 
incident pion as polar direction and that of the recoil 
nucleon): the polar angle and magnitude of the recoil 
nucleon momentum (these determine the pion-pion Q 
values before and after the collision), and the polar 
and azimuthal angles of the relative momentum of the 
two final state pions (these determine the momentum 
transfer in the pion-pion interaction). What may well 
be emphasized here is that F(2,?,0,(4:—)?) may have 
important dependence on each of the three indicated 
variables. Measurements of pion-pion Q values in pion 
production events measure a dependence upon |2,| 
after integration over the three angles enumerated 
above. A marked clustering of such measurements 
about some value might be a spectacular indication of a 
pion-pion interaction. However, the absence of such 
gross behavior may mean that one must study events 
in which some of the variables are fixed, and look for 
interesting behavior in the dependences upon one or 
two free variables, in order to gain an indication of the 
possible presence of these effects. To make such an 
approach at all reasonable, it would be well to try to 


18 A. M. Mitra and R. P. Saxena, Phys. Rev. 108, 1083 (1957), 
19S. Barshay, Phys. Rev. 109, 2160 (1958). 
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TABLE I. Angular momentum configurations for initial and 
final states. In this table, Z is the angular momentum of one pion 
and the nucleon; j is the total angular momentum of this system; 
l is the angular momentum of the second pion and the latter 
system about the total center of mass; and J is the total angular 
momentum. 


Incident orbital state 
JG=4 JG =§ 


Final configuration 
L J(j =}4) 


JG=3 





construct a phenomenological expression for the differ- 
ential cross section for pion production in terms of 
parameters which describe the various dynamical effects 
which may contribute and interfere. We have discussed 
a specific pion-pion effect in the transition operator, T. 
Because of the nature of the energy denominator in 
Eq. (9) this term is not likely to be well represented in 
a partial-wave analysis of the transition operator. How- 
ever, such an analysis may be useful for the rest of this 
operator, (which we denote by ®), in which the effects 
of specific pion-nucleon interactions may predominate. 
In Table I are given some of the lower configurations 
defined in terms of the orbital angular momentum of 
one pion and the nucleon, and the orbital angular 
momentum of the second pion and the center of mass of 
the pion-nucleon system. The incident states which con- 
tribute to these configurations are also given. 

A partial-wave expansion of ® in the total center- 
of-mass system may be defined by the following 
expression” ; 


R=)> jA ;(we,w3, Eo) B ;(o,k,p,2), (10) 


where the A ; are complex functions of the total available 
energy Eo and the energies of the two final-state pions, 
we and w;; these functions are symmetric in w2 and ws. 
The quantities B; are given by the following pseudo- 
scalar quantities invariant under rotations: 


(1) (a-b)’(k-b)?(k-a)"e-k/(u)?orotH 
(2) (a-b)’(k-b)*(k-a)"@-a/(u)?otet9 +! 
(3) (a-b)’(k-b)*(k-a)"e-b/(u)?otet 4 
(4) (a-b)’(k-b)*(k-a)"k- (aX b)/(u)?oret ss, 


The v, p, 7 are zero or any positive integer, k is the 
beam momentum, 


a=qo—po= (3p+2)/2, b=qs— (q2+p2)=p—d, 


where — p= — (qo+q;) is the recoil nucleon momentum, 
and A=q2—q; is the relative momentum of the two 
pions. If we consider only the configurations in Table I, 
then for even orbital states of relative motion of the 


20K, M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 
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two pions we obtain 


R= A oc ku'+A ip: ke- ku 3 
+ Aso-pu!+ A3(3p’—)*) o- ku : 
+A .3(k-p)?— (k-2)*]o-ku-® 


+A;(3k-po-p—k-20-2)u™. (12) 


The terms in Ap and A; may be combined, the former 
arises from the sS configuration, the latter from the pP 
configuration. For odd orbital states of relative motion 
of the two pions we have 


R= Ao k-d0-kw*+ A)'o-2u74+ Asp: d0- ky 
+A,;/k-Ak-pe-ku?+ Ay k-Ae- py 


+A,/k-po-2u+Ay/k: (pXd)u-. (13) 


In certain of the pion production reactions the Bose 
principle for the two final-state pions affords a con- 
siderable simplification in the analysis. In the reaction 
++ p—2n*+n the pions are in a pure isotopic spin two 
state and in the reaction + p—27"+-n the pions are in 
states of isotopic spin zero and two. In both reactions 
the pions are in even orbital states of relative motion 
and the appropriate ® is simply given by Eq. (12). 
Experimental study of these processes might be amen- 
able to a phenomenological analysis which attempts to 
discuss specific dynamical effects. For these processes 
we write the complete phenomenological transition 
operator in the total center-of-mass system: 

oP elue- (pk) 6 
Qwel wet E(p)— E(k) ] 
+A oT - pu !+A 3(3p°—))o ° kyu 3 
+A 3(k-p)’—(k-2)*Jo- ku 


+A5(3k-po-p—k-20-2)u*, 


+A ip: ke - ku 


(14) 


where w,=[(p—k)?+ 7]! and we may consider effects 
of the sS configuration to be included in the function A3. . 
On the latter we must remark further. It has recently 
been pointed out* in connection with a similar three- 
body final-state problem that whereas the angular 
dependence which is extracted by the partial-wave 
expansion is exact, the momentum dependence (p¥) is 
approximate. In the analysis of a two-body final state, 
this dependence arises from the penetration of the wave 
function from the region of primary interaction into 
the asymptotic region. In a three-body final state, the 
sS§ configuration may be formed in the primary inter- 
action region or it may be formed as follows: a pP 
configuration is formed in the primary collision; then, 
since the relative orbital momentum of the two mesons 
is indefinite, these particles may approach closely and 
interact, throwing the complete system into the asymp- 
totically observed sS configuration. Similarly the pP 
configuration may arise from an sS configuration formed 


21V.N. Gribov, Nuclear Phys. 5, 653 (1958). 
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in the primary interaction followed by a pion-pion in- 
teraction. In such instances the functions A will be 
complicated functions of momenta that will likely 
obscure the p” dependence which appears explicitly 
in Eq. (14). We assume that, apart from the term 
involving the specific pion-pion effect, the rest of the 
transition operator contains the effect of the strong 
pion-nucleon interaction in the P wave. The partial- 
wave expansion as written is then valid, the explicit 
momentum dependence being appropriate to the leading 
term and multiple scattering effects being imbedded 
in the functions A. 

At this point let us remark that, within the frame- 
work of our originally stated viewpoint, the equations 
enumerated thus far are exact consequences of the 
representation of the matrix element, Eq. (2), and of 
the kinematics of the reaction. The matrix element can 
be formally written in other ways,® but we have chosen 
to write it in a manner which puts in evidence the two- 
pion to two-pion amplitude. In the present very early 
stage of the experimental and theoretical study of these 
inelastic processes, the purpose of this analysis is only 
to indicate the phenomenological equations that may 
be of use in probing the new dynamical situations. The 
complex system of strong interactions and our present 
limited calculational techniques which rest on perturba- 
tion theory and possible slight improvements thereof*” 
preclude our calculating convincingly the functions in an 
equation like (14) and thereby predicting beforehand 
the phenomena in this new energy range of pion experi- 
ments. An analysis based on examining the analytic 
properties of the matrix element as a function of one 
or more of its variables may be useful. However, such 
an analysis, as applied to elastic pion-nucleon scattering, 
has shown its power in utilizing (rather than predicting) 
detailed experimental information in the determination 
of the basic parameters of the theory (which, of course, 
at present must be inserted into any detailed dynamical 
theory), and in testing the principle of microscopic 
causality.”* 

For the present we shall simply consider expressions 
for several experimental quantities and shall remark 
upon how certain kinds of observations might arise 
from interference effects between the first term and the 
remaining terms of the phenomenological transition 
operator given by Eq. (14). The interpretation of such 
observations as will be remarked upon is not unique, 
and therefore these comments are merely speculative. 


IV. DIFFERENTIAL CROSS SECTION AND 
NUCLEON POLARIZATION 


The differential cross section in the center of mass of 
the pion-production event is given by the following 
expression : 

2S. Mandelstam (Phys. Rev., to be published) has made a 
recent attempt at formulating an approximation scheme, capable 
of predicting the dynamics, on the basis of the analytic property 
approach. 
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da = (2r)~*3 tr(T1T) (m?/8w1wow3hF2) 

x (k ‘w+ k 'F}) 'g3w3q xvod 3d QdQ3, 
where w= (k?+y?)!, E,= (k?+m’)!, and energy con- 
servation requires w)+/,=w2+w3t+[(qo+qs)*+m?]}. 
The symbol tr denotes the trace of the matrix T'T. It is 
sometimes useful to rewrite the differential cross section 
in a way which emphasizes its dependence upon the 
recoil nucleon momentum (as measured in the total 
center-of-mass system) and the relative momentum 
of the two final-state pions (as measured in the center- 


(15) 


of-mass system of the two pions 
da = (2r)~*3 tr(T'T) (m?/8w1ww3k Es) 

X(k witk 'E) UT p’dpr:*dr1d2,,dQr,, 16) 
where J is the Jacobian of the transformation between 
the relative momentum of the pions as measured in their 
center-of-mass system and in the total center-of-mass 
system. These vectors are related by 

p*);, 

where y= (1—6°)~? and 8= p/(w2+ws) for the trans- 

formation. Energy conservation requires that w;+ Fy 

= (4w?+ p”)!+ (p?+-m?)!, where 2w is the total energy 
of the two pions in the final state and 2wy=w2+w;3. 
Early experiments give an indication that at moderate 

energies the nucleons tend to go preferentially into the 
backward hemisphere.‘ If the term in T involving the 
specific pion-pion effect were to be dropped and only 
the pP configuration were considered to be important 
in the rest of the operator, there would be fore-aft 
symmetry. It may be that specific pion-nucleon effects 
enhance the sP and pS configurations as well. This may 
be true in the energy range under consideration at inci- 
dent pion kinetic energies of from about 300 to 400 Mev. 
From Table I we note that these configurations are fed 
by the D wave in the incident state if one pion couples 
to the nucleon or to the pion-nucleon system to form 
a total angular momentum of 3. At about 450 Mev 
when one pion and the nucleon have a Q value of 160 
Mev, the second pion and the nucleon may have a Q 
value of as much as 70 Mev. At this incident pion 
kinetic energy and above, specific final-state pion- 
nucleon interactions in the P wave will likely enhance 
the pP configuration predominantly. We give here the 
expression for the difference between the square of the 
matrix element, > tr(7'T), evaluated for recoil nucleons 
at 180° and 0° to the incident beam (neglecting the sP 
and pS configurations) : 

2 Re{([As*p(3p?—d*)u +A tp (3p?k?— (2-k)?)u-*] 
X[G(0) (p—k) +G (mr) (p+h) ] 
+A5*G(0)[p*k(p—k)+ (4-k)?(1— p/k) Ju 
+As*G(m)[p*k(pt+k)— (-k)?(1+p/k) Ju} 
+ |G(0) |*(p?+k?—2pk) 

— |G(mr)|?(p?+k?+ 2pk), 


4=21+([pAr-p(y—1 


(17) 
where 
G (Op. %) = (fr/m) Fr ¢/ Qwal wet E(p)— E(k) ]. 
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From this expression we see that, for P~pmax (i.e., col- 
lisions with small absolute value of the momentum trans- 
fer to the nucleon), if G(0)~G(a) and Re(GA;,45*)>0, 
the interference terms will give rise to a fore-aft asym- 
metry in favor of backward moving recoil nucleons. 
These conditions are met by the functions A discussed 
in the appendix if the real function F>0. Of course, at a 
given incident pion energy, the asymmetry is a function 
of three further variables, the two-pion Q value, 2w— 2y, 
and the polar and azimuthal angles of their relative 
momentum. An important dependence upon these 
angles may be in the function F since they determine 
the momentum transfer in the pion-pion interaction, 
both in the k—p plane, and in the direction of the 
normal, kX p. 

It would be useful to have a quantity which depends 
upon the amplitudes through Im(GA;,45*). Such a 
quantity is the polarization of the recoil nucleon, defined 
by (@)} tr(7'T) =} tr(o7T*). In terms of the amplitudes 
describing the pP configuration and the specific pion- 
pion effect, we have 
} tr(eTT*) 

= —2 Im{G[A;*(3p?—) yu 

+4 *(3(p-k)?— (K-2)?)u $+ As*p- ku] (pXk) 

+p-kA,[A;*(3p’—)*)u* 

+4A(3(p-k)?— (k-3)2)u-*](9Xk) 

+k-24. —G*u*+A;*(3p?—d?)u-* 

+A *(3(p-k)?— (K-2)?)u-*] (kx a) 
—GA;*k-2u*(pXd)}. (18) 


In those events for which p-k=0 and p~fmax, we have 
simply 

3} tr(eTTt) = —2 Im(GA;*)3p°u*pXk. (19) 
The polarization is in the direction of the cross product 
between the nucleon recoil momentum and the incident 
beam momentum, as measured in the laboratory, i.e., 
it is completely normal to the nucleon motion in the 
laboratory. At about 450 Mev incident pion kinetic 
energy, the recoil nucleons at 90° in the center-of-mass 
system can already have as much as 100-Mev kinetic 
energy in the laboratory. Another type of event for 
which the polarization is completely normal to the 
nucleon motion in the laboratory is that for which 
w®~Wmax (p=0). Then the nucleons recoil forward in the 
laboratory (with only about 50-Mev kinetic energy 
for 450-Mev incident pions) and the polarization is in 
the direction of the cross product between the recoil 
momentum and the two-pion relative momentum, as 
measured in the laboratory system. 


V. CONCLUDING REMARKS 


We have described certain effects in pion production 
by pions, such as the fore-aft asymmetry and the 
polarization of the recoiling nucleon which depend, in 
part, upon the interference of the amplitude describing 
a specific pion-pion effect with amplitudes which have 
been assumed to be determined largely by the strong 
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pion-nucleon interaction in the P wave. The discussion 
may be useful in, the consideration of future refined 
experiments to probe the pion-nucleon dynamics at 
moderate energies. To this end it is helpful to have a 
possible theoretical form for the amplitudes describing 
the pP configuration. This configuration may be 
partially calculable with the well-known fixed-source 
theory which was so useful in correlating the P-wave 
elastic scattering. In the Appendix we give expressions 
for the amplitudes Az, 4,5 defined in the above discussion, 
as obtained from a recently published calculation with 
the fixed-source P-wave theory.’ There is some hope 
that these rather simple functions may partially repre- 
sent the enhancement in pion production at moderate 
energies arising from the strong pion-nucleon inter- 
action in the P wave. 
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APPENDIX 


There is some ambiguity in going from the general 


discussion to quantities defined in the static limit, 
where the nucleon absorbs momentum but does not 
move (nor does the center of mass of the nucleon and 
one meson). The appropriate relative momenta in the 
partial-wave expansion go over to the momenta of 
each of the two mesons with respect to the total center 
of mass which is sitting on the nucleon. For our purpose, 
this has the effect, when using amplitudes calculated 
with the static model, of allowing in Eq. (14): 


(3p?—d*) > (p?—A?) ; 
[3(p-k)?— (k-2)*}>[(p-k)*— (k-a)*); 
(3p-ke- p—k-20-2)—>(p-ko-p—k-Ao-d). 


The main assumption of the calculation is that at 
moderate energies the process is calculable as an off- 
the-energy-shell pion-nucleon scattering in the (3,3) 
state (as represented by the one-meson approximation 
of Chew and Low") with prior or subsequent emission 
of the second pion. The unitarity condition in the one- 
meson approximation is not quite satisfied. However, 
this is connected with the neglect of a certain Feynman 
diagram contributing to the process [diagram (d) of 
Fig. 2 in reference 6 ] and it is argued that this diagram 
contributes a small effect compared to those diagrams 
that are included.* This uncertainty is likely to be no 
greater than the already present uncertainty in the 
damping effect of the Fourier transform of the source 
function evaluated at the rather high momentum of 
the incident pion. 

For the process r++ p—2n+-+-n, we have the follow- 
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ing functions derived from the static model: 
A,=0 
A3= As=}[h(w2) +h(ws) |, 
where 
h(w2) =[ (4) #(v2 3) |V (Rk) Asn? 
f 


— + (1/ws), 


we(1 —_ w/a) — 1A3"ks* 


and for /(w3) interchange w2 and ws. In this expression 
As*= 16f7/9u?, where f is the unrationalized, renor- 
malized pseudovector coupling constant, f?~0.08; @ is 
the resonance energy ~0.3 Bev; and V (&) is the Fourier 
transform of the source function evaluated at the center- 
of-mass momentum of the incident pion. In terms 
of the previously defined vectors 2 and p, we have 
we, 3= (j\°+4p?+32-p+u’)? where the plus sign refers 
to we, the minus sign to w;. Thus the functions A3, 4,5 
derived from the static model contain higher-configura- 
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tion angular corrections to the angular dependence 
explicitly extracted by the partial-wave expansion, Eq. 
(14), in terms of the vectors 2, p, and k. Additional 
contributions from higher configurations may be ap- 
proximated by the addition to the transition operator of 
$0 h(w2)—h(ws3) ](k-20-p—k-po-d). (2) 
For the process ~+p—2z"-+n, one must add to the 
amplitude A;, given above, the following: 
$[g (we) +g (ws) ], (3) 


where 
g(w2) = — [ (49) #(v2/3) ]V (RAs? 


—— [1/(wetws) ], 


wo(1 — We ‘@) —in;"k.? 


and for g(ws3) interchange we and w;. A further contribu- 
tion in this case from higher configurations may be 
approximated by addition to the transition operator of 


17 g(we)—g(ws) ](i2Xp-k+k-po-A—k-X0-p). (4) 


NUMBER 6 SEPTEMBER 15, 1958 


Charge Independence and the Low-Energy Parameters in Pion Physics 


MICHAEL J. MorRAvcsIk 
University of California Radiation Laboratory, Livermore, California 
(Received May 26, 1958) 


It is pointed out that the striking discrepancy among the very low-energy parameters in pion physics 
might be resolved by considering deviations from charge independence. An accurate set of measurements 
of the total cross section for charge exchange scattering at low energies is needed to prove or disprove 


this contention. 


ECENTLY much attention has been directed to 

pion phenomena at very low energies. In particu- 

lar, one of the puzzling problems is the threshold value 

of the negative-to-positive ratio in pion photoproduc- 

tion (R), the Panofsky ratio (P), and the relationship 
between these two quantities. 

As far as R is concerned, there has been an apparent 
discrepancy between the “experimental” value! (R~ 1.9) 
and the theoretical prediction (R~1.4). While this 
discrepancy will not be completely resolved without an 
improved set of experiments, it appears now’* that the 
“experimental” value is closer to 1.6 and that the re- 
maining discrepancy between that and the theoretical 
1.4 can be explained by corrections due to the structure 
of the deuteron* on which the experiments are per- 
formed. In particular, the final-state Coulomb effects* 
have to be taken into account. Thus it seems that the 


1 Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). 

2M. J. Moravcsik, Nuovo cimento 7, 442 (1958). 

3A. M. Baldin (private communication). I am grateful to Dr. 
Baldin for correspondance concerning his work on pion photo- 
production from deuterons. 

4M. J. Moravesik, Bull. Am. Phys. Soc. Ser. II, 3, 215 (1958). 


discrepancy between the “experimental” and theoretical 
values of R is not as sharp as it appeared a year ago.° 

The experimental value of P is also slightly in doubt, 
since the three recent experiments*$ do not quite agree 
among themselves. It is likely, however, that the value 
of P is 1.7 with an error of 0.1 or so. 

The two quantities R and P are not independent of 
each other. A relationship can be derived between 
them®® which predicts a numerical value for the 

5 See, e.g., J. M. Cassels, Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). 

Note added in proof.—For a detailed summary of the status of 
these parameters as of June, 1958, see M. J. Moravesik, “The Low 
Energy Parameters of Pion Physics,’ a paper submitted to the 
Eighth Annual Rochester Conference on High Energy Physics, 
Geneva, Switzerland, July, 1958. For new experimental data on R 
(possibly in disagreement with the conclusions of references 2 
and 3), see D. Carlson-Lee, Bull. Am. Phys. Soc. Ser. II, 3, 334 
(1958). 

® Kuehner, 
reference 7). 

7 Cassels, Fidecaro, Wetherall, and Wormald, Proc. Phys. Soc. 
(London) A70, 405 (1957). 

8 Fischer, March, and Marshall, Phys. Rev. 109, 533 (1958). 

9H. L. Anderson and E. Fermi, Phys. Rev. 86, 794 (1952), 


Merrison, and Tornabene (unpublished) (see 
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product RP. This relationship involves two pieces of 
experimental information. One is the slope near thresh- 
old of the total cross section of positive-pion photo- 
production from protons. The other datum is the value 
of the charge exchange pion-nucleon scattering at zero 
energy. 

The former has been determined by Beneventano 
et al.,"° and by Penner." Both these determinations are 
based on assumptions which are not entirely firm. In 
Beneventano’s case the linear extrapolation of his ap is 
not indicated by any rigorous theoretical argument. 
In Penner’s case one can question the a+ bn? dependence 
assumed near threshold (n being the pion momentum in 
units of the pion mass). It should also be mentioned 
that the theoretical determination from dispersion 
theory, which, however, depends only on the most 
general features of the theory, disagrees with the value 
of Beneventano ef al. and of Penner by some 30% for the 
presently accepted values of the coupling constant. 

Nevertheless, the threshold values given by Beneven- 
tano et al. and by Penner agree with each other quite 
well. Thus, in the absence of a more rigorous determina- 
tion, one is forced to accept their value with an error 
of 10% or so. 

The charge exchange cross section, however, is a 
quite different matter. It is usually*® determined from 
the S-wave nucleon-pion phase shifts 6; and 6, by the 
formula 

81 Vo 
o =— —A?(63—56))?, 


9 


where X is the de Broglie wavelength of the meson, v 
is the relative velocity of the x° and the neutron, and 2 
is the relative velocity of the #~ and the proton. The 
experimental value near zero energy for 4~'(6;—4,) is! 
0.272 with an error of 5% or so. Using this value we get 
(ov_/v0) r~o= (8%/9)Xc?(0.272)?=4.1 mb+ 10%, 


where Ac is the Compton wavelength of the pion. 

Using the above values for the two experimental data 
entering the relationship between R and P, we obtain 
RP=3.45 with an error of about 15%. In contrast, 
multiplying the values of R and P as we obtain them at 
the beginning of this note gives 1.7 1.4= 2.4, with an 
error of 20% or so. Although the discrepancy of these 
two numbers can possibly be explained in terms of the 
errors, it has been generally assumed that the disagree- 
ment is due to something more than experimental 
uncertainty. ' 

The purpose of this note is to point out a possible, 
and, in fact, probable explanation of this discrepancy 
which, if verified, can be of great interest. It is our 
contention that obtaining the charge exchange scatter- 
ing in the way described above is quite unsound at low 

10 Beneventano, Stoppini, Tau, and Bernardini, Proceedings of 
the CERN Symposium on High-Energy Accelerators and Pion 
Physics, Geneva, 1956 (European Organization of Nuclear Re- 
search, Geneva, 1955), Vol. 2, p. 259. 


1S, Penner, thesis, University of Illinois, 1956 (unpublished). 
12 J. Orear, Nuovo cimento 4, 856 (1956). 
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energies since there charge independence should be 
violated on account of mass differences and Coulomb 
effects. As a result of this, the actual charge exchange 
cross section should be considerably different from that 
determined by the S-wave phase shifts, which, for ex- 
perimental reasons, are mostly based on direct scatter- 
ing experiments. 

Let us discard therefore the charge exchange cross 
section as determined by the S-wave phase shifts and 
replace it by the zero-energy value as determined from 
actual charge exchange experiments at low energies. 
These are not numerous and have large errors." Using 
them, nevertheless, we obtain 


(ov /0) Eu0= 1.6+1.4 mb. 
This value was obtained assuming" 
(ov_/v9) = A+Bn’. 


This form was used merely to point out the discrepancy 
with the value as obtained from phase shifts, where the 
above form indeed holds. It is entirely possible, however, 
that this functional relationship will also change slightly 
when charge independence is violated. 

The new value we just obtained is much smaller than 
the one obtained from the phase shifts and changes the 
relationship of R and P to give for the product 


RP=14+1.3, 


which certainly encompasses the result we obtained by 
using the direct values of R and P. The error, however, 
is large. 

The present considerations therefore urge that a 
better set of measurements be carried out of the energy 
dependence of the charge exchange total cross section 
at low energies. Our claim is that such a set of experi- 
ments are likely to resolve the puzzling discrepancy 
among the low-energy parameters in pion physics and 
will, at the same time, supply direct information on the 
violation of charge independence at low energies. 

I want to express my gratitude to Professor Geoffrey 
Chew for stimulating discussions. 


Note added in proof —After this paper was submitted 
I received a note” dealing with the situation discussed 
in this paper. In particular, the authors propose a slight 
modification of the functional form of the S-wave phase 
shifts near threshold. They include an energy depend- 
ence, in addition to the momentum dependence, which 
is in accordance with the crossing theorem. While the 
effect they are discussing is different from that con- 
jectured in this paper, it is hoped that the experiment 
urged in this paper will shed light on the validity of their 
suggestion as well. 

13 W. Spry, Phys. Rev. 95, 1295 (1954); J. H. Tinlot and A. 
Roberts, Phys. Rev. 95, 137 (1954); Bodansky, Sachs, and Stein- 
berger, Phys. Rev. 93, 1367 (1954). 

14H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2, p. 97, Eq. (74). 

16 Cini, Gatto, Goldwasser, and Ruderman, “Note on the Ap- 
parent Inconsistency Among Measurements of Threshold Pion 
Interactions.” 
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Monte Carlo Calculations of High-Energy Nuclear Interactions. 
I. Systematics of Nuclear Evaporation* 
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P. Rasrnowi1z, The Weizmann Institute of Science, Rehovoth, Israel, 


AND 


R. Brviys,t Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received March 31, 1958) 


The process of nuclear de-excitation by evaporation has been calculated by using a Monte Carlo method 
and fast electronic computers. The competition between the emission of neutrons, protons, deuterons, 
tritons, He*, and He‘ has been studied as a function of various parameters and experimental conditions. 
A systematic survey is presented for a range of atomic numbers, mass numbers and excitation energy of 


initial nuclei. The nuclides studied extend from A =49 to - 


= 239 with Z=Z4+3. The range of excitation 


energies for which computations are presented extends from 100-700 Mev. Among the parameters affecting 
the process the importance of the temperature correction of the Coulomb barrier and the level density 
parameters are considered in detail. The average properties of the process such as average numbers of the 
various particles emitted, the average number of nucleons, of charged particles, and of charges emitted are 
summarized in graphical and tabular form for various combinations of the parameters used in the com 
putation. Energy spectra of the various emitted particles are also shown. 


I. INTRODUCTION 


N the interpretation of the results of the interactions 

of high-energy particles with matter, it is found 
necessary at some point, irrespective of the mechanism 
adopted for the interaction, to consider the fate of a 
highly excited nucleus. In the range of excitations 
considered here, particle emission is the only effective 
process for de-excitation. This process, known com- 
monly as the evaporation process, has been studied by 
a number of authors, notably by LeCouteur' and 
Fujimoto and Yamaguchi. The treatment of these 
authors is based on the statistical model of the nucleus 
and starts essentially from the formula of Weisskopf,’ 


P;(T)dT = ,0T(p(f)/p(i) aT, (1) 


where P(T)dT is the probability per unit time of 
emission of a particle 7 with kinetic energy in dT, a is 
the total cross section for capture of particles 7 by the 
final nucleus, p(/) and p(i) are the level densities of 
the final and initial nuclei, respectively, and are 
functions of mass, charge, and excitation energy. 
j= gm/mh'®, where g is number of spin states and m 
mass of particle j. 

From this fundamental equation it is possible after 
assuming an explicit model for the nucleus, Fermi gas 
in this case, to calculate the relative probability of 
emission of various types of particles 7 from a given 
nucleus and excitation. In practice what is required 
are the integrated probabilities over the whole of the 
de-excitation process. Such an integration has been 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at the University of Illinois, Urbana, Illinois. 

1K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 

2Y. Fujimoto and Y. Yamaguchi, Progr. Theoret. Phys. 
(Japan) 4, 468 (1950); 5, 76 (1950); 5, 787 (1950). 

3V. Weisskopf, Phys. Rev. 52, 295 (1937). 


attempted by LeCouteur' and Fujimoto and 
Yamaguchi’ and for excitations below 100 Mev by 
Jackson*® but was found possible only after severe 
approximations and after assuming stationary values 
for some of the variables. 

In the present calculations the step-wise Monte Carlo 
method has been adopted for following the fate of a 
given excited nucleus, and the average behavior has 
been deduced from an analysis of a large number of 
complete evaporation cascades. This procedure does 
not require any averaging approximations since the 
various probabilities are recalculated afresh after the 
emission of each individual particle. A similar procedure 
has recently been described by Rudstam.° 

In the present paper we report the systematic study 
of the effect of various parameters on the evaporation 
process. The results, while providing one with a general 
feel of the subject and laying the basis for extrapolation 
to regions outside the limited field studied, are not 
directly applicable to computation of specific high- 
energy interactions. For the latter purpose we require 
in addition to information on the evaporation process 
also knowledge of the products of the prompt knock-on 
cascade® and of competition by fission.’ Further papers 
in this series will deal with the computation of specific 
interactions and comparison with experiment. 

The nuclei and parameters studied in this paper were 
chosen to illustrate the effect of changing atomic 
number, mass number, excitation energy, level density 
parameter, and Coulomb barrier on the evaporation 


‘J. D. Jackson, Can. J. Phys. 34, 767 (1956). 

5G. Rudstam, thesis, Uppsala, 1956 (unpublished). 

6 Friedlander, Miller, Metropolis, Bivins, Storm, and Turkevich 
(private communication); Bull. Am. Phys. Soc. Ser. II, 2, 63 
(1957); N. Metropolis e¢ al., Phys. Rev. 110, 204 (1958). 

7 Dostrovsky, Fraenkel, and Rabinowitz, Proceedings of the 
Second International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958. 
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cascade. In addition a comparison was made of the 
effect of using different mass formulas in the com- 
putations. 


Il. EQUATIONS AND PARAMETERS 


In the calculations described below equations similar 
to those derived by LeCouteur! were used. From the 
fundamental equation of the statistical model for a 
degenerate Fermi gas [ Eq. (1) ] the following expres- 
sions for the relative probability of emission of two 
particles i, 7, are derived [see reference 1, Eq. (62) ]: 


Pi vif Ri\* a; 

>a — exp{2[(a;R,)'— (a;R;)4]}, (2) 
P; Y oh a 

if Bethe’s® level density formula is used, and if the 

simpler Weisskopf* formula is used: 


Ps vifR; a; 
aadtnaie ~) — exp{2[(a:R,)*— (a;R;)*}}. (3) 
Pi yi R7F a; 


In these expressions, a is defined by the statistical model 
level density formula: 


p(E)=C exp[2(aE)'], (4) 


and R; is the maximum value of the excitation which 
a nucleus may possess after evaporating a particle j. 


R,;= Eo—Q;— V3, (5) 


where Ep is the excitation energy of the nucleus before 
evaporation, Q; binding energy of particle 7 to residual 
nucleus, and V; is the Coulomb barrier for particle 7 
appropriately corrected. 

Equations (2) and (3) are very similar and the 
difference in the pre-exponential coefficients is ex- 
pected to be important only towards the end of the 
evaporation cascade when the differences between R; 
and R; become significant. Comparative calculations 
were carried out using both formula and the results 
are tabulated in Table I and discussed later. 

Before developing Eq. (2) further, it is necessary to 
make some assumptions regarding the dependence of 
the parameter a on the neutron excess of the nucleus. 
We shall use the LeCouteur formulation of this de- 
pendence, viz. : 


a,'=a}(1—1.30/A), 
a,'=a'(1+1.30/A), 
ag'=a'(1—1/2A), 


a,?=a'(1—1/A —1.36/A), 
ane*t=ai(1—1/A+1.30/A), (6) 
a,'=a,'(1—3/24A), 


where 6=(N—Z)/A. 


8H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 
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Using Eqs. (5) and (6), one may transform (3) into 
P,/P,=1, 
Py/Pn=(Rp/Rn) expl(a/Rnp)*(Qn—Qp 
—V,+5.20Rn»/A) |, 
Pa/P,=3(Ra/R») exp{(a/Rna)*L0.—Qa 
— Va—(1—2.60)R,a/A ]}, 
P,/Pn=3(R/R,) expl (a/Rnt)!(On—Qt 
—V.—2Rni/A) ], 
Pret/Pn=3(Rue/R,) exp{ (4/Ruen)*LOn—One? 
— Vue!— (1—2.66)2Rane/A ]}, 
Pa/Pn=2(Ra/Rn) exp{ (@/Rna)"[On—Qa 
— Va—(3—2.60)Rna/A ]}, 


where R,,;!= (R,'+R;')/2. The modifications necessary 
if Eq. (2) is used are obvious. It will be noted that Eqs. 
(7) differ from the equivalent equations presented by 
LeCouteur in that the binding energies appear ex- 
plicitly and not in an approximate analytical form. In 
this way one may use experimental binding energies, 
as for example those compiled by Wapstra® and 
Huizenga,” or in regions where no experimental data 
are available, the appropriate semiempirical mass 
formula may be used to compute the Q’s. 

In the early calculations Fermi’s mass formula, as 
modified for computation by Metropolis and Reit- 
wiesner,! was used. In all later calculations, Cameron’s” 
mass table, which had in the meantime become avail- 
able, was used. A comparison of the effect of the two 
mass formulas was made and the results are summarized 
in Table II and discussed later. 

The parameters V (Coulomb barrier) and a (level 
density parameter) present a more formidable problem. 
The Coulomb repulsion, as calculated from elementary 
electrostatics is not directly applicable to the com- 
putation of reaction barriers but must be corrected in 
several ways. The first and best understood correction 
is for the quantum-mechanical phenomenon of barrier 
penetration (or tunneling effect). Several calculations 


.of barrier penetrability are available; however, we 


shall follow LeCouteur again and use the data of 
Bethe® and Bethe and Konopinski" in the form of a 
coefficient &; multiplying the calculated Coulomb 
potential. 
Thus, 
V=kVo, (8) 


where V» is to be calculated from elementary electro- 
statics. The choice of nuclear radius parameter 1» is 
important in this calculation, for it determines the 


9A. H. Wapstra, Physica 21, 367 (1955); 21, 385 (1955). 

0 T. R. Huizenga, Physica 21, 410 (1956). 

1N. Metropolis and G. Reitwiesner, U. S. Atomic Energy 
Commission Report NP-1980 (unpublished). 

2A. G. W. Cameron, Atomic Energy of Canada Limited 
Report CRP-690, 1957 (unpublished). 

13 H. A. Bethe and E. J. Konepinski, Phys. Rev. 54, 130 (1938). 
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separation of the centers of the nuclei at contact. We 
have computed this separation from the equation 


R=r(A—m)'+m'], (9) 
with r7>=1.3X10-" cm and m the mass of the emitted 
particle 7. The penetrability coefficient used are: for 
protons, 0.7; for deuterons, 0.77; for tritons and He’, 
0.8; and for @ particles, 0.83. These coefficients (taken 
from LeCouteur) were chosen to give a good approxi- 
mation to the quantum mechanical barrier pene- 
tration formula for medium mass nuclei. For the heavy 
and the light elements, the above coefficients give a 
poorer approximation. However, as far as the total 
cross section for the emission of a given particle goes, 
these coefficients introduce only a small error. The main 
distortion will be in the low-energy end of the kinetic 
energy spectrum and for this reason no attempt was 
made to use the spectra presented at the end of this 


paper in any quantitative way. A more accurate 


treatment of these spectra, taking into account an 
improved barrier penetration calculation, will be pre- 
sented in a later paper in this series. 

The correction for penetration, however, is not the 
only one which may have to be applied. An excited 
nucleus undergoes expansion and possesses surface 
oscillations, both of which phenomena may be expected 
to reduce the Coulomb barrier. These effects are dis- 
cussed later. 

The remaining parameter in Eq. (6) which needs 
discussion is the level density parameter a. This 
parameter has been calculated on the basis of several 
models, and fitted empirically to the Fermi gas model 
by several authors using results of low-energy reactions. 
The values obtained vary greatly. Thus, Bethe® calcu- 
lates a to be a= A/11 (after correcting to our choice of 
ro=1.3X10-" cm) for the free particle model. Bardeen," 
for the free-particle model with correlation, deduces a 
value of a=A/22 (corrected to ro>=1.3X10-" cm). 
Weisskopf suggested a formula for a for atoms heavier 
than mass 60, of the form 


a=0.85(A —40)}, 


Blatt and Weisskopf,'* from data on slow neutron cap- 
ture, deduce values of a for odd nuclei, which in the re- 
gion of mass 100-200, correspond toa= A/17. LeCouteur' 
chose for a the form a= 4/12.4 as best fitting the energy 
spectra of Page" and Harding, Lattimore, and Perkins,'® 
while Fujimoto and Yamaguchi? used a value of 
a=A/10.5 in their calculations. Fong” has calculated 


4 J. Bardeen, Phys. Rev. 51, 799 (1937). 

18'V. Weisskopf, U. S. Atomic Energy Commission Report 
MDDC-1175 (U. S. Government Printing Office, Washington, 
D. C., 1947). 

16 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), p. 372. 

17N. Page, Proc. Phys. Soc. (London) A63, 250 (1950). 

18 Harding, Lattimore, and Perkins, Proc. Roy. Soc. (London) 
A196, 325 (1949). 

19 P. Fong, Phys. Rev. 102, 434 (1956). 
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a for a range of nuclei from data on fast neutron capture 
cross section and has concluded that the best agreement 
is obtained by a= A/20. Lang and LeCouteur” have 
analyzed all data available for reactions up to 10 Mev, 
and proposed the following relation between excitation 
energy and nuclear temperature 


E=(A/11)r?—1+4A !77, 


However, over the region of A and 7 of interest here 
this equation differs very little from the simpler relation 


E=A?/8, 


which is, of course, equivalent to a=A/8. Finally, 
mention should be made of the recent results of Eisberg, 
Igo, and Wegner*! which appear to require a constant 
value of a, 

a=8 Mev", 


and later work™® where the Fermi gas model was found 
incompatible with observations. 

In view of this bewildering variety of a values, it 
was decided to regard it as an adjustable parameter, 
the best value of which is to be determined by com- 
parison with experiment. In further papers of this 
series, an attempt is made to establish the effective 
value of a for highly excited nuclei in this way. Most of 
the calculations in this paper were carried out using 
a=A/10 and a= A/20 in order to illustrate the effect 
of changing this parameter. A few calculations were also 
made using a constant value of a=9 Mev. 


Ill. THE COMPUTATION 


The Monte Carlo calculation of the de-excitation of 
nuclei by the evaporation process was programmed 
first for the Los Alamos MANIAC and later, in an 
improved form, for the Weizmann Institute WEIZAC. 
Both computers are fast electronic machines of the 
Institute of Advanced Studies’ type. They differ mainly 
in the memory unit. The MANIAC I had an electro- 
static memory of 1024 40-binary-digit words and 
WEIZAC has a magnetic core memory of 4096 40- 
binary-digit words. 

The flow sheet of the computation as programmed 
for the WEIZAC is shown in Fig. 1. The input data for 
each computation includes the A, Z, and excitation 
energy of the starting nucleus as well as the number of 
cascades which are to be followed. In addition, for each 
set of computations the various parameters to be used 
and other operational instructions are introduced into 
the program by a short correction tape. These parame- 
ters include the value of the coefficient ¢ in the expres- 
sion for the level density parameter a=cA, the type of 


2 J. M. B. Langand K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 

*t Fisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955), 

% G. Igo, Phys. Rev. 106, 256 (1957); see also G. Igo and H. E. 
Wegner, Phys. Rev. 102, 1364 (1956), for level density measure- 
ment summary. 
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Fic. 1. Flow diagram of evaporation computations, Mk IT, (WEIZAC). 


Coulomb barrier correction, and the type of print-out 
desired. Commencing with these data, the relative 
probability of evaporation of neutrons, protons, 
deuterons, tritons, He’ and He‘ were computed using 
formula (7). From the cumulative sums of these proba- 
bilities, normalized to a total 1, the particle to be 
evaporated was chosen using a pseudo-random number. 
Weisskopf* has shown that the kinetic energy of 
neutrons emitted from a given nucleus followed approxi- 
mately a Maxwellian distribution. Accordingly, the 
kinetic energy of the emitted particle was selected from 
a Maxwellian distribution for the appropriate tempera- 
ture using a second random number. In case the emitted 
particle was not a neutron, the appropriate Coulomb 
barrier was added to the energy selected in this manner. 
These results were stored away in the memory, the 
new values of A, Z, and E computed, and the process 
repeated. The iteration was continued until the initial 
excitation energy was almost all removed. The exact 
termination procedure differed somewhat in the 
MANIAC and WEIZAC calculations. In the first, the 
process was terminated whenever the residual excitation 
energy fell below 8 Mev. In the WEIZAC computation, 
a procedure somewhat closer to physical reality was 
followed. Iteration was continued so long as any of the 
R;’s [Eq. (5) ] remained positive. Under these circum- 
stances, it occurred frequently that the kinetic energy 
chosen by the second random number was greater than 
the available excitation and in such cases fresh random 
numbers were computed until a combination was found 
which permitted the last evaporation to take place. A 
comparison of the results using the two termination 


procedures is given in Tables I and II. It is seen that 
as far as the average properties of the evaporation 
process are concerned, the two termination procedures 
do not lead to significantly different results. Exami- 
nation of the details of the process however shows that 
the proportions of protons and a particles evaporated 
in the last step of the cascade are appreciably higher 
with the WEIZAC termination. This will effect the 
energy spectrum of the emitted particles somewhat. 
The more correct WEIZAC termination will lead to a 
higher proportion of low-energy protons and a’s than 
the MANIAC termination. 

The program is so arranged that at the completion 
of the computation of the predetermined number of 
cascades, the computer summarizes the results, tabu- 
lates the spectra, and classifies the products according 
to their A’s and Z’s. A choice of three types of print-outs 
is available: (i) Full print-out of each cascade, where 
at each iteration the nature of the outgoing particle, 
its kinetic energy and the residual excitation energy 
of the new nucleus are printed out. At the end of the 
cascade the final A and Z of the product are printed. 
(ii) Shorter print-out where only the final A,Z of each 
cascade is printed out. (iii) only the summaries, spectra 
and A,Z classification of products is printed out. For 
most problems this information is sufficient, and since 
this mode is the most economical in machine time, it 
was used for most of the computations on the WEIZAC 
reported in this paper. 

The summaries include the following information: 
the total kinetic energy carried off by each of the six 
particles, the total de-excitation energy, the total 
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TABLE I. Comparison of evaporation calculations.* 


350 Mev 


Pa™!, 450 Mev Zr®™, 


j WEIZAC 
Mk IIe 


WEIZAC 
Mk IIe 


WEIZAC 


WEIZAC 
Mk I* k It 


MANIAC Mk I 


MANIAC I 

100 
10.1 
3.9 
1.4 
0.5 
0.1 
{2 


76 

24.7 
2.9 
0.9 
0.5 
0.03 
0.9 


76 

24.3 
2.8 
1.1 
0.6 
0.07 
0.9 


No. of cases 300 
Av No. n 24.3 
Av No. p 2.8 
Av No. d 1 0 
Av No. si 0.4 
Av No. 0.05 
Av No 1.3 


Riu — & 


Av No. j 
Av AA 
Av jt 
Av AZ 6.8 


9. 
35.6 34.8 34.6 : 
L% 5.4 33 


8 29.8 29.9 
; 6.0 


we wu 


¢ 
3 

i. 
8. 


x 


6.4 


*a=A/10; temperature-independent Coulomb barrier. 
> No (Ri/Rj) term; proper termination. 
¢ Equation (3); proper termination. 


numbers of each of the six kinds of particles evaporated, 
the total number of particles, total number of nucleons, 
total number of charged particles, and total number of 
charges lost. The ast line of the summary is the total 
number of cascades computed and using this, the 
average values of all the quantities listed above may 
be computed. Following these, there are presented the 
energy spectra of the six particles given for energy 
intervals of 1 Mev until 35 Mev and thereafter in 
intervals of 5 Mev. Following the spectra there is 
printed out the classification of the final products of 
the evaporation process according to their A’s and Z’s. 
The time taken to complete a computation of one 
cascade varies between 4 and 10 seconds depending 
upon the initial excitation energy. 

Before embarking on the bulk of the calculations, a 
comparison was made of the effect of using Eqs. (2) 
or (3) in the computation. The results are shown in 
Table I. The difference in average properties obtained 
in the two cases studied appears to be negligible. The 
difference is expected to be, significant toward the end 
of the cascade only but is insufficient to influence the 
over-all results. It may be that for very low starting 


TABLE IT. Comparison of mass formulas in the evapoiation calculations. 


Pa™, 450 Mev 
WEIZAC* 
a 


100 


No. cases 100 


WEIZAC> 
B 


excitation energies the two equations will differ slightly 
more but in any case, their validity for low excitation 
is doubtful. All the early MANTAC calculations were 
based on Eq. (2) with the term in (R,/R;)* omitted 
altogether. The WEIZAC results were based on Eq. 
(3) unless otherwise specified. 

The MANIAC and first WEIZAC programs were 
based on the Fermi mass formula." When later the 
computation was reprogrammed for use with Cameron’s 
mass table,” it became interesting to see to what extent 
previous calculations are in error due to the approxi- 
mate nature of the mass formula used earlier. Several 
comparisons were run and they are listed in Table II. 
The two examples were chosen to as to compare Fermi’s 
formula with Cameron’s tables, both in the region of 
closed nuclear shells and in region free from shell effect. 
The evaporation path of Pa! cuts across both the 82 
proton shell and the 126 neutron shell. The evaporation 
path of Hg” does not cross any nuclear shells. Corre- 
spondingly we see from Table II that in Pa*!, appre- 
ciable differences occur both in the average properties 
and in the distribution of products when Cameron’s 


table is used, In the Hg case, the differences are very 


Hg, 350 Mev 
WEIZAC* WEIZACt 
MANIAC I A B 
100 100 100 


25.0 
3.0 
0.9 
0.4 
0.03 
1.0 


, No. n 

y No. p 
No. d 

y No. T 

, No. He’ 
, No. a 


30. 


y No. j 3 
35. 


Eq. (3); Fermi mass formula. 
b WEIZAC-B: Eq. (3); Cameron's'? mass table. 


23.4 
3.6 
1.0 
0.5 
0.05 
1.8 


30.4 
37.9 
6.9 
8.8 


20.1 
1.9 
9.6 


20.6 
2.1 
0.6 
0.3 
0.02 
0.7 


24.3 
bles 


3. 
4. 


19.9 
2.3 
0.6 
0.3 
0.02 
0.8 


23.9 
or 
ala 


3.9 


4.7 
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Fic. 2. Average number of neutrons evaporating from members 
of isobars. Initial nuclear temperature 4 Mev, a=A/10, V=Vo 
(Coulomb barrier independent of excitation). 


slight. As expected, the use of the improved mass 
formula does lead to changes in the results in the shell 
regions but in the other regions where shell boundaries 
are not crossed the two formulas lead to the same 
results. This insensitivity of the computation to the 
exact form of the mass equation over wide ranges of 
nuclides is gratifying in that it makes the choice less 
critical. 

Most of the results reported in this paper were 
obtained using Cameron’s mass table.” Approximately 
4000 masses were packed into about 2000 memory 
locations to form a working table. Two such mass tables 
were prepared, one for use with nuclei Z=94 to Z=50 
and the other for nuclei Z=75 to Z=11. 


IV. DEPENDENCE CW Z IN ISOBARS 


If attention is confined to the evaporation behavior 
of members of isobars, a number of simple relationships, 
useful in interpolations, are found. Within the rather 
narrow limits of Z studied, i.e., Z4+3, the average 
numbers of the various particles evaporated are ap- 
proximately linear in AZ=Z—Za,, for the same initial 
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Fic. 3. (a) (AZ)a/(AA)wy for the evaporation from members 
of isobars; (b) (AA) for same. Initial nuclear temperature 4 Mev, 
a=A/10, V=Vo. 


nuclear temperature. Similar linear relationships are 
found for the average number of charges lost. Figure 2 
illustrates these points with respect to the average 
number of neutrons. The parameters of the various 
lines (obtained by least squares fit) depend somewhat 
on the A of the isobar. They are summarized for 
convenience in Table III. 

The average number of nucleons lost in the evapo- 
ration as well as the emission ratio, i.e., the ratio of 
doubly charged particles to total charged particles, is 
found to be almost independent of (Z—Z,). A corollary 
of these relations is the linear dependence of the ratio 
(AZ) m/(AA)m on (Z—Za) in an isobar (see Fig. 3). 


V. THE DEPENDENCE ON A AND Z 


The effect of changing the initial atomic and mass 
numbers of the excited nucleus was studied at two 
values of initial nuclear temperature, 4 Mev and 6 
Mev. 200 cascades were followed in each case and the 


TABLE III. Parameters of lines representing %, p,@, as function of (Z—Zz,) for various isobars, for initial nuclear 





temperature of 4 Mev. 


j=Cj+Dj(Z—Za). 





Ca Dn Cp 


Dp 





—0.89+0.02 
—0.95+0.04 
—0.99+0.01 
— 1.20+0.02 





4.13+0.04 
8.15+0.09 
16.0 +0.02 
19.7 +0.04 





1.60+0.06 
2.00+0.04 
2.30+0.04 
2.50+0.95 


0.35+0.03 
0.57+0.03 
0.692-0.04 
1.10+0.01 


0.57+0.03 
0.51+0.02 
0.394-0.02 
0.4340.02 


0.08+0.01 
6.08+-0.02 
0.17+0.01 











HIGH-ENE 
starting nuclei were taken at intervals of 10 mass 
numbers from mass 40 to mass 240. For each mass 
number three values of Z were taken, one on the 
stability line (Z4) and one each on either side of 
stability and 3 units of Z away (Z4+3 and Z4—3). 


In this way we have for each isobar a comparison of 
the behavior of neutron-excess and neutron-deficient 
nuclides. 

The results of these computations are presented in 
Figs. 4-8. The statistics of the rarer particles (D, T, 
He’, and He‘) were too poor to justify detailed plotting. 


24> 
| t= 4 Mev 


a= A/IO 


Fic. 4. Average number of neutrons evaporated from different 
starting nuclei. Initial temperature 4 Mev, a= 4/10, V=Vo 
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Fic. 5. Average number of protons evaporated from different 
starting nuclei. Initial temperature 4 Mev, a=A/10, V=Vo. 


The discontinuities and peaks seen in these figures 
are the expressions of the effects of shell structure of 
the nuclei on their binding energies. The discontinuities 
in the plot of the average number of neutrons evapo- 
rated against A, the mass number of the initial excited 
nucleus, occur in the vicinity of mass numbers 210, 140, 
90, and 50 and are clearly associated with the 126, 82, 
50, and 28 neutron shells. When the evaporation path 
crosses a neutron shell boundary the reduced neutron 
evaporation probability from nuclides with magic 
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number of neutrons evaporated from different 
Initial temperature 6 Mev, a=A/10, V=Vo. 


Fic. 6. Average 
starting nuclei 


neutron number will depress the average number of 
neutrons evaporated in this particular cascade. This 
effect will occur in the evaporation of all nuclides with 
sufficient initial excitation to give products across the 
neutron shell below the starting nucleus. For the 
energies considered here the evaporation from a nucleus 
immediately below a closed shell will not cross the next 
shell down and therefore will not suffer the depression 
of the average number of neutrons which a neighbor a 
few mass units on the other side of the shell will undergo. 
It follows that the average number of neutrons emitted 
by such a nucleus will appear to be enhanced when 
compared with the value extrapolated from its heavier 
neighbors. It is interesting to note that the apparent 
enhancement is evident even for nuclei a few mass 
numbers on the high side of a shell. It is due to the fact 
that in the early stages of an evaporation cascade, when 
the temperature is still high, neutrons are not the most 


common evaporating particle. By the time neutron 
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Fic. 7. Average number of protons evaporated from different 
starting nuclei. Initial temperature 6 Mev, a=A/10, V=Vo. 
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Fic. 8. Average number of deuterons evaporated from different 
starting nuclei. Initial temperature 6 Mev, a= 4/10, V=Vo. 


evaporation becomes the predominant process, the 
nuclei have crossed the shell and are not affected by it. 

Neutron shells also have a profound effect on the 
evaporation of protons. In Figs. 5 and 7, prominent 
peaks in the average number of protons per cascade 
appear in the same mass regions as the breaks in the 
neutron emission plots. Since neutrons represent the 
majority of particles evaporated any depression of 
their emission will correspond to an increase in the 
probability of evaporation of all other competing 
particles. The sudden increase in the neutron evapo- 
ration when the original nucleus is taken below a 
neutron shell will correspond to sudden decrease in the 
number of other particles and particularly protons. 

The situation for heavier particles is more complex 
still owing to the fact that the probability of their 
evaporation is also affected by the neutron shells, and 
in the same sense as the neutrons. A change in the 
neutron emission therefore does not lead to a great 
change in numbers of deuterons or alphas evaporated 
because of the partial cancellation of the effect by the 
changed probability of evaporating of the particles 
themselves. 
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Fic. 9. (AZ)ay/(AA)ay as a function of A and Z. a=A/10, V=V>. 


Another useful average property is the value of the 
over-all ratio (AZ),,/(AA) of the cascade, for it gives 
information regarding the coordinates, in the AZ plane, 
of the center of the distribution of the end products in 
terms of those of the starting nucleus. 

In Fig. 9 are shown the values of (AZ)m/(AA)w 
plotted against A for two values of the initial tempera- 
ture. Shell effects are again evident. The values between 
shells are approximately constant. The approximate 
slope of the stability line is also drawn in (dotted line). 
Comparing values of (AZ)/(AA)» with the slope of 
the stability line, it is seen that at the lower tempera- 
ture, in almost all cases the products are more neutron 
deficient than the initial nucleus. The exceptions are 
the neutron deficient nuclei below mass 110. At the 
higher temperature, all values of (AZ),s/(AA)s are 
higher and therefore, again with the exception of 
neutron deficient nuclei below 120, the locus of the end 
product is more nearly parallel with the stability line. 
These facts are of course easily understood in terms of 
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Fic. 10. Average number of nucleons lost as a function of 
mass of starting nucleus. a= A/10, V=Vo. 


the increased probability of evaporation of charged 
particles at higher temperatures. 

The approximate independence of (AA) on (Z—Z.) 
allows us to plot only one value of (AA), for each isobar 
in studying its dependence on A. Figure 10 is a plot of 
(AA) against Ao for ro>=4, tro=6 Mev. The approxi- 
mate linear relationship of (AA), to A, disturbed 
somewhat by shell effects and in the high mass region 
suggests that the average de-excitation per nucleon for 
a given initial nuclear temperature is independent of 
A (and of Z) of the excited nucleus. 

The average de-excitation per nucleon, e, is composed 
of binding energy, Coulomb barrier, and the tempera- 
ture dependent kinetic energy terms. As a consequence 
of the dependence of the proportion of charged particles 
emitted on the initial temperature, the contribution of 
the Coulomb barrier term will also vary with tempera- 
ture. The over-all dependence of ¢ on initial temperature 
appears to be too complex to yield to quantitative 
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prediction. It is gratifying therefore to find that the 
computed values may be represented by a very simple 
linear relationship. In Fig. 11 are plotted the values of 
e= E/(AA),, for Cu®, Ag!*, Ta!®! as a function of initial 
temperature. It is seen that the lines for the three 
starting nuclei are very close together and can be 
represented for most of their course by the equation 


€=8.9(+0.15)+0.97(+0.025)7o Mev (10) 


From this expression it is possible to derive the value 
of the quantity (AA),,/A for a given initial temperature. 
It is 

/A =cr¢?/(8.9+0.97 79), (11) 


(Az { Day 


where c is given by a=cA. 


We may try and compute values of (AA),/A from 
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Fic. 11. Average de-excitation per evaporated nucleon as a 
function of initial nuclear temperature. 3 


this equation and compare them with those obtained 
directly from the Monte Carlo calculation. Thus for 
c=0.1 and ro=4 Mev, (AA),/A =0.124 and for ro=6 
Mev, (AA)x/A =0.243. For c=0.05, the corresponding 
values are 0.062, 0.122. The lines corresponding to these 
values are plotted in Fig. 10. The extent of agreement 
between the lines computed from Eq. (11) and the 
values obtained directly from the computation is a 
measure of the accuracy of the assumptions embodied 
in Eq. (10). 

The extent to which the assumption of the constancy 
of E/(AA)w is justified is seen from Fig. 12 where the 
computed values of these quantities are plotted 
together with the lines representing the values for 
7To=4 Mev and ro>=6 Mev computed from Eq. (10), 
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2. Average de-excitation per evaporated nucleon‘as a 
function of initial mass of nucleus. 


The ratio of tritons to He’ emitted is very sensitive 
to the atomic number of the starting nucleus in a given 
isobar in the low mass region. In Fig. 13 this ratio is 
plotted against A of the isobars for values Z=Z,4 and 
Z=Z,4+3. This behavior of the ratio T/He* can be 
traced to the effect of the separation energy term Q 
[see Eq. (7)]. In the competition between He* and 
T emission from neutron deficient nuclei, the term 
Q is always in favor of the former because the product 
is then closer to stability. This effect is particularly 
strong in the low mass region where the sides of the 
stability valley are very steep. Also in this region the 
Coulomb barrier is weaker and the net result is that 
the favorable effect of Q (for He*) more than com- 
pensates for the adverse effect of the Coulomb barrier 
as Z in the isobar is increased and the emission of He? 
becomes more probable. From Fig. 13 it is seen that the 
effect persists even in as high an isobar as 110 (for 
Z=Z.4—3). For starting nuclei closer to stability the 
ratio T/He® will be less than unity only for lighter 
isobars. The situation in the neutron excess part of the 
isobar is, of course, the precise converse, and in the 
lighter nuclei the emission of He’ is strongly inhibited. 
In fact for almost all the Z4—3 nuclei of isobars up to 
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Fic. 13. The ratio of tritium to He® particles evaporated as a 
function of initial mass. Initia! temperature 4 Mev, a=4/10, 
V=Vo 
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Fic. 14. The average number of neutrons, protons, deuterons, 
and He‘ evaporated from Cu® as a function of initial excitation 
energy. a2=A/10, V=Vo. Also shown are average numbers of 
particles (7) and charged particles (j.) emitted. 
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Fic. 15. The average number of neutrons, protons, deuterons, 
tritons, He* and He‘ evaporated from Ag! as a function of initial 
excitation energy. a= A/10, V=Vo. 


about 100, no He* particles were recorded in the 200 
cascades computed for each case. 

The irregularities introduced into the details of the 
evaporation process by nuclear shell structure make 
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Fic. 16. The average number of neutrons, protons, deuterons, 
tritons, and He‘ evaporated from Ta! as a function of initial 
excitation energy. a= A/10, V=Vo. 


any extrapolations beyond computed values uncertain. 
Even the close mesh of starting nuclei taken does not 
guarantee great precision in interpolation. To make 
extrapolation and interpolation somewhat easier and 
more accurate the data available from the calculations 
are analyzed in several different ways in the following 
pages. 

It must not be forgotten, however, that all the 
calculations presented here refer to the idealized case 
of a given nucleus with a definite unique excitation. In 
any real experiment we deal of course with a range of 
nuclei each possessing a distribution of excitation 
energies. The actual behavior will be therefore a super- 
position of a large number of idealized properties such 
as are discussed here. Such a summation, properly 
weighted can be done readily by a computer, and 
examples of this will be presented in further papers. 
However, for rapid and approximate preliminary 
estimates of the results of certain experiments, the 
graphs given here when applied to proper average 
nuclei, and excitation energies, may be of some value. 


VI. THE EFFECT OF INITIAL EXCITATION 


From the comparison of the various characteristics 
of the evaporation cascades at the two initial tempera- 
tures of 4 Mev and 6 Mev, some general idea of the 
effect of initial excitation may be obtained. 

More detailed investigation of the effect of initial 
excitation energy was carried out for certain nuclei 
selected as typical of certain regions of the table of 
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nuclides. These were Cu™, Ag’, and Ta!®!, No heavier 
nuclides were chosen for this study for in them com- 
petition by fission can no longer be ignored. The fissile 
elements are discussed further in a forthcoming publi- 
cation.’ In Figs. 14, 15, 16 are plotted the average 
numbers of the various types of particles emitted 
together with the averages of the total number of 
particles and charged particles, as a function of initial 
excitation energy. These plots may be compared with 
those of LeCouteur' with the difference that the 
parameters chosen by him were a= A/12 and a Coulomb 
barrier of 6 Mev with a temperature correction. In 
comparing our results with those of LeCouteur, it must 
be noted that the latter’s results are in error due to the 
improper choice of the spin of the deuteron. This leads 
not only to considerable error in the proportion of 
deuterons emitted but also affects the yields of the other 
particles. The proportion of deuterons evaporated is 
seen to be quite high, and even for the heavier elements 
is above that of He‘ at the higher energies. 

From Figs. 14-16 it is perhaps not so easy to see the 
way in which the relative proportions of the various 
particles change with initial excitation. In Fig. 17 is 
shown the average mass * of the evaporated particles 
as a function of initial excitation. The increase in m 
with £ reflects the increasing proportion of heavier 
particles evaporated. In as much as all heavier particles 
are charged, the average charge per particle, 2, and per 
((AZ) ny (AA ay) 
These characteristics are shown in Fig. 18. It is inter- 


nucleon evaporated also increases. 
esting, however, that the initial excitation has only a 
small effect on the ratio of singly to doubly charged 


particles (see Figs. 19 and 20). 
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Fic. 17. Average mass of the evaporated particles as a function 
of initial excitation. 
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VII. TEMPERATURE CORRECTION OF 
THE COULOMB BARRIER 


One of the more important parameters which enter 
the above computations is the Coulomb barrier for 
charged particle emission. Apart from the uncertainty 
introduced into the barrier formulation by the some- 
what arbitrary choice of the nuclear radius parameter, 
ro, and the approximation of the penetration effect, 
both of which were described in Sec. II, a serious 
uncertainty remains regarding the effect of high nuclear 
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AZ) y/(AASs, as a function of initial excitation 
for Cu, Ag, and Ta!8!, 
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Fic. 19, Ratio of singly to doubly charged particles evaporated 
for Ag! as a function of initial excitation energy. 
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Fic. 20. Ratio of singly to doubly charged particles evaporated 
for Ta!* as a function of initial excitation energy. 


excitation. Experimenéal evidence, mainly from nuclear 
emulsion work,!7:!§ suggests that at high excitations the 
value of the Coulomb barrier is reduced, and the effect 
has been interpreted in terms of nuclear thermal 
expansion and surface vibrations. The first is simpler to 
understand and a rough estimate of its importance has 
been made.” It amounts to about 0.87? % change in 
radius and therefore in Coulomb barrier. The second 
effect has been discussed by Bagge and its magnitude 
has been variously estimated as: 


V=V’'/(1+0.157r), (see reference 23) = (12) 


'=V’'/(1+£/constant), (see references 1, 5) (13) 


where V’ is a classical barrier corrected for penetration. 
The constant in Eq. (13) has been most frequently 
taken as 200 Mev.!:5 

In view of the uncertainty as to the need of the 
correction and its form, the present calculations were 
run with both corrected and uncorrected forms of the 
barrier (penetration correction was always applied). 
The correction formula used here was of the form 


V=V'(1—7/r2), 


(14) 


where 7,, a critical nuclear temperature, was taken as 
9 Mev. This form of the correction was chosen for the 
sake of consistency with that applied to the fission 
barrier.”:’ If the fission process is assumed to be re- 
versible, it follows that a correction applied to the 
barrier of the process should not depend on the di- 
rection from which it is considered (i.e., the same 
correction for fission and fusion reactions). Although 
the application of this argument to fission is doubtful, 


%P. Morrison, Experimental Nuclear Physics, edited by E. 
Segré (John Wiley and Sons, Inc., New York, 1953), Vol. II, p. 
181. 

“4 E. Bagge, Ann. Physik 33, 389 (1938). 
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in view of the general uncertainty prevailing regarding 
these corrections, the more consistent formula (14) was 
used. In magnitude, the correction is somewhat less 
severe than that used by LeCouteur [Eq. (13) ] and 
more severe than that given by Eq. (12). The correction 
was taken as representing the net effect of both thermal 
expansion and surface vibrations. 

A comparison of various average properties of the 
evaporation cascades calculated with and without 
barrier correction are shown in Figs. 21 and 22. It is 
seen from Fig. 21 that correcting the Coulomb barrier 
for initial excitation leads to only a slight increase in 
the average number of nucleons emitted per cascade 
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Fic. 21. Average number of nucleons evaporated from Cu”, 
Ag, Ta!*! as a function of initial excitation calculated with 
(V=V;) and without (V=Vo) temperature dependence of the 
Coulomb barrier. 


((AA)). This in turn means that the average de- 
excitation per nucleon, ¢, is not very sensitive to the 
assumptions regarding the Coulomb barrier dependence 
on excitation. This of course can be readily understood 
when it is recalled that the Coulomb barrier contributes 
only a part of ¢ and further, that the correction is only 
important in the early stages of the cascade. More 
remarkable is the fact that the average number of 
charged particles emitted per cascade (see Fig. 22) is 
also not very sensitive to the Coulomb barrier cor- 
rection. Thus with the initial temperature of 4.5 Mev 
the Coulomb barrier for the early stages of the cascade 
is reduced to one half and yet the change in (AA), is 
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about 8% and is independent of A. Similarly the average 
number of charged particles emitted changes by 12% 
and the average number of charges lost, by about 14%. 
It follows that the value (AZ),/(AA)w is not par- 
ticularly sensitive to the Coulomb barrier correction. 
The main effect of the correction is to change the ratio 
of singly charged to doubly charged particles emitted 
(see Figs. 19 and 20). Thus at 4.5-Mev initial tempera- 
ture, this ratio changes from 4.3 uncorrected to 2.7 
corrected for Ta!*! and from 4.7 to 3.2 for Ag'. The 
plot for Ag!” illustrates again the powerful effect of the 
50 neutron shell. The sharp rise in the ratio of singly 
charged to doubly charged particles between 300-500 
Mev initial excitation is due to the high proportion of 
proton emission which in turn is due to the suppression 
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Fic. 22. Average number of charge units lost from Cu®™, Ag", 
Ta!*! as a function of initial excitation calculated with (V=V;) 
and without (V=Vo) temperature dependence of the Coulomb 
barrier. 


of neutron evaporation in the shell region. At lower 
energies the evaporation path does not reach the shell. 
At much higher energies the relative importance of the 
shell effect is reduced owing to the larger number of 
particles lost and to the fact that most of the neutron 
emission occurs after the evaporation path had crossed 
the shell. A similar effect was observed in Cu®™, where 
the peak occurs between 200-400 Mev and is due to 
the 28-neutron shell (see Sec. V). The ratio of singly 
to doubly charged particles is of course related in a 


simple way to the emission ratio (ratio of doubly 
charged tracks to total tracks), used so much in nuclear 


emulsion work. 
Experimental studies of ratios of singly charged to 
doubly charged particles, such as for example, the ratio 
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Fic. 23. The average number of neutrons, protons, deuterons, 
He’, He‘, and charged particles evaporated from Cu®™ as a func- 
tion of initial excitation energy. a=A/10, V=Vi. 


of H*® to He**® should provide a useful check of the 
magnitude of Coulomb barrier correction necessary. 

The proportions of the various particles emitted for 
Cu, Ag, and Ta when the Coulomb correction is applied 
are shown in Figs. 23, 24, 25 which may be compared 
with data of Figs. 14-16, which were computed without 
this correction. 
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Fic. 24. The average number of neutrons, protons, deuterons, 


He’, He‘, and charged particles evaporated from Ag™ as a func- 
tion of initial excitation energy. a= 4/10, V=V. 


26 Q. Schaeffer and J. Zihringer (private communication), 
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Fic. 25. The average number of neutrons, protons, deuterons, 
He’, He‘, and charged particles evaporated from Ta!*! as a func- 
tion of initial excitation energy. a=A/10, V=V,. 


VIII. LEVEL DENSITY PARAMETER a 


The uncertainty surrounding the proper function 
describing nuclear level densities at high excitations 
has already been discussed in Sec. II. Although most 
of the computations reported so far were carried out 
using the relationship a=A/10, a few runs were re- 
peated using the value a= A/20. This was done in order 
to gain an appreciation of the quantitative effects of 
changes in a on the average properties of the evapo- 





T T T T | 


—_ 


| 


18 


© 


CuS* A/20, Ve 


@ 


oa 


a a 
NN 


| a al vi 


wn 
=x 
o 
w 


| | 
100 200 300 400 
E (Mev) 


Fic. 26. The average number of neutrons, protons, deuterons 
He’, and He‘ evaporated from Cu® as a function of initial ex- 
citation energy. a= A/20, V=Vo. 
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ration process, so that when better values of a become 
available, the modifications which may be necessary 
to the results of our computations may be estimated. 
As is seen from Eqs. (7), the effect of changing the 
dependence of a on A from a=A/10 to a=A/20 is 
equivalent to multiplying all the exponents by the 
factor 0.292 [=1—(4)!]. Since in most cases the 
exponent is negative this amounts to increasing the 
relative probabilities P;/P,. The increase will be 
greatest for the rarer particles (since they possess the 
most negative exponent), and small for protons. In 
some cases the exponent for protons is positive and of 
course there an actual decrease of the evaporation of 
this particle will result. In any case the increased 
probabilities of the evaporation of the rarer particles 
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Fic. 27. The average number of neutrons, protons, deuterons, 
He’, He‘, and charged particles evaporated from Ag as a func- 
tion of initial excitation energy. a= A/20, V= Vo. 


wili usually result in a depression of the proportion of 
protons and neutrons. This of course is the same as 
saying that at higher nuclear temperatures the differ- 
ences between particles (their Q’s and V’s) become less 
significant, with a corresponding tendency for equalizing 
their evaporation probabilities. These effects are clearly 
seen in Figs. 26, 27, and 28 when compared with Figs. 
14-16. 

The consequence of the increased evaporation proba- 
bilities of the rarer, and heavier, particles is that the 
average mass of the evaporated nucleon m is higher 
with a=A/20 than with a=A/10. This is illustrated 
in Fig. 17. The effect on the number of charged particles 
lost and on total charges lost is expected to be small 
and of either sign, because of the mutually compen- 
sating increases in the rarer particles and the decrease 
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in protons. The ratio of singly to doubly charged 
particles will be affected in favor of doubly charged 
particles. For although the loss of protons may be 
compensated more or less by gain of other particles, 
the increase in He* and He? will lead to a decrease in 
the ratio }> J+/}- J++. This effect is illustrated in 
Figs. 19 and 20. The “leveling” effect of the change to 
a= A/20 is also seen in Fig. 19 in comparing the curves 
for Ag'®—together with other quantities also the shell 
effect becomes of less significance. 

In comparing the average number of nucleons lost, 
(AA)w, for the two values of a (see Fig. 29), a small 
decrease is noted in going from a= A/10 to a=A/20. 
This decrease is readily understood in terms of the 
average de-excitation per nucleon, e. This quantity can 
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Fic. 28. The average number of neutrons, protons, deuterons, 


He’, He‘, and charged particles evaporated from Ta!* as a func- 
tion of initial excitation energy. a= 4/20, V=Vo. 


be written to a first approximation as 


e=Q4+V +27, (15) 


where the various quantities are averaged over the 
whole evaporation cascade. The quantity 7, the average 
nuclear temperature, is the most sensitive to our choice 
of a, it is increased 1.4 times when a is changed from 
A/10 to A/20. Assuming Q and V do not change much, 
we may write for the ratio of the average de-excitation 
with the two values of a 

€20, ‘€10= 1 +0.87/€10. (16) 
For the highest excitation dealt with in this paper, the 
second term on the right may reach perhaps 3. At the 
higher excitations therefore, A for a=A/20 will be 
expected to be some 15% lower than for a= A/10. The 
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Fic. 29. Average number of nucleons evaporated from Cu®, 


Ag’, Ta!*! as a function of initial excitation calculated for 
a=A/10 and a=A/20. 


actual computed differences are 3% for Ta'* at 700 
Mev and 6% for Ag!” at 700 Mev. 


IX. ENERGY SPECTRA OF EMITTED PARTICLES 


Experimentally, one powerful method of determining 
both the Coulomb barrier correction and the level 
density parameter is the study of the energy spectra of 
particles emitted in the high-energy bombardment of 
thin targets. A few such experiments are already 
available.2® A computation which is suitable for direct 
comparison with experiment will have to take into 
account the results of the prompt cascade calcu- 
lations.*:? The evaporation computations of this paper 
have to be applied to the distribution of nuclei and 
excitations which result from the prompt knock-on 
cascade and also the contribution of particles emitted 
in those cascades must be added to the evaporation 
spectra. In the computation itself, a more accurate 
procedure has to be adopted in choosing the kinetic 
energy of the emitted particles. Such computations are 
now on hand and will be reported on later. However, 
it is of interest to examine the magnitude of the effects 
anticipated from changing the various parameters. In 
Figs 30-32 are presented a few of the average spectra 
from Ag’ obtained in the course of the preceding 
computations. Similar spectra are available for all 
nuclei studied in this paper. Although a Maxwellian 


26R. W. Deutsch, Phys. Rev. 97, 1110 (1955). 
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Fic. 30. Energy spectra of neutrons emitted from Ag™ calculat- 
ed for various parameters. (a) 700-Mev initial excitation; (b) 200- 
Mev initial excitation. The short lines drawn on the abscissa 
represent the average values of the kinetic energy. In (b), 4/10, 
Vo is indicated by ; A/20, Vo by ---; and A/10, V; by 


distribution was assumed for the kinetic energy of a 
given particle emitted from a given nucleus possessing 
a definite excitation energy, the computed final spec- 
trum, being the sum of spectra for a range of nuclei and 
excitations, need no longer be simple Maxwellian. 

Figures 31 and 32 show the expected displacement of 
the spectrum towards lower energies which results from 
the application of the Coulomb barrier correction. At 
the highest initial excitation this displacement is 
equivalent to a reduction of the average barrier of 2-3 
Mev for protons and about double that amount for 
alphas. 

Charged particles which are emitted toward the end 
of the evaporation cascade are subjected to a smaller 
Coulomb barrier than those emitted initially because 
of the loss of charges from the initial nucleus. This 
effect will be more important for long evaporation 
cascades (high initial excitation) than for the short ones. 
Accordingly we find that the spectra of particles from 
highly excited nuclei contain not only a higher propor- 
tion of high-energy particles, as is to be expected from 
the higher average temperature, but also a higher 
proportion of low-energy particles. This effect is clearly 
discernible in comparing the spectra of protons and 
alphas for the two excitation energies. 

The average kinetic energies obtained in the com- 
putation for the particles and parameters shown in 
Figs. 30-32 are also plotted there as short vertical lines. 
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It is of interest to study the relation between the 
average kinetic energy and the mode of the spectra as 
a guide to the extent to which the spectra still obey the 
simple Maxwell distribution assumed for the discrete 
evaporation probability. Taking the neutron spectrum 
first (Fig. 30), we find for 200-Mev initial excitation the 
mode to be between 2-3 Mev, while the average is 5.4 
Mev, i-e., twice the mode. The spectrum satisfies then 
this criterion of a Maxwell distribution. On the other 
hand, in the 700-Mev spectrum, the mode is about 3 
Mev while the average is 9.9 Mev, and the ratio of the 
latter to former is far from 2, the value expected for a 
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Fic. 31. Energy spectra of protons emitted from Ag™® calculated 
for various parameters. (a) 700-Mev initial excitation; (b) 200- 
Mev initial excitation. The short lines drawn on the abscissa repre- 
sent the average values of the kinetic energy. 


Maxwellian. This difference between the high- and low- 
initial-excitation spectra is due to the much wider 
distribution of emitting nuclei, both in kind and in 
excitation, in the former case. A similar situation is 
found in the proton spectra. The 200-Mev initial ex- 
citation spectrum has a mode between 8-9 Mev and 
and average value of 11.7. Subtracting the Coulomb 
barrier from these (4.8 Mev), we obtain 3-4 for cor- 
rected mode and 7 for corrected average kinetic energy, 
and again the approximation to a Maxwellian (dis- 
placed by the Coulomb barrier) is satisiactory. For the 
700-Mev spectrum the values obtained in a similar way 
are 3-4 Mev and 14 Mev, again far from the expected 
ratio for a Maxwellian. 
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The non-Maxwellian form of the spectra from the 
highly excited nuclei makes it impossible to assign 
values of the average temperature during the evapo- 
ration process on the basis of particle spectra. For the 
lower initial excitation this procedure is more justified. 
In such cases it should be noted that the average tem- 
perature deduced from the neutron spectrum will differ 
from that deduced from proton or from alpha spectra. 
This arises from the fact that the different particles 
sample different parts of the evaporation cascade. 
While the neutrons are averaged for the whole process, 
protons and alphas are more common in the early parts 
of the cascade and therefore sample a population which 
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Fic. 32. Energy spectra of alpha particles emitted from Ag!” 
calculated for various parameters. (a) 700-Mev initial excitation; 
(b) 200-Mev initial excitation..The short lines drawn on the 
abscissa represent the average values of the kinetic energy. 


is somewhat “hotter” on the average than that sampled 
by the neutrons. The discrepancy between average 
temperature obtained from neutron spectra and that 
from charged particles will be more serious for the heavy 
nuclei with their higher Coulomb barriers. 

The effect of a can be seen in comparing the spectra 
of Figs. 30-32. The general flattening of the spectrum 
for the smaller values of a is quite marked and therefore 


the experimentally observed shape of the spectrum 
should provide fairly sensitive check on the correctness 
of a chosen for the computation. In this way it may be 
possible to arrive at an estimate of a at high excitations 
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TABLE IV. Distribution of products from the evaporation of 
Ag! excited to 400 Mev. (a=A/10, V=Vo.) 


35 36 37 : 39 


86 

87 

88 
Totals 40 : 84 
* Center of distribution as calculated from (AZ) ay and (AA )asy. 
and to study its dependence on initial excitation and 
initial A and Z of the nucleus. 


X. FLUCTUATION 


The statistical nature of the evaporation process 
leads to fluctuation in the numbers of various particles 
emitted and to a distribution of the final products. The 
center of this distribution is given of course by the 
value (AZ),,/(AA). A sample of such a distribution 
of products obtained from Ag'” excited to 400 Mev is 
given in Table IV. These distributions show shell effects 
and also fine structure due to the odd-even effect on 
nuclear stability. For these reasons it is not very useful 
to make generalizations regarding these distributions 
except to point out the elliptical shape which is quite 
generally observed. 

The fluctuation in the number of particles emitted 
was investigated in a few runs by modifying the pro- 
gram so as to print out the numbers of the various 
particles emitted in each cascade. These were then 
analyzed statistically and their distribution about the 
mean determined. It was found to be much sharper 
than the Poisson distribution. For example, the number 
of neutrons emitted from Hg™ at 318-Mev initial 
excitation is 17.75+1.68 while that from Xe at 205 
Mev excitation is 10.05+1.32. These results differ 
considerably from the approximate estimates obtained 
by Fujimoto and Yamaguchi? which predict a distri- 
bution closer to a Poissonian, and illustrate the severe 
distortion which the various simplifying assumptions 
introduce. From the standard deviations given above, 
it is possible to compute by well-known formulas the 
standard deviation of the means of groups of 200 
cascades. These turned out to be 0.12 and 0.094 re- 
spectively for the two cases given above, and can serve 
as a measure of the precision of the points calculated 
in this paper. 
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This paper reports some diffusion cloud chamber results concerning the elastic and inelastic scattering in 
hydrogen of pions having a momentum in the laboratory system of 1.85 Bev/c. The elastic scattering data 
are consistent with diffraction by a sphere of radius 0.85 f and opacity 0.9. Fhe forward scattering amplitude 
was found to be in agreement with that derived from the dispersion relations. Investigation of the inelastic 
scattering disclosed that there is little agreement with the predictions of the Fermi statistical model. The 
angular and Q value distributions of the particles emerging from inelastic interactions showed little agree 
ment with either the statistical theory or the excited isobar model. 


I, INTRODUCTION 


HIS paper reports results of x~-p scattering at an 
incident pion momentum of 1.85+0.2 Bev/c. 
Three investigations of x~-p interactions in the 1.0 to 
1.5 Bev range using pionjbeams at the Brookhaven 
Cosmotron' and two in the range 4.5 to 5.0 Bev using 
pion beams at the Berkeley Bevatron‘ have been 
conducted. The present investigation utilizes the most 
energetic pion beam available at the Brookhaven 
Cosmotron. 

In this experiment a negative pion beam was directed 
through a hydrogen filled diffusion cloud chamber. The 
resulting interactions were analyzed for the elastic 
fraction, multiplicity of pion production, charge-state 
distributions for a given multiplicity, and pion and 
nucleon momenta in the center-of-mass system. 

The objectives of the experiment were as follows: 


1. To investigate the angular distribution of the 
elastically scattered pions. The occurrence of inelastic 
interactions leads to diffraction scattering, the angular 
distribution of which is related to the size and opacity 
of the proton. 

2. To investigate the multiplicity of pion production. 
A comparison of the number of cases in which 0, 1, 2, 


t This work was supported in part by the joint program of the 
U. S. Atomic Energy Commission and Office of Naval Research. 

* This paper is based on a thesis submitted in partial fulfillment 
of the requirements for the degree of Master of Arts in the 
Graduate School of Arts and Sciences of Duke University. 
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and 3 secondary pions are produced is made with the 
Fermi statistical theory. 

3. To investigate the momentum, angle, and charge 
states of emitted particles. This information should also 
shed light on the validity of current theories of pion 
production. 

4. To investigate Q-value distributions of nucleon- 
pion pairs. Information resulting from these data should 
be helpful in determining the existence or nonexistence 
of an excited isobar (J = T= 3). 


II. EXPERIMENTAL PROCEDURE 


Protons accelerated to a kinetic energy of 2.95 Bev 
by the Cosmotron, which was pulsed once every seven 
seconds, were allowed to strike a carbon target. Those 
a~ mesons which were emitted in the forward direction 
were deflected about 20° by the Cosmotron fringing 
magnetic field and were allowed to pass through a 2 
inch by 12 inch channel in the Cosmotron shield. A 
steering magnet then deflected 1.85-Bev/c pions 
through a channel in the cloud chamber blockhouse 
into the hydrogen-filled cloud chamber, which was 
operated at 20 atmospheres in a magnetic field of 10 500 
gauss. The momentum band accepted was 1.85+0.2 
Bev/c. The Cosmotron beam intensity was adjusted so 
that a typical beam pulse contained about 15 pions 
which crossed the chamber. 

Approximately 19 000 stereoscopic pairs were photo- 
graphed and scanned for interactions. Angles in space 
with respect to the incident pion track were measured 
using a stereoprojector.® Particle momentum was 


6 Fowler, Shutt, Thorndike, and Whittemore, Rev. Sci. Instr. 
25, 996 (1954). 
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calculated from track curvature, which was measured 
using a microscope.’ 

Interactions were checked as to whether they were 
elastic or inelastic, in the following way. If the three 
tracks of a two-prong event were coplanar, the event 
was considered to be a possible elastic one; if the tracks 
were obviously not coplanar, the event was classified 
as definitely inelastic. In the case of the coplanar events, 
incoming pion momentum was plotted as a function of 
proton scattering angle for various values of pion mo- 
mentum after collision, proton momentum after col- 
lision, and pion scattering angle, resulting in three 
different sets of curves on a single plot. A plastic overlay 
was then placed over the plot and the experimental 
values with error limits of incoming pion momentum, 
proton and pion momentum after collision, and the two 
scattering angles marked thereon. If the resulting bands 
had a common intersection or closely approached a 
common intersection, the interaction was considered to 
be elastic. The mean momentum and its standard 
deviation for all elastic events was computed; this 
value, 1.85+0.2 Bev/c, was used as the beam mo- 
mentum in all computations dealing with inelastic 
events. 

The inelastic interactions were of three types: those 
with two prongs, those with four prongs, and V-particle 
events. Since we were able to identify only 2 V particles 
produced in a total of 209 x--p interactions, it is as- 
sumed that the cross section for the production of these 
particles is negligible compared to the cross section for 
elastic scattering and pion production. Hence all inter- 
actions are assumed to involve pions and nucleons only. 
The four-prong events were considered to be (p—+—) 
interactions unless such an interaction was manifestly 
impossible because of kinematic considerations; in this 
case the collision was assumed to result in triple pion 
production. The momenta and angles of particles 
emerging from (p—+—) events were adjusted within 
their limits of error to give zero neutral mass and zero 
neutral particle momentum. Particle momentum and 
scattering angles were then transformed to the center- 
of-mass system. 

The two-prong inelastic events were divided into 
those with charge exchange, (n+—), and (w+ —0), 
and those without charge exchange. The occurrence or 
nonoccurrence of charge exchange was determined by 
the identification of the positive track, which was 
carried out by means of momentum measurements, 
ionization estimates, and scattering angle measure- 
ments (if the positive track scattering angle was greater 
than the kinematic limit for a proton, the track was 
considered to have been produced by a pion). The 
positive tracks of some events could not be identified 
and the event was classified as “(m-++-—) or (p—0)” or 
“(n+—0) or (p—00)”. The interactions were then 
analyzed to obtain the mass of the neutral particle. If 
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TABLE I. Types of z-p interactions. 


No. of 
neutral 
particles 


0 
2 


No. of 
secondary 


ype Charge state pions 


— 


(p—) 
(nO) 


Elastic 


—) 
on 


Inelastic p—O) 
(n+—) 
(n00) 
(p—00) 
(n+ —()) 
(p—+—) 
(n000) 
(p—000) 
(9—+—0) 
(n+ —00) 
(n+-—+—) 
(20000 
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the value of the neutral mass approached either that 
of a neutron (charge exchange) or a pion (no charge 
exchange), the interaction was classified as single pion 
production, and the values of the momenta adjusted to 
yield a neutral mass of either 0.938 or 0.136 Bev, 
respectively. If the value of the neutral mass was con- 
siderably greater than that of a pion and a neutron 
(charge exchange) or of two pions (no charge exchange), 
the interaction was classified as double production. On 
the other hand, if the neutral mass could have been 
either that of a single particle or that of two particles, 
both possibilities were calculated. If the kinematics of 
the event prevented its classification both with respect 
to charge state and pion multiplicity, the event was 
classified as ‘inelastic unanalyzable.” A classification 
of interactions with respect to multiplicity of pion 
production and charge state is given in Table IJ. It was 
impossible in many cases to ascertain whether or not a 
two-prong event involved double or triple pion pro- 
duction. However, since 7 of the 9 four-prong stars 
observed were identified as (p—+—), i.e., double 
production, the total number of triple production 
events is also believed to be small, and hence should 
not seriously affect our conclusions. 


III. ELASTIC INTERACTIONS 


The criteria for classifying events as elastic have 
been described in Sec. II. In many cases the errors of 
measurement were large enough to enable the same 
event to be described as inelastic. However, the number 
of possibilities available to an inelastic event with 
respect to scattering angles and momenta is so large 
that it seems highly improbable that any significant 
fraction of the events which fit the elastic criteria 
would be inelastic. 

There are 64 events which were classified as elastic, 
123 which were classified as inelastic, and 20 which 
were completely unanalyzable. It was believed that 
for pion scattering angles less than 10° in the laboratory 
system there was a strong bias against their observation, 
since no events with azimuthal angles less than 20° with 





my a. 





7 (8) in mb/ steradton 








+ == a 


10 O89 O68 OF Q6 as a3 a2 0 -Oj) -O2 -O8 


Cos Or,_ in cms, 

Fic. 1. Differential cross section of elastically scattered pions in 
the center-of-mass system. The histogram represents the corrected 
experimental angular distribution normalized to og=11.1 mb; the 
error limits in the histogram are shown for cosé,=0.70 to 
cos#,=1.00. The curve represents the diffraction scattering 
differential cross section for an opaque sphere of radius 0.85 f. 


the vertical were observed. Upon correction for azi- 
muthal bias, the total number of elastic events was 
raised to 73, 6 events being added to the band 
cosé,=0.95 to 1.00, 1.6 events to the band cos#,=0.90 
to 0.95, 0.9 events to the band cos#,=0.85 to 0.90, and 
0.5 events being added to the band cos, =0.80 to 0.85. 
The corrected angular distribution of elastically scat- 
tered pions is shown in Fig. 1. 

The causality principle* has been applied to the 
scattering of particles with finite mass and has resulted 
in dispersion relations which enable one to compute 
the forward scattering amplitude. Cool, Piccioni, and 
Clark® have made computations for the elastic scat- 
tering of negative pions by protons for various incoming 
pion kinetic energies. For the case of no charge exchange 
at a pion kinetic energy of 1.71 Bev they obtained a 
value for the center-of-mass differential cross section 
in the forward direction of 10.2 mb/steradian. Our 
measured value for the differential cross section in the 
forward direction of 13.2+2.6 mb/steradian appears 
to be in agreement with theory. 

If we now make the rather tenuous assumption that 
the shapes of the angular distribution curves for (p—) 
and (0) scattering are similar, about 1% of the total 
number of elastic interactions would appear from the 
dispersion relations to involve charge exchange; the 
number of elastic events is thus increased to 74. In 
addition, a correction must be made for unobserved 
events of the types (700) and (#000). Using statistical 
weights computed from the Fermi theory,’ the number 


8M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, 
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of (n00) events was estimated to be 7 and the number 
of (n000) to be 3. Thus one obtains a total of 133412 
reaction events and 74+9 diffraction events. Choosing 
the total cross section to be 31.4-+1.6 mb® and dividing 
it in the above ratio, one obtains an absorption cross 
section of ¢,=20.3+3.0 mb and a diffraction cross 
section of og=11.142.3 mb. A plot of the og and ag 
obtained from this and other experiments is shown in 
Fig. 2. There appears to be a large jump in .e dif- 
fraction and absorption cross sections betwee 1.5 and 
1.85 Bev/c. This is probably due in part to the ways in 
which the cross sections were computed. As Eisberg 
et al.* pointed out in the report of their experiment at 
1.5 Bev/c, the 44 events which they classified as elastic 
reaction interactions could have been interpreted as 
diffraction events without contradicting the experi- 
mental data. This would have changed the absorption 
cross section to 24 mb and the diffraction scattering 
cross section to 10 mb which is not markedly different 
from the results of this experiment. Another uncertainty 
in the values of o, and oq is due to the way in which the 


Diftroction Cross Section “] 
i} Absorption Cross Section | 
1] See Reference 2 
, This Experiment 
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Fic. 2. Diffraction and absorption cross sections at various 
pion laboratory momenta. 


unobserved (700) and (000) events were estimated. 
The estimate was made on the basis of the Fermi 
statistical weights for the various charge states and the 
observed (p—0), (n+—), (p—00), (p—-+ —), and 
(n+—0) inelastic events. As will be shown later, the 
Fermi model may be inconsistent with the charge state 
ratios found in this experiment. Upon allowing for 
these uncertainties, it is apparent from Fig. 2 that the 
absorption and diffraction cross sections are fairly 
constant over the momentum range shown. 

Because of the large number of inelastic events and 
sharply peaked elastic scattering in the forward di- 
rection, it seems reasonable to assume that the elastic 
scattering is principally a diffraction effect. Assuming 
the proton to be a partially transparent sphere, as in 
the optical model," with the real part of the index of 
refraction equal to unity (no potential scattering), 
these values for o, and oq were found to be consistent 
with a proton radius of R=0.85_0.03+°™ f [1 f (fermi) 


11H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 
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=10-% cm] and opacity O=0,/rR?=0.9_0,2+°!. Com- 
parison of the diffraction scattering differential cross 
section for an opaque sphere” of radius 0.85 f, shown 
in Fig. 1, with the experimental differential cross section 
indicates good agreement between the data and the 
optical model. Table II shows that this radius and 
opacity are in qualitative agreement with the radii and 
opacities found in other high-energy experiments. 


IV. INELASTIC EVENTS 


A. Pion Production Multiplicities and 
Charge-State Ratios 


Of the total observed number of 123 inelastic events, 
18 were classed as single production, 50 as double pro- 
duction, 2 as triple production, and 29 as “inelastic 
unanalyzable.” A classification of the inelastic events 


TABLE II. Comparison of the interaction radius and opacity from 
several experiments. 


Interaction radius 
in fermis (10-4 cm 


Bombarding 

energy in Bev 
1.44 1.18+0.10 
1.85> 0.85_o 037° © 


5.0° 0.9 +0.15 


Opacity 


0.61+0.10 
0.9_9.9t04 
0.6 +0.2 


* See reference 2. 
b This experiment. 
¢ See reference 4. 


according to multiplicity and charge state is given in 
Table II. rs 

& The 24 ambiguous events canbe apportioned in 
several ways. Division of them into single and double 


TABLE III. Classification of inelastic events. 


No. of events 
(p—0) 2 
(p—00) 12 
(p—0) or (p—00) 2 
(n+—) 14 
(n+ —0) 26 
(n+—) or (n+ —0) 22 
(p—O) or (n+—) 
(p—00) or (n+ —0) 
p=) 
(n+—+-—) 


Inelastic unanalyzable 


Type of interaction 


production cases in the ratio of the identified events 
enables one to compute a ratio of single to double 
production of 1/2.8. A division can also be accom- 
plished by using the charge state weights from either 
the Fermi statistical model or the excited isobar model 
to make an estimate of the number of double and triple 
pion production events based on the number of identi- 
fied (p—+—) and (n+—+-—) interactions, respec- 
tively. To make this analysis self-consistent, it was 
necessary to assign some of the “inelastic unanalyzable”’ 
events to the (p—0) and (p—00) categories. The 
= Fernbach,’ Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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TABLE IV. Pion multiplicity from various experiments. 


Bombarding 
energy in Bev 


Ratio to single 
Multiplicity production 


0 (reaction) 


0.15-0.17 
1 1.00 
2 0.17-0.34 
3 0 
4 0 


0 (reaction) 


0 (reaction) 0 
1 1.00 
2 0.65-2.8 
3 0.1 

4 0 


0 (reaction) 0.06-0.1 


* See reference 3. 
> See reference 2. 
© This experiment. 
4 See reference 4. 


numbers of unobserved (700) and (000) interactions 
were determined from the charge state weights. This 
yielded a ratio of.single to double to triple pion pro- 
duction of about 1/0.65/0.1 for both models. Table IV 
shows the multiplicities obtained from this and other 
experiments at various energies. Table V gives the single 
to double to triple pion production predicted by the 
statistical theory’ at 1.85 Bev/c as a function of the 
interaction radius. Comparison of the data in Table V 
shows that multiplicity of pion production as predicted 
by the Fermi statistical theory only begins to come into 
fair agreement with “experiment” at an interaction 
radius of ~2.0 f, a value which is excessively large. Of 
course, the observed multiplicity has been corrected 
on the basis of the charge state distributions predicted 
by the Fermi model, both to include unobserved events 
such as (000), etc., and to apportion the ambiguous 
events between single, double, and triple pion pro- 
duction. This procedure can obviously be completely 
erroneous if this model is, as we suspect, invalid at our 
energy. It is evident from Table IV that double pion 


TABLE V. Pion multiplicity as predicted from statistical theory for 
various interaction radii. 


Experimental 
multiplicity 
ratio 


Theoretical multiplicity ratio 
R=1.2f R=16f R=2.0f R=2.4f 


0 BX ; 0.11 0.066 0 

1 1.00 é 1.00 1.00 1.00 

2 0.17 0.40 0.79 1.36 0.65-2.8 
0,009 0.021 0.042 0.070 0.1 


Number of 


pions 





13M. M. Block, Phys. Rev. 101, 796 (1956). 
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Fic. 3. Center-of-mass scatter diagram of the x~ from the 
reaction (n+—). At the top the angular distribution of the x is 
plotted and at the right the momentum distribution is shown. 
Events identified as (n+—) are plotted as @. Events identified 
as (n+—) or (n+ —0O) are plotted as O, using angles and mo- 
menta which fit the (n+ —) possibility. The dashed lines represent 
all events, the solid lines the (n+—) events. The solid curve 
represents the momentum spectrum predicted by the Fermi model. 


production becomes noticeable at about 1.4 Bev/c. At 
an incident pion momentum of about 2 Bev/c, single 
and double production are of comparable magnitude, 
and triple production becomes observable. At 5 Bev/c, 
single, double, triple, and quadruple pion production 
are of the same order of magnitude. 

The relative probabilities of occurrence of the 
various charge states were next considered. The ratio 
of (p—0)/(n+—) is predicted to be 0.81 by the Fermi 
statistical model. The definite (p—0) and (n+ —) 
events are in the ratio 0.14 while the extremes" of this 
ratio are 0.43 and 0.056. The upper extreme, i.e., 0.43, 
is in fair agreement with the excited isobar model, but 
the value predicted by the Fermi model does not lie 
within the limits. In the case of the double production 
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Fic. 4. Center-of-mass scatter diagram of the + from the 
reaction (n+-—). At the top the angular distribution of the x* is 
plotted and at the right the momentum distribution is shown. 
Events identified as (n+—) are plotted as @. Events identified 
as (n+—) or (n+ —0O) are plotted as O, using angles and mo- 
menta which fit the (n+ —) possibility. The dashed lines represent 
all events, the solid lines the (n+ —) events. The solid curve 
represents the momentum spectrum predicted by the Fermi model. 


14 One extreme was obtained by assigning the ambiguous events 
in such a way as to maximize the ratio (p—0)/(m+ —); the other 
was obtained by minimizing it. The extremes of the double- 
production charge-state distribution were obtained in a similar 
manner. 
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charge states, the Fermi model yields a value for 
(p—+—)/(p—00)/(n+—0) of 1.38/1.00/2.30 while 
the excited isobar model predicts a value of 1.43/1.00 
2.09. If one considers only the definite (p—-+—), 
(p—00), and (n+ —0) events, one obtains a ratio of 
0.6/1.0/2.2; the extremes of the ratio are 0.6/1.0/4.4 
and 0.4/1.0/1.4. Comparison with either of the two 
models shows a definite disagreement between theory 
and experiment. However, it was previously shown that 
by including some of the “inelastic unanalyzable” 
events with the (p—0) and (p—00) interactions, the 
charge-state distribution and pion multiplicity could 
be made to agree roughly with either the Fermi model 
or the excited isobar model. Thus no firm conclusion 
can be reached on this point. 

In view of the above uncertainties, one can make no 
definite statement with respect to the agreement or 
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Fic. 5. Center-of-mass scatter diagram of the neutrons from the 
reaction (n+—). At the top the angular distribution of the 
neutrons is plotted and at the right the momentum distribution 
is shown. Events identified as (n+—) are plotted as @. Events 
identified as (n+—) or (n+ —0O) are plotted as O, using angles 
and momenta which fit the (n+ —) possibility. The dashed lines 
represent all events, the solid lines the (n+ —) events. The solid 
curve represents the momentum spectrum predicted by the Fermi 
model. 


disagreement of either the Fermi model or the excited 
isobar model with the charge s' ate data of this experi- 
ment. However, for reasonable values of the interaction 
radius, the statistical theory was in disagreement with 
our pion multiplicity results. This is in contrast with 
the experiment of Eisberg ef al.2 where neither the 
statistical nor the excited isobar model was inconsistent 
with the charge-state and multiplicity data. In the 
experiment of Maenchen ef al.,‘ the statistical model 
also does not predict the observed pion multiplicity 
ratios. On the basis of the higher energy results, it must 
be concluded that the Fermi model is in disagreement 
with experiment for x~- collisions. 


B. Angular, Momentum, and Q Value 
Distributions 


Center-of-mass angular and momentum distributions 
of the particles emerging from single-production events 
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of the type (n+ —) have been plotted as scatter 
diagrams in Figs. 3-5. Because of the small number of 
(p—O) and “(p—0) or (p—00)” events, scatter dia- 
grams for particles emerging from these interactions 
are omitted. Figures 6-9 show the center-of-mass 
angular and momentum distributions of the charged 
particles emerging from the (m+—0) and (p—00) 
interactions. 

Because the high laboratory momentum which a 
particle must have if it is to move forward in the 
‘center-of-mass system frequently makes it impossible 
to determine whether a positively charged particle is a 
x* or a proton, it is suspected that the selection of 
events results in a bias against definite identification 
of those interactions in which the positively charged 
particle moves forward in the center-of-mass system. 
This effect results in the classification of some events 
as “(m+—) or (p—O),” “(n+ —0) or (p—00,)” and 
“inelastic unanalyzable.” It is apparent that this bias 
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Fic. 6. Center-of-mass scatter diagram of the m from the 
reaction (n+ —0). At the top the differential angular distribution 
of the x~ is plotted and at the right the momentum distribution 
is shown. The solid curve represents the momentum spectrum 
predicted by the Fermi model. 


can prevent one from identifying some high-momentum 
a* mesons and protons and, therefore could result in 
finding a larger fraction of the r* and protons to be in 
the low-momentum region than would be the case if 
the bias were not present. Scatter diagrams were con- 
structed for the positive particles from those “inelastic 
unanalyzable” events which were so classified because 
of inability to identify the mass of the positively 
charged particles (8 in number), and for the positively 
charged particles emerging from the “(m+ —0) or 
(p—00)” interactions (5 in number). It was found that 
if these particles were w+, they were indeed emitted 
predominantly in the forward direction in the center- 
of-mass system and had high momenta (0.4 to 0.6 
Bev/c). If, on the other hand, they were protons, their 
angular distribution was fairly isotropic but their 
momentum distribution was peaked near the upper 
limit. The bias proved to have no effect on the x~ from 
the above mentioned events, which, of course, should 
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be the case. The general effect of the bias is to remove a 
few events from the high-momentum region of the 
observed momentum spectra of the positively charged 
particles and from the forward part of the #* angular 
distribution. 

It is evident from Figs. 3-9 that the angular dis- 
tribution of the nucleons shows peaking in the backward 
hemisphere while that of the x shows peaking in the 
forward hemisphere. Conservation of momentum 
would, of course, lead one to expect the pion angular 
distribution to be peaked in the forward direction if 
that of the nucleons is peaked in the backward hemi- 
sphere. However, if we had been able to correct the 
angular distribution of the * for the bias against 
observation of high momentum particles moving 
forward in the center of mass system, it would probably 
have been found to be more isotropic. 

It is possible to consider the interaction as occurring 
between the incident pion and the virtual pion cloud 
surrounding the target nucleon. In this case the pions 
would have a forward angular preference and the 
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nucleons a backward angular preference. We have seen 
that this is indeed the case, even after allowing for the 
bias affecting the identification of the positively charged 
particles. Hence, there seems to be some support for 
the pion-pion collision model. 

It is apparent from examination of the momentum 
distribution of the nucleons emerging from the (m+ — ) 
and (p—00) reactions that these data agree with the 
distribution predicted by the Fermi statistical model. 
Because of the bias against identification of high- 
momentum positively charged particles, one would 
expect the protons from the (p—00) reactions to show 
a preference for low-momentum states. A check of 
“inelastic unanalyzable” and “(m+—0) or (p—00)” 
interactions, however, indicated that if the particles 
emitted in these reactions were protons, they showed 
no such preference, but, on the contrary, were con- 
sistent with the momentum predictions of the Fermi 
model. It is therefore concluded that the bias mentioned 
above did not materially affect the experimentally 
determined proton momentum distribution. 

The momentum distribution of the x— emerging from 
the (n+ —) events shows a strong peaking at high 
momenta; it is apparent from Fig. 3 that this peaking 
was in fact even stronger than that predicted by the 
Fermi model. On the other hand, the momentum spectra 
of the x~ from the (n+ —0) and (p—00) events show 
a marked preference for the lower-momentum states; 
this is evidently not in agreement with the Fermi model 
either. Consideration of the momentum distributions 
of the r+ emerging from (n+ —) and (n+ —0O) reactions 
leads one to the conclusion that these particles had a 
definite preference for low-momentum states. The bias 
against identification of positively charged particles 
could not have affected the apparent distribution 
materially because of the relatively small number of 
events classified as “inelastic unanalyzable” due to 
inability to identify the positively charged particles. 
This disagreement in the * and x momentum spectra 
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is particularly strong evidence against the Fermi model 
since it predicts identical momentum distributions for 
the w* and r-. 

The momentum distributions were next considered 
from the point of view of the excited isobar model.” 
Since for pions this model predicts peaks in the high- 
and low-momentum regions, it is obvious from Figs. 3 
and 4 that it is not in agreement with the results of this 
experiment. , 

In view of this fact and the inconsistency of the 
Fermi statistical theory with the experimental mo- 
mentum distributions of the particles emerging from 
inelastic collisions, it is concluded that neither model is 
satisfactory with respect to the momentum distribution 
of inelastically scattered pions and nucleons. 

The Q-value distributions for nucleon-pion pairs is 
shown in Fig. 10. These distributions do not, of course, 
yield any new information for single-production events 
since the Q value of a pair of particles is a function of 
the momentum of the third. There is thus a definite 
relationship between the Q-value distribution of a pair 
of particles and the momentum distribution of the third 
particle.'® The Fermi statistical model predicts a peak 
at about 0.5 Bev for the pairs emerging from single- 
production interactions and a peak at about 0.3 Bev 
for the pairs emerging from double-production events. 
If, on the other hand, pion production proceeds via an 


excited isobar with T= 3, J= $, one would expect 
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Fic. 10. Q-value distributions for different pion-nucleon and 
pion-pion pairs. 
16S, J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957); 106, 1107 (1957). 
16 This result is proved in detail in reference 13. 
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strong peaks near 0.16 Bev in the Q-value distribution 
of nucleon-pion pairs corresponding to the 3, } pion- 
nucleon scattering resonance. With the exception of 
the (n+ —) pairs which show a peak near 0.2 Bev, the 
Q-value distributions are not consistent with either 
model. The (w+) peak near 0.2 Bev is probably a 
spurious effect since the (n—) pairs do not show this 
expected structure. Since the probability of an isobar 
emitting a m~ is 4.9 times as large as the probability of 
emitting a x*, the (n—) pairs should definitely show a 
peak near 0.2 Bev if the interaction is to be satis- 
factorily described by the model. Of course, the bias 
which affects the identification of high-momentum 
positively charged particles will decrease the number 
of observed (n—) pairs having low Q values, so the 
number of (n—) pairs with Q values near 0.2 Bev is 
expected to be considerably less than 5 times greater 
than the number of observed (m+) pairs with Q values 
near the energy. Obviously the lack of structure is to 
be expected since the momentum spectrum of the 7 
from single production events does not show the pre- 
dicted form.'* 

It is thus apparent that agreement between the 
results reported in this section and the Fermi statistical 
and excited isobar models is lacking. Eisberg ef al.,’ 
who performed this experiment at a slightly lower 
energy, reported inconclusive results, but Maenchen 
et al reported definite disagreement between their 
experimental data and the two models at an incident 
pion momentum of 5.0 Bev. 

Considering the results of the inelastic scattering of 
x by protons obtained in this experiment as well as 
those obtained in the other two investigations referred 
to above, it would appear that neither the Fermi sta- 
tistical model nor the excited isobar model is consistent 
with experiment. 


V. CONCLUSIONS 


The elastic data indicate that such scattering is 
principally a diffraction effect. From diffraction theory 
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we obtained a radius of 0.85_0.93*° f and an opacity 
of 0.9_9,2*°!'. This large value of the opacity seems to 
be consistent with the assumption of a strong inter- 
action. The center-of-mass differential scattering cross 
section in the forward direction (no charge exchange) 
was found to be 13.2+2.6 mb/steradian, which is in 
agreement with the value of 10.2 mb/steradian derived 
from the dispersion relations. 

The multiplicity of pion production was next con- 
sidered from the standpoint of the Fermi statistical 
model. It was found that after correcting for charge- 
state ratios, the ratio of single to double to triple pion 
production was in fair agreement with a radius of inter- 
action of 2.0 f. If we consider only the identified events, 
the various charge-state distributions show a serious 
disagreement with both the Fermi and excited isobar 
models. This conclusion is not too firm because of the 
large number of unidentified events found in the 
experiment. 

It was evident from the momentum distributions of 
the pions and nucleons emerging from the (n+ —), 
(n+ —0O), and (p—00) interactions that there was a 
large discrepancy between experimental results and 
the predictions of the two models. The Q-value dis- 
tributions of the various nucleon-pion pairs showed 
little or no agreement with the predictions of either the 
excited isobar model or the Fermi model. It is thus 
concluded that x~-p interactions at 1.85 Bev/c cannot 
be satisfactorily explained by either the Fermi model 
or the excited isobar model. 
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A qualitative discussion of the approximations implicit in the present theoretical treatment of the deuteron 
is presented. An improved sum rule which relates the total elastic and inelastic scattering of electrons from 
the deuteron to the free electron-nucleon cross sections is derived. It has the property of reducing to the 
correct relativistic result upon neglect of binding. It is proved that the use of folded nucleon and nuclear 
form factors is correct. It is shown that the finite nucleon size does not affect any real photon process. 





I. INTRODUCTION 


HE sum rule which relates the total elastic and 

inelastic scattering of electrons from nuclei to 
the scattering from free nucleons is well known. It has 
been derived for the particular case of the deuteron by 
Jankus' with certain approximations. His result is that 
the total scattering from the deuteron is equal to the 
elastic scattering from a free neutron and proton. 
Recent experimental results on electrodisintegration of 
the deuteron? promise to yield information on the 
electromagnetic structure of the neutron if the cor- 
rections to this approximate result can be evaluated. 
These corrections may be divided into two classes: 
kinematic and mesonic. 

The kinematic corrections may be further divided 
into two classes. A knowledge of the free scattering 
cross sections over a finite energy range is required by 
the width of the momentum distribution in the deu- 
teron. This suggests that the total cross section be 
written in terms of the free cross sections and their 
derivatives evaluated at the free kinematic values. 
This correction will be treated in detail in this paper. 
Since the nucleons are bound, their energy and mo- 
mentum are not related in the usual way (£°+ p*+ M?’). 
This allows the addition of terms to the nucleon current 
operator which will not contribute to free-particle 
scattering, and hence are not susceptible to a phe- 
nomenological analysis. The estimation of these terms 
with perturbation theory is completely unreliable. A 
dimensional argument of questionable validity will be 
used to get a qualitative estimate of these terms. 

The mesonic corrections may be arbitrarily divided 
into three overlapping classes: the exchange of charged 
mesons which yields an additional current in the 
deuteron, the exchange of mesons which affects the 
structure of the electromagnetic vertex for any single 
nucleon, and the exchange of mesons by the outgoing 
nucleons which cannot be described satisfactorily by a 
static potential. The second effect might be thought of 
as a “warping” of the nucleon form factors although 
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it depends on the structure of the bound state. The last 
effect might be estimated by using a “physical” 
argument such as used in an estimate of the mesonic 
contribution to the photodisintegration of the deu- 
teron.’ Just as in this case, the meson-nucleon scattering 
resonance will certainly affect the electrodisintegration, 
but because of the nucleon electromagnetic form factors, 
its relative effect should be considerably reduced. These 
effects cannot be calculated with perturbation theory 
due to the strong coupling and the resonance. Dis- 
persion theory or a Chew-Low approach might prove 
useful. These mesonic corrections will not be dealt with 
in this paper in detail. A qualitative estimate of these 
effects is discussed in Sec. V. 

In order to “see” the neutron, a large momentum 
transfer g is required. The nucleon magnetic moment 
scattering is then Jarge compared to the proton charge 
scattering. Hence, we shall evaluate the sum rule in 
the limit of large g. Any attempt to describe such a 
situation with the Schrédinger equation is questionable. 
For example, at the experimentally interesting values 
of energy and g, the difference between relativistic and 
nonrelativistic kinematics is about ten percent. The 
cross sections for a Pauli nucleon and a Dirac nucleon 
differ by the same amount in this range because of the 
difference between the three- and four-momentum 
transfer which occurs squared as the coefficient of the 
magnetic-moment term. To try to patch up a 
Schrédinger result by the ad hoc introduction of rela- 
tivistic corrections is ambiguous and, therefore, 
unsatisfactory. We shall consider a Bethe-Salpeter 
deuteron with an instantaneous potential which, with 
the neglect of nucleon pairs, reduces to a Breit deuteron. 
A survey of the approximations that are made will be 
carried out. ; 

First, we will examine a simple model in order to 
make a qualitative estimate of the kinematic effects. 
Consider the deuteron to be a superposition of six 
states—the nucleons moving with a velocity +V 
parallel to the incident electron momentum, per- 
pendicular to the incident and final electron momenta, 
and perpendicular to the incident but in the plane of 
the incident and final momenta. The total cross section 


*R. Wilson, Phys. Rev. 104, 218 (1956); N. Austern, Phys. 
Rev. 100, 1522 (1955). 
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will be an average of these six situations and an average 
over the velocity distribution.‘ 

At large momentum transfers, the magnetic moment 
scattering is predominant. Neglecting terms which are 
small for backward scattering, the Rosenbluth cross 
section for point nucleons in this limit becomes 


o=Cl1+ko' (1—2’)/M }?d0’/vp, 


where x’ is the cosine of the scattering angle and vz 
is the relative velocity. The various quantities are 
evaluated in the frame in which the nucleon is initially 
at rest. Since this is a uniquely defined frame, the cross 
section can be written in an invariant form. The 
transformation of the solid angle is easily found by 
considering the invariant formed by the three-mo- 
mentum volume element divided by the energy. The 
transformation of the incident flux is included. Invoking 
the conservation of four-momentum, we find 


o=C(koPo/ki-P) (ky -P/ki- PY? (do! /d2)d2, (1) 


where P is the initial four-momentum of the nucleon. 
This can be evaluated in the lab system to give 


a(v)/o(0) = (1+07/2) (1—vt+2°/2)7 

X[1—vs/(A+y)+2°/2(1+y) 7’, (2) 
where 

v-ks=vk;ys, 

v-k;=vkit, 

y=k,(1—x)/M. 

The total point-nucleon cross section to order 2 is 
or/oo=14+4(0*) uf 14+3(1+ 9) 2+ (2x—3)(1+y)-']. (3) 
For ko=470 Mev, @= 135°, we find 


OT/T9= 1 oe 0.1 7(0") my. 


Since (v*),c0.04 for the deuteron, the kinematic 
corrections are small for point nucleons. This type of 
analysis can easily be extended to finite-sized nucleons 
by introducing the variation of the form factor. The 
algebra is cumbersome and only the result will be 
quoted. Assuming Gaussian nucleons with the proton 
rms radius, the total cross section for the above con- 
ditions is found to be 


OT/ 79> 1+0.71(0?)s. 


The kinematical corrections are essentially due to the 
curvature of the free cross section as a function of 2. 
The introduction of form factors influences this curva- 
ture, and therefore affects the corrections. The variation 
due to the form factor is more important than the 
curvature of the Rosenbluth point cross section in this 
energy-angle range. 

The calculations of this note will confirm these 


4A more detailed and significant calculation using this type of 
approach has been performed by Mr. A. Goldberg (private 
communication). His results agree with the ones presented here. 
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qualitative estimates and extend the considerations to 
interactions in the final state. 


Il. THEORY 


In order to examine the lowest order relativistic 
corrections, we will assume a Breit deuteron; that is, 
the sixteen-component wave function of the two- 
nucleon system satisfies the equation 


[Gy7+G,"—V ]o(p,P)=0, (4) 


where V is the (assumed) instantaneous binding 
potential and the G’s are the inverse Dirac operators, 
(y-P—M). This is a one-particle equation and neglects 
the effects of nucleon pairs as well as the retardation of 
the binding potential. 

The Breit wave functions are assumed to be factorable 
into a product of the proton and neutron spinors and a 
scalar wave function. The spinors are further assumed 
to be the same as free-particle spinors. This, coupled 
with the assumption that the current operator is the 
same as for a free particle, reduces the current of the 
bound two-nucleon system to the current of the free 
two-nucleon system with a weighting factor roughly 
corresponding to the momentum distribution in the 
deuteron. This assumption on the current operator will 
be examined in the next section. The binding certainly 
alters the small components of the spinors, but this is 
neglected although it is of the same order as the cor- 
rection terms which will be retained. This effect could 
certainly be estimated. via perturbation theory, but 
because of the approximations of the same order 
already made on the nucleon current operator, it was 
not considered entirely consistent to retain these 
corrections. 

The matrix element for the transition is (see Sec. III) 


J, 
M=6(P’— P—q)— fertLe P’)j,,°¢(L—4q; P) 

g 

, +neutron], (5) 
where P and P’ are the initial and final center-of-mass 
momenta of the two nucleons, K is their final asymp- 
totic relative momentum, x is the scattering-state 
solution, and @¢ is the bound-state solution of Eq. (4). 
It is important to notice that the initial and final wave 
functions are defined with different c.m. momenta. 
This leads to a final-state wave function relativistically 
contracted with respect to the initial state. This effect 
has been calculated for elastic scattering and found to 
be quite large (the elastic form factor for a zero-range 
potential is reduced by 15% for g=3X10" cm™).5 
This effect in the case of inelastic scattering might be 
expected to be less important, but has not been calcu- 
lated. 

The spinor functions have the usual orthonormal 

properties. The Breit wave functions can then be 


5 R. Blankenbecler (to be published). 
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written as 


x= a,(L+3P’)a,(—L+3P’)x (Lb), 


and 
o=u,(3P+L—4q)u,.(3P—L+3q)¢(L—3q). 
The matrix element becomes 


Js 
M=3(P’—P—¢)— f PLL j,"\x(L,.k)6(L—3q) 


¢ 
+neutron]. (7) 


The structure of the current operators to be used in 
this equation will be discussed in the next section. It is 
to be noted that they are not indentical with the free- 
particle current operators. 

Since the initial proton and neutron spins are corre- 
lated in the deuteron, the spin sums must be performed 
with care. The only effect of this correlation is in the 
cross term between the neutron and proton current, 
since in the individual nucleon terms, all possible 
orientations between the electron and nucleon are 
possible whether bound or free. The cross term is 
negligible in any case because it will involve a term of 
the form 


Jf oranecr P—q)x(L,k)¢(L—3q)x(L’,k) 
Xo(L’+ig dL PL’ &P, EP,, 


which for free final states becomes approximately 


(7, j,")6(k+4q)¢(k—4q)d*k d*P’5(P’— P—g). 
ju? X; q 


The elastic-scattering form factor corresponding to 
this value of q is 


F (q)elastic = fo o(k+3q)¢(k). 


Neglecting the k dependence in the nucleon currents, 
we see that the cross term is approximately proportional 
to the deuteron elastic scattering form factor at twice 
the g value in question. This is completely negligible 
at the experimentally interesting values of g. The effect 
of final-state interaction could hardly be expected to 
change this result radically in this range of g. The 
physical reason is that any g which is large enough to 
expose the nucleon will certainly “ignore” a structure 
as large as the deuteron. 
Upon defining the inelastic deuteron form factor as 


F,(kq)= J #L x(Lk)o(L+}q), (8) 
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the inelastic cross section becomes 


do/dQ,.= (2r)-§ 


spin 


@k BP! P2dP.3(P’—P—9) 


(uJ y*) 
x PF s.(k,q) . : Cu? 7”) + € Py X fo) }. 
q' 


Defining a cross section for nucleon scattering 


ju’ I yu?) |? 
o'=2n >> |- p 
spin 


gy 


allows the inelastic cross section to be written as 


Pk 
da /dQ= [rar )a Po’ — Po—qo) | Fs.(k,q) |? 
(2r)8 


XL (oP +o") p |. 


For free final states, fF; becomes the Fourier trans- 
form of the deuteron wave function, which for any 
reasonable model is peaked at kq/2. This value of 
the relative momentum corresponds to the free scat- 
tering value and will be used as an expansion point. To 
simplify the algebra, it is convenient to assume non- 
relativistic kinematics in evaluating the correction 
terms, while treating the zero-order term exactly. The 
entire problem will be treated nonrelativistically and 
at the end of the calculation, the correct kinematics 
will be restored to the zero-order term. One must 
confirm the consistency of this scheme at each stage 
in the calculation. 

The energy-conserving delta function can be written 
as 


5 (Po — Po— qo) =5(P.—P..(k)) (EF; oP} - 


where P,(k’) is the positive root of the argument of the 
delta function. This enables us to define an inelastic 
density of final states as 


pi= P200E, oP,| 1(29)-3, 


and to write the total inelastic cross section as 


dk 
da aa f (- ) | F,.(k,q) |*L 8), (9) 
(2m)3 


B= (0?+0")p1/p| P, =P, (k)- 


where 


The term in the brackets varies slowly with & com- 
pared to the inelastic form factors. Since /', is a sharply 
peaked function of &, it is convenient to expand the 
slowly varying factors in a Taylor’s series about this 
maximum. 

In order to evaluate the correction terms of interest, 
an explicit form for x must be used. This weight func- 
tion is approximated by assuming that it satisfies a 
Schrédinger type equation. This ignores the contraction 
effect in the final state and the retardation of the 
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potential. At large momentum transfers, the once 
iterated Born expansion should be adequate. From the 
nonorthogonality of the initial and final states, an 
error is being made of the order of the elastic scattering 
form factor compared to one. This is completely 
negligible for large g. 

Writing V as the potential that binds the deuteron, 
we find 


x (L,k) =6(L—k)— (L?—k?—ie)“"V (L—k). (10) 
The ingoing boundary condition must be used in the 
final states. Inserting Eq. (10) into the inelastic cross 
section, keeping only linear terms in V, we find the 
expression 


do dk 
f- | otk Sa) . 
dQ, (2m) 


V(k—L) 
+20 [aL o(k ~43q) ¢(L— 1a fa (11) 
k?—L? 


where P means principal value. To the order to which 
we shall evaluate this expression, L—}q(k?) can be 
replaced by L—}q(L’) in the second term, owing to the 
peak of V and the wave functions at L~&. 

The first term is evaluated in the following way: 
performing the angular integrations, we find 


fees ¢(k—4q) |?=[kg(k’) J “[G(k—3q) —G(k+3q) ]. 


The second term is much smaller than the first through- 
out most of the range of & for any reasonable wave 
function. The first term is strongly peaked when 


k=}q(k°*). (12) 
This defines the expansion point ko. Neglecting the 
binding energy, this is easily shown to be the free 
scattering value. Expanding g about this value, we find 


k—}q(k*)=a0(k—}q0); ao= [1— 30q Ok }o. (13) 


For values of k large enough so that this expansion is 
not valid, the wave function is near zero. Using the 
same expansion point in the second term and undoing 
the angular integrations, we get 


av'go 
fos ¢(k—}q(k’)) ?= fas (ack — Sago) |? 
q(k’) 


Expanding the brackets in Eq. (1) with the displace- 
ment operator 


B(k)=exp[ (k—4qo) -6 | B(3qo) |, 


where 6 is the gradient with respect to 3go and does 
not operate on the go in the exponential, the first term 


ELECTRON 


DEUTERON SCATTERING 


of Eq. (11) becomes after a change of variable 


qo aP P-317 B 
- J o(P)'? exp {=| ; 
ao (27) a g IP (400 


It should be kept in mind that gq is a function of qo. 
Upon expanding the exponential operator to second 
order in P, this becomes 


go & 1B 
jt | | , 
ao 6a07 JL q - P (4q0 


where & is the Laplacian with respect to }qo. 

Since the bracket in Eq. (11) is a function of g(k?) 
only for large momentum transfer, it is convenient to 
expand the second term in another form: 


(14) 


[B]P«)=expl(P—ige)A IB Faq); A=9/0(Gq0). 


It then becomes 


dk d'l. V (k—L) 
—2p f o(k—39(k?)) $(L—49(12)) 
Lk (293 


x (1+ (e490) 0)[B]. 


The term independent of A vanishes because it is a 
symmetric integral of an antisymmetric function of L 
and k. By symmetrizing the term which is first order 
in A, we find 


(2m) foe dL o(k—3q(k))V (k—L) 
x o(L—3q(L*))ALB). 


Expanding the arguments of the wave functions 
according to Eq. (13), we find 


> 


P—P 7 
(2m) ‘forar' ov ( - )o(P 9508) 
a 


=a "“V)ALB 1, (15) 


where V=4 to 6 and depends on the shape of the 
potential. For example, if V is a zero-range potential, 
N=6;if V isa Yukawa potential, V~5; if V is a square 
well, V™~4. 

Using the relation 1=p;(k)/p(k)a(k), which follows 
from the definition of P and a, and also holds for 
relativistic kinematics if the appropriate changes are 
made, we find for the total inelastic cross section 

da /dQ,= (a? +o" of 1 +(P*)A], (16) 
where 


(V)~—(P%), 


2 re go(a? +o") 
(o?+o")A= ( ) ( «(a)) 
3a°/ Ago" q(4qo) 
2 0 
-( ) —(ao(o?+o")), 
ay"go7 go 


(17) 


and V~4—6. 
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This is our result if the nucleon cross sections in Eq. 
(17) are identified with the free-scattering cross sections. 
The approximations implicit in this identification are 
discussed in the next section. We shall now examine the 
deuteron current operator in detail. 


III. CURRENT OPERATOR 


The bound state of the two-nucleon system is 
described by the Bethe-Salpeter equation,’ which can 
be written in the form 


Gi "Gy py =) iW, 


where Vj» is an integral operator which is itself known 
only as an infinite series in the meson-nucleon coupling 
constant and represents the sum of all irreducible 
diagrams of the interacting system. The one-particle 
Green’s functions contain their respective mass oper- 
ators. The matrix element of interest in terms of the 
B-S amplitudes is’ 


M=(f\[jp"Au(%p)Ga7+ ju p(tn)Gy 
+ (6) 12 ‘6A uA ,(x) ]| i), 


(18) 


(19) 


where A(x) is the Mller potential generated by the 
electron, 
A,(x)=(f|J,°| ig exp[ig-x]. 


The B-S amplitudes are eigenfunctions of the c.m. 
momentum /. It is convenient to transform to mo- 
mentum space, where the amplitudes are defined as 


|t)= (20) expliP-X] f ap ¥(p,P) explip-x], 
(f| = (2x) exp[—iP’-X] 
x far O(L,k; P’) expl[—iL-x]. 


Inserting these into the matrix element, neglecting 
the contributions due to the coupling operator V2, and 
performing X, x, and p integrations, we find 

(Ju*) ; aes . 
M=——6(P’— P—q) | d‘L| 07,G,-Y(L—}3q) 

g? 


+neutzon | (20) 


The omission of the current due to the coupling 
operator V2 neglects not only the meson exchange 
current but also the interaction with the nucleons 
while two or more mesons are being exchanged. The 
retardation of the lowest order (“ladder’’) potential 
is, of course, correctly described by Eq. (20). 

6 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); 
J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951). 

7K. Nishijima, Progr. Theoret. Phys. (Japan) 14, 203 (1955); 
A. Klein and C. Zemach, Phys. Rev. 108, 126 (1957). 
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The current operators must now be constructed. 
The structure of the nucleon current operator has been 
investigated in fullest generality by Zemach.’ By 
considering the Green’s function for the dressed nucleon 
and invariance and conservation properties, he has 
derived the form of the operator. It can be written as 


ju=ju + ju, (21) 


where j” is the current operator which contributes to 
the free-scattering process and j® vanishes when its 
expectation value is taken between free spinors. The 
free part of the current contains the effect of nucleon 
structure by the inclusion of form factors. Some of these 
functions are measured in electron-proton scattering,’ 
and agree roughly with those calculated from meson 
theory and dispersion relations. 

The bound part of the current will, of course, con- 
tribute to free electron-proton scattering if more than 
one photon is exchanged. This effect for electron-proton 
scattering has been calculated by Drell and Ruderman” 
and Drell and Fubini" using dispersion relations and 
found to be small for the energies and angles of experi- 
mental interest. The destructive interference which led 
to the smallness of their result need not be present in 
the case of the deuteron. An examination of the photo- 
disintegration cross section in the resonance region 
leads one to expect that the interference is construc- 
tive.? The bound-current contribution to electro- 
disintegration may well be large also. 

We shall now use a dimensional argument to get an 
estimate of these terms for a bound nucleon. A typicai 
term in the bound-current operator has the form 


el yy OF owg’ |X (q,p)G-'/ M, (22) 


where X(qg,p) is a matrix function of the four-mo- 
mentum transfer and the nucleon momentum. X is a 
dimensionless function and is assumed to be of order 
unity for small g and reasonable p.* Inserting this into 
Eq. (6) and using the B-S equation, we find a contri- 
bution to the current of the form 


e(f| Cyn or ouq” JX (q,p)V12/M |i). 


It is assumed that as a function of g, X is similar to 
the free form factors. At least for small g this seems to 
be a reasonable assumption because the characteristic 
length involved in both terms is the meson Compton 
wavelength. This means that the bound-current terms 
are roughly of order (V/M) relative to the free ones. 
For an instantaneous potential, this reduces im- 
mediately to the average potential energy in units of 

8 C. Zemach, Phys. Rev. 104, 1771 (1956). 

°F. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

1S. D. Drell and M. Ruderman, Phys. Rev. 106, 561 (1957). 

11§. D. Drell and S. Fubini (unpublished). 

12 The essential difference is that in the proton case, the nucleon 
must act twice with the virtual photon field of the electron in 
order to get a proton line off the mass shell. In the deuteron, the 
nucleon need act only once because it is already off the mass shell. 
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the nucleon mass. For a reasonable deuteron model, 
this is an effect of a few percent. This effect is com- 
pensated at least for small g by the normalization 
condition to be imposed upon the two-nucleon ampli- 
tudes, which is a requirement on the total charge of the 
system.’ If X(q) does not fall off with g as fast as the 
free-form factors, then these terms will become more 
important. The only practical course to take is to 
neglect the contribution of the bound terms to the 
current operator. This allows us to express the deuteron 
scattering in terms of the free-scattering cross sections. 

The form of the matrix element given by Eq. (20) is 
quite untractable. Assuming an instantaneous potential 
and neglecting nucleon pairs in the initial and final 
state, the matrix element reduces upon performance of 
the Lo integration to Eq. (5). Since the approximations 
made in going from Eq. (20) to Eq. (5) involve only 
the binding potential and nucleon pairs, not the scat- 
tering kinematics, it is clear that the four-momentum 
transferred by the electron is the argument of the 
nucleon form factor. A nonrelativistic treatment is 
ambiguous on this point. The difference between the 
value of the nucleon form factor with a three- and a 
four-momentum transfer is crucial in the interesting 
range of g. This treatment is unambiguous on this point. 

By considering a trivial generalization to the n- 
nucleon system, this approach justifies the use of the 
“folded” charge distributions if the three- and four- 
momentum transfer are approximately equal. It is 
clear that the finite size of the nucleon will mot affect 
any real photon process. There have been errors in the 
literature on this point, and they have been based on 
the results of the ‘‘folded’”’ charge distribution, which is 
seen to be incorrect for real photons. 

This treatment does not justify the use of the four- 
momentum in the Schrédinger wave functioris. It seems 
to be impossible to do so. However, one has an intuitive 
feeling that a comparison with the three-momentum 
result yields a measure of some of the relativistic un- 
certainties in the problem, since the same transcription 
in the case of elastic scattering does not spoil the 
experimental agreement. That this prescription is not 
to be taken seriously can be seen from its application to 
photodisintegration where the four-momentum transfer 
is zero, and the energy dependence of the cross section 
is lost. The calculation with the four-dimensional 
momentum transfer has been carried out by Hofstadter 
and Yearian.” 

One may legitimately ask the question, why introduce 
the B-S approach if one is not going to improve on a 
Breit (or even the Schrédinger) treatment of the 
problem. The only defense is that the B-S approach 
simplifies the discussion of the bound-current terms, 
settles unambiguoa@sly the question of three- vs four- 
momentum transfer in the nucleon form factors, and 
makes clear the approximations implicit in Eq. (4). 
With the neglect of these bound-current terms, the 
cross section or may be identified with the free- 


ELECTRON- 


-DEUTERON SCATTERING 


TABLE I. Values of A. 


Nucleon 
model 75° 90° 120° 135° 
—0.15 
0.22 
0.40 
0.28 


0.45 


—0.19 -—0.24 —0.26 
0.55 1.24 1.56 
0.86 1.78 2.22 
0.54 1.06 1.30 
0.80 1.47 


Point 
Gaussian 


Exponential 


scattering cross section, given by the Rosenbluth 
formula. 
IV. NUMERICAL RESULTS 

Since A defined by Eq. (17) involves a ratio of cross 
sections, a small error is introduced in its evaluation by 
using nonrelativistic kinematics. The proton charge 
scattering has been neglected. The neutron was assumed 
to have the same moment form factor and radius as the 
proton. 

The algebra of evaluating the derivatives of the 
various quantities is straightforward but somewhat 
lengthy. The numerical results are presented in Table I 
for an incident electron energy of 470 Mev. 

It is seen that the introduction of form factors changes 
the sign of the corrections and completely dominates its 
magnitude. An attractive potential in the final state is 
found to decrease the result, because it allows the 
nucleon to scatter from the electron with an effectively 
larger g, and hence a smaller cross section. With form 
factors, this decrease has roughly one-half the magni- 
tude of the effect due to the variation of the cross 
section over the momentum distribution. 

Since (p?)=15-40 Mev for any reasonable deuteron 
model, an upper limit to the correction is ~9% at 
135°. It is smaller at the other angles considered. The 
approximations considered in this paper break down 
for small g, or forward scattering, so that the result at 
75° might be viewed with caution. 


V. DISCUSSION AND CONCLUSIONS 


This development of the sum rule is perhaps better 
than the previous ones because it reduces with the 
neglect of binding to the correct relativistic limit. In 
this calculation we have essentially replaced the Pauli 
spinors by free Dirac spinors in order to achieve this 
limiting behavior. The kinematic corrections evaluated 
in this paper are found to be relatively small. However, 
the omission of many other terms of the same order 
seems to preclude a satisfactory interpretation of the 
data in terms of a neutron moment distribution to 
better than about 20% in the total cross section. This 
is reflected as a smaller error in the “radius” deter- 
mination. 

A covariant description of the bound state would 
seem essential in such a high-energy process as we are 
attempting to examine. The effect of nucleon pairs and 
the retardation of the binding potential has been 
neglected and may well be important in this energy 
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range. There seems to be no satisfactory method for 
estimating the bound-current terms. A calculation of 
these terms would be equivalent to the discussion of the 
free nucleon current form factors from first principles, 
and dispersion relations may offer a fruitful approach. 

Some information about this effect and the mesonic 
corrections might be found by performing the experi- 
ment at a small momentum transfer where the proton 
charge contributes most of the scattering. Since the 
magnetic moment form factors are roughly known from 
from the large-g experiments, their contribution can be 
evaluated quite accurately at small g. A Schrédinger 
description of the deuteron should also be more accurate 
in this region. A comparison with the free-proton charge 
scattering results would shed some light on these effects. 

The determination of the neutron size by measuring 
the total inelastic cross section suffers from the mesonic 
and kinematic corrections which are most important 
when the electron has endured a large energy loss. 
Experimentally, it is also more difficult to make 
measurements under these conditions. 

The mesonic corrections have been crudely estimated 
in the following way. The photodisintegration cross 
section is known as a function of the photon energy. 
This cross section is reduced by multiplying by nucleon 
form factors having a four-momentum transfer roughly 
corresponding to the photon energy involved. The 
electromagnetic field produced by the electron is 
assumed to have a distribution of equivalent photons 
which is zero for a photon energy greater than the 
energy loss suffered by the electron. The electrodis- 
integration total cross section is then an integral over 
the product of the reduced photo cross section and 
distribution function. By assuming reasonable dis- 
tribution functions, the effect of the meson resonance 
was found to be of order 5-15% at 135° and falls off 
rapidly for smaller angles. For larger angles or q’s, the 
form factors damp the meson resonance and the effect 
saturates at 10-20%. This approach may grossly 
underestimate the contribution from the meson ex- 
change current if the meson form factor is much larger 
than the nucleon form factor for large momentum 
transfer. This term is relatively small below the 
resonance region, however. 
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Another method for the interpretation of the experi- 
ments is suggested by this work, which would seem 
better than the total cross-section technique. One 
calculates the spectrum of inelastically scattered 
electrons near its peak, which corresponds to the 
expansion point of this paper. The neutron form factor 
is found by matching the measured peak value with the 
calculated value which is appropriately weighted with 
the proton and neutron form factors. The advantage of 
this procedure over measuring the total inelastic cross 
section is that the mesonic and kinematic corrections 
are presumably important only if the electron has lost 
a large amount of energy, and hence should appear on 
the low-energy side of the peak. The mesonic corrections 
in the final state should also be hampered by the 
relatively narrow width of the resonance. The static 
final-state-interaction corrections are also small near 
the peak and may be safely neglected. Unfortunately, 
the height of the peak is somewhat sensitive to the 
deuteron model assumed. The peak height is very 
insensitive to the substitution of the four-momentum 
transfer for the three-momentum transfer. This should 
not be taken to mean that the relativistic corrections 
are necessarily small here, because the wave-function 
normalization must also be changed in some (unknown) 
manner. 

Once the neutron form factor has been determined 
by this method, the total cross-section measurements 
and the results of this paper can yield a measure of the 
unknown but extremely interesting relativistic and 
mesonic corrections. It seems that this experiment can 
supply information not only on the neutron but also 
one the structure of the two-nucleon bound state. 
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The photon mode of decay of the =* 


and A° is examined. The lifetime and angular distributions of the 


decay products are written in terms of the three physical parameters of the problem without restriction 
as to invariance under space reflection, charge conjugation, or time reversal. An estimate of these parameters 
is made by use of perturbation theory, and, although ambiguous, it indicates that this mode may soon be 


experimentally detectable. 


INTRODUCTION 


NTIL recently, the limited number of A, 2, and 

= particles that have been observed has focused 
attention on the analysis of their main mode of decay, 
i.e., by the emission of a meson. In the near future, 
it will be of considerable interest to establish and 
analyze alternative, less frequent, modes of decay 
which have been theoretically predicted for hyperons. 
On such group of less frequent hyperon decays modes 
is that arising from a universal Fermi interaction.' It is 
the purpose of this paper to discuss, in some detail, 
another mode* which should, in some cases, compete 
favorably with the Fermi decay mode. This decay 
occurs through the emission of a photon, 


Y; >Voty. (1) 


In the case of the >°, this decay proceeds solely 
through strong interactions and is experimentally 
known to have a lifetime <10-" sec.’ For other 
hyperons, this decay must proceed through a combina- 
tion of weak and strong interactions (since strangeness 
is not conserved in the process) and hence its rate 
might be expected to be some fraction (of the order 
of the fine structure constant) of the main decay mode. 
The decays which will be analyzed in this paper are 
the following: 

(1’) 
(1”) 


Lt p+7; 
A°—n-+y7. 


The analysis will proceed in the following manner. 
In the first section, the general form of the matrix 
element, as a function of two complex parameters, will 
be established, without restriction as to invariance 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

' See, for example, R. P. Feynman and M. Gell-Mann, Phys. 
Rev. 109, 193 (1958). 

2See, for example, M. Kawaguchi and K. Nishijima, Progr. 
Theoret. Phys. (Japan) 15, 182 (1956), and C. Iso and M. 
Kawaguchi, Progr. Theoret. Phys. (Japan) 16, 177 (1956). 

3 Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 5, 
216 (1957). 

4 An event has been found by George, Herz, Noon, and Solntseff 
[Nuovo cimento 3, 94 (1955) ] in which a single charged particle 
emitted from a K~-produced star comes to rest and emits a 
proton of 26-Mev kinetic energy. They tentatively interpret this 
as a hyperdeuteron. M. Goldhaber (private communication) has 
pointed out that the energy of the proton coincides with the energy 
(26.5 Mev) expected in the decay mode 2*—>p+y. 


under space reflection, charge conjugation, or time 
reversal. The lifetime for the decay, as well as angular 
distributions in the case of polarized particles, will be 
written in terms of these two complex parameters and 
then it will be shown that the process can be completely 
characterized by three real physical parameters. 

It then will be assumed that the Lagrangian respon- 
sible for the decay does not contain the photon mode of 
hyperon decay as a primary interaction. In general, 
when calculating the matrix element for the photon 
mode of decay from such a Lagrangian, the integrands 
of some of the integrals are expected to have poles. 
This will be demonstrated explicitly in the Appendix 
by a second-order perturbation calculation. Since the 
contribution of a pole to the matrix element is an 
imaginary quantity, it will give rise to terms in the 
angular distributions which give the appearance of 
violating time-reversal invariance. In the second section 
it will be shown that these poles correspond to the 
succession of two real processes. 

Finally, estimates of the branching ratio of the 
photon mode to pion mode of hyperon decay will be 
made on the basis of the perturbation calculation. 


I. PHENOMENOLOGICAL APPROACH 


Subject to the requirement of invariance under the 
proper Lorentz group, the most general matrix element 
for the decay process (1) can be written in terms of 
the four-momenta of the initial fermion, p;, and the 
final fermion, f2, and the polarization vector for the 
electromagnetic field, e, [mote that since only one 
photon is emitted in (1), the matrix element must be 
homogeneous of degree one in the four-vector e, |: 


M= (a,;+ 1275) VuCut (ast+iasys) Pep 
+ (dst 1675) Posey (a7 + idsy5)YurP yer 

+ (dg +101075)YurPoulrt (Girt idizys)YupPiuPwep, (2) 
where the y, are the Dirac matrices,’ the y,, and 
Yuvo are the antisymmetric combinations of two and 
three yy [¢.g., Yuw=3(Yw¥»—Y>Yu)_], respectively, and the 
a; are arbitrary functions (complex) of the invariants 
which may be formed from the three vectors 1, po, 


5 The representation of the y’s is y;=Bai, yo=8, ¥s=yrv2vs7o 


0 
=i(; os The scalar product of two four-vectors is a-b=agbo 
—a-b. 
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and k& (the four-momentum of the photon). The 
matrix element (2) allows for noninvariance under 
space reflection, charge conjugation, and time reversal. 
It should be noted that in order to introduce polarized 
fermions into the problem, it is necessary only to flank 
the matrix element on the left and/or right by the 
appropriate spin projection operator. 

The matrix element (2) must, of course, be gauge 
invariant. By performing a gauge transformation on 
(2), and by using the relations 


pi=peotk, 
it is possible to show that M must have the form 


M _ } (. 1 + tBys)Yufuv= (A i iBys)kRe, 


k°=0, (3) 


(4) 


where @=7,dy, fu=k,e,—k,e,, and A and B are un- 
known, invariant functions of the pertinent mass and 
coupling constants of the problem. 

If it were assumed that the decay Lagrangian 
contained a term of the form of (4), then by the usual 
rules it would be easy to see that the requirement of 
invariance under space reflection, P (or CT by the 
Liiders-Pauli theorem), demands that AB=0 (i.e., 
either A =0 or B=0); invariance under charge conjuga- 
tion, C, demands Re(AB*)=0; and invariance under 
time reversal, 7, demands Im(A B*)=0. 

If, however, the interaction (4) is not considered to 
be primary (i.e., if no such term appears in the original 
Lagrangian) but is assumed to be compounded from 
other terms in the Lagrangian, e.g., the pion mode of 
hyperon decay plus the electromagnetic interaction 
Lagrangian, then no such simple statements can be 
made concerning invariance under time reversal. In 
the following, this latter assumption will be made, 
and it will be seen in the Appendix that, starting from a 
Lagrangian which is invariant under time reversal, 
A and B will not fulfill the above conditions for time- 
reversal invariance. 

From the matrix element (4), it is simple to calculate 
the transition probability for fermions of spin }. 
The result is 

1/r=(|A|?+/ B}*)(m3/x) sinh*w, 


(5) 
where, for later convenience, w has been defined as 


(6) 


w=In(m,/me). 


In order to test time-reversal, charge-conjugation, 
and space-reflection invariance properties, it is necessary 
to consider the angular distribution arising when some 
or all of the particles are polarized. Only the cases 
when all three particles are polarized will be discussed, 
the other results following immediately from these 
general cases. 

In the case of a circularly polarized photon, the 
differential transition probability is 


P« |A—Bk-e|*{1—sechw(k-s,)(R- se) 
—k-e(sechwk-s2—k-s;)], (7) 
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where & is a unit 3-vector (space components) in the 
direction of the photon propagation, s; and s2 are unit 
three-vectors in the directions of the spins of the 
initial and final baryon, respectively, and ¢ is a unit 
three-vector in the direction of the “spin” -of the 
photon. € must necessarily be parallel to & and hence 
k-«(=+1) describes the helicity (+1) of the photon. 

In the case of a linearly polarized photon, the differen- 
tial transition probability is 


P« {(AA*+BB*)[1—secha(k-s;)(R-s2)] 
+(A*B+AB*)[sechwk-s.—k-s] 
+(AA*—BB*)[s,-52—25,-e52-e—k* s:k- 52] 

+i(A*B—AB*)[soXs,-k—2s,-es2Xe-k], (8) 


where e is the photon polarization. 

In analogy to the analysis of the pion mode of decay 
by Lee and Yang,® it is possible to characterize the 
photon mode of decay by just three real parameters. 
One of these parmeters may be taken as | A |?+|B}? 
which is, according to (5), proportional to the lifetime. 
Another parameter can be defined by noting that the 
angular distribution of the decay photon from a com- 
pletely polarized hyperon at rest is [from (7) ] 


P« (1—a, cosx)dQ, (9) 


where dQ) is the solid angle of the photon momentum 
and x is the angle between this momentum, k, and the 
spin s; of the baryon. [Note that for the pion mode 
P« (1+a cosx)d2.] The second parameter is thus a 
which is defined (in terms of A and B) as 


2 Re(A B*) 
a,= (10a) 
A\?+|B)? 


Another way of measuring the asymmetry parameter is 
to measure the ratio of the numbers of positive- to 
negative-helicity photons, for arbitrary polarizations 
of the fermions. Thus 


Ni—Nr 
Nit Ne 


Nr l—a, 


Rie, (10b) 
Nz, 1+a, 


or @, 


The third parameter could be chosen as either 


~-2 Im(A*B) 
$y =———— 


(11a) 


Y= (11b) 


| A |?+| Bi? 
since there exists the relation a?+$°+7*=1. However, 
following the procedure of Lee and Yang, the third 
parameter will be taken as ¢, defined by 


B,=(1—a,?)! cosgy, y= (1—a,’)' sing,. (12) 


6 T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 (1957). 
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The geometrical significance of this parameter can 
be seen in the following way. Let & define the z axis 
and let the linear polarization which is accepted be 
perpendicular to s; (7.¢., s:;e=0) and lie along the 
x axis. Then ¢, is the azimuthal angle of the transverse 
component of the nucleon spin in the rest system 
of the hyperon. 

It is interesting that the only way of testing in- 
variance under time reversal involves detecting the 
linear polarization of the photon as well as the initial 
and final baryon spins. The cases in which the photon 
‘ polarization is not detected [derived from (7) or (8) ] 
or in which the photon polarization is circular [(7) ] 
do not contain terms which afford the opportunity of 
detecting such an invariance. It should again be 
emphasized that the experimental detection of the 
last terms in (8) would mean noninvariance under time 
reversal only if the interaction (4) were considered 
primary. 

In the following, it will be assumed that (4) is 
compounded from a Lagrangian in which the pion 
decay modes of the hyperons are primary. This 
Lagrangian may be written’ 


L=Pi(p—mi)Yite(p—me)Pot flo tat+bys)\Wig 


—e> At 


k=1 


pe gviyhee 
k=l 


d¢ 
- ¢* A+ £5+H.c., 


Ox" 


(13) 


Oxt 


where the isotopic spin indices have been suppressed, 
Lo is the free boson Lagrangian, ¢ is the pion wave 
function, and e, f, and g are, respectively, the electro- 
magnetic, weak decay, and mesonic coupling constants. 
(Charge independence is assumed for the strong 
pion-baryon coupling.) 

In order to gain some insight into the relationship 
between the Lagrangian (13) and the matrix element 
(4), it might be well to examine some of the symmetries 
which the Lagrangian (13) possesses. In addition, these 
symmetries will help to simplify some of the calculations 
of the Appendix. For example, the connection between 
the parameters A and B and the parameters of the 
Lagrangian (of which the A and B are functions) may 
be found by noting that a symmetry that is obeyed 
by the total Lagrangian and which leaves the commuta- 
tion rules unchanged will also be valid for the matrix 


7An alternative Lagrangian would treat the four-fermion 
interaction as primary. The lowest-order matrix element giving 
rise to the photon mode of decay is, by the Furry theorem, zero 
unless the four-fermion interaction is tensor or vector. For the 
vector case, the matrix element involves an integral which appears 
in the evaluation of vacuum polarization in quantum electro- 
dynamics and which has been shown, by the regulator method, 
to be identically zero. The tensor case involves an integral which 
can be evaluated by the regulator method. The result is log 
arithmically divergent. 
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element of the decay. Thus, consider the transformation 


Vie’, a—ae"*, b>be—*, (14a) 
under which the Lagrangian is invariant. In order that 
the matrix element be invariant, A and B must trans- 
form as 

A—Ae—*, B-Be-'s, (14b) 
Now, to a good approximation, it can be assumed that 
the weak interaction occurs only once, and thus A 
and B depend linearly on a and b. Further, consider 
another transformation under which the Lagrangian 


is invariant: 
Yr ya; Y2 ~y Wo; 
Pi — Di; 


3. Then, from the matrix element, one has 


A—A; B-—B. (15b) 


rere. 


(15a) 


for i=1, 2, 


Combining the results of (14b) and (15b), it can be seen 
that 


A= fbK2(my,mo,g1,22,u"), 


B= faK,(my,mo,g1,£0,u"), (16) 


where K,; and Kz are unknown functions of the masses 
and strong-coupling constants. Explicit use of the 
invariance of the Lagrangian under change in sign of 
the meson mass has been made. (The dependence on 
uw will be understood but not explicitly noted in the 
following.) 

Next, consider the transformation 


Vir, Yr ve2, 


y— %, 

M\—->— M1, M—>—Ms, (17) 
which leaves the Lagrangian invariant.’ The condition 
on the matrix element is 


K{—m, — mea, £1, g2)= —Ky(my,me,g1,g2). (18) 


Under 
V1 —_F V1, 


m\——M, £1-— £3, 


a——ib, b—--—ia, (19) 


it follows that 
Ki(—my, m2, — £1, £2) = — K2(m1,mo, 21,82). 
The Lagrangian is also invariant under 
p93 fo-f, 


ic?f>. 45° fa; 


and therefore from the matrix element one finds 
K,(m,, m2, — gi, — g2)= — Ki(my,mo,g1,82). 
Thus, if g:=0, g-=0, then K;=0. 


5 These symmetry properties of the theory have been used before. 
See, for example, A. Salam, Nuclear Phys. 4, 687 (1957). 
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From dimensional arguments, A and B must be _ If the pion mode of decay has a vector-pseudovector 
inversely proportional to a mass. It can be seen from _ weak interaction, then the third term in the Lagrangian 
the perturbation calculation in the Appendix that the (9) is to be replaced by’ 


natural mass dependence is : : 
Inpo(ictdys)y Wi0 ue. (26) 


A«1/(m+m:2), Bo1/(m,—mz). ; it : 
1 ; In this case the condition between ¢ and d for a max- 
Because of (16) and (23), it is convenient to introduce imum asymmetry parameter for the pion mode is 
the new parameters A’ and B’ defined by 
coshw— }ne~*+1\ /coshw— 1 
A=fbA'/(m+m:), B= faB'/(mj—m:2). (24) d ~( stating )( ) ‘ 


1 wo 
jeg : ‘oshw— 4ne~* — ~oshw 
If it is assumed that the asymmetry parameter in the Cotte sge"— 17 \ coset 


pion mode of decay is a maximum, then there exists a 


: If now the branching ratio for the photon mode to the 
relation between a and 6, namely 


neutral pion mode of hyperon decay is calculated, 

coshw—4ne-*+1 it can be shown that for both scalar-pseudoscalar 

b -(—— a -) a|?, (25) and vector-pseudovector weak pion coupling, the 
coshw—}ne~*— 17 branching ratio assumes the form 





{(|A’|?+ | B’|*) (sinh’w— }ne~*)+(| A’ |?— | B’|?)3ne*}C sinhw 2 
$$$ 8) 
[ (coshw— 3ne~*)?— 1]! 


B=—— 


, 


where C is the charged-to-neutral branching ratio for processes of hyperon decay by emission of a pion and of 
the pion mode of decay. the inverse of pion photoproduction, is the product of 
the R matrices for each process, calculated by perturba- 

II. UNITARITY OF THE S MATRIX tion theory to lowest order, and summed over the 


, . + y+: 9 available states with the appropriate density function, 
As has been shown by Kawaguchi and Nishijima? D , PPro} . 
Nr- 


and Iso and Kawaguchi,’ it is possible to analyze the : ' ; . 
LIE Now, according to the Kroll-Rudermantheorem, 

photon mode of hyperon decay by use of the unitarity 

a —— Pe : . > meson photoproduction near threshold is correctly pre- 
of the S matrix. The procedure is to substitute S=1+R ae f 
. bi aie « * dicted by perturbation theory. In addition, the weak- 
into the unitarity condition, StS=1, and then form wards. ; : : 

: coupling pion mode of hyperon decay is also given 


the matrix elements. The result is , 
correctly by perturbation theory, provided, in analogy to 
; : —_—_ meson photoproduction, the renormalized decay coupling 
— (py RI+R i} = Libr R' | Nx)(Nr| RY). constant is used. But (29) is an S-matrix element 
we between real (i.e., clothed) baryons. Therefore, it is 
to be expected that near the threshold for the photon 
mode of hyperon decay, the real part of the S-matrix 
element is given correctly, to all orders in the meson 
coupling constant, by the contribution of the poles 
in the weak-coupling theory, provided the renormalized 
coupling constants are used. Apparently, no such 
statement can be made concerning the imaginary part 

— (2r)*6(py— pa (R') py, y+Ryy, vy] of the S-matrix element. 


= (2ar)*64 (py— pi)=DyRnz, yRyr, a (29) 


The sum is restricted to a sum over a nucleon and a 
single pion state because this is the main process on 
the energy shell (the intermediate state Vy is smaller 
by a factor ~1/137). By introducing the reduced 
R-matrix elements (f|R|i)=(2m)*5'(p;—p,)Ryi, the 
above relation may be written 


III. PERTURBATION ESTIMATES 


where Dys is the two-particle (nucleon-pion) density Although a perturbation calculation involving the 
of states and the sum still contains an angular integra- strong _mesonic coupling constant usually cannot be 
tion as well as a sum over energy and spin. Since the expected to give quantitatively correct results, it is 
initial and final states are eigenstates of the total 

angular momentum, the R matrix is symmetric and _° Jf the technique of Feynman is used [R. P. Feynman, Phys. 


the left-hand side of (29) is proportional to the real Rev. 76, 769 (1949), Appendix DJ, an “equivalence” can be 
: demonstrated between the vector-pseudovector matrix elements, 
part of the R matrix. arising from (26), and the scalar-pseudoscalar manele somaaie, 
* ati , Noi saa .f+. arising from (13), which holds in lowest order perturbation theory. 
From a perturbation theory point of view, the left This “equivalence” is  (fa)*=(hc)*(m—ms)?;_ (1b)?= (hd)? 
hand side of (29) is equal to the contribution of the x (m,+mz2)%. In determining the branching ratio (28), this 
poles calculated in the Appendix. The right-hand side “equivalence” was assumed to hold to all orders in the strong- 
2 : > coupling constant. 
which corresponds to the succession of the two real —” N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
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TABLE I. Branching ratios (photon mode to neutral pion mode) 
for scalar-pseudoscalar weak coupling and pseudoscalar strong 
coupling for various values of the real parts of the parameters 
and for the einen value of the imaginary part. 





Re A’ and Re B’ 
given by 
perturbation 
theory 


Re A’ =Im A’ 
_Re B’=\|m 


“1/425 
~1/1250 
~1/550 


Re A’ =0 
Re B’ =0 


Af 
~1/670 
~1/66 


Hyperon 
A° ~1/850 
z+ os (1 4 ~1/2500 
=* [case (2) ~1/1100 


sometimes profitable to examine the properties predicted 
by such a calculation. This is done in the Appendix. 

Table I lists the values of the branching ratio as 
predicted by perturbation theory (see the Appendix). 
Since the unitarity condition shows that the real part 
of the S-matrix element [ImA’ and ImB’] is given by 
perturbation theory, the value calculated for this 
quantity in the Appendix is used throughout the table. 
On the other hand, the imaginary part of the S-matrix 
element is most probably incorrectly predicted by 
perturbation theory. Therefore the branching ratios 
are listed for several different values of this quantity. 

In Table II, the branching ratios are listed for the 
different combinations of weak and strong coupling, 
t.e., scalar-pseudoscalar weak coupling with pseudo- 
scalar strong coupling, etc., by using both the real 
and imaginary parts of the S-matrix element as 
calculated from perturbation theory. The branching 
ratio for the A is unchanged by the different couplings 
so that only the = branching ratios are given. 

In both tables, two cases for the = are listed. This 
arises from an ambiguity in the relative phases of the 
couplings for 2+-—n+n+ and 2t+—-p+_n*. Case (1) 
corresponds to a relative phase difference of zero and 
case (2) to a difference of w. (See the Appendix for 
further discussion, ) 


—q+m,)e(pi— 
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TABLE II. Branching ratios from perturbation theory for various 
combinations of weak and strong couplings. 





\W eak-strong 
\\coupling 
Hyperon\, 


=+ [case (1)) 
z+ fcase (2) 


SP—A VA—P 
~1/460 ~1/530 ~1/370 
~1/57 ~1/320 ~1/430 


SP-P 
~1/670 
~1/66 





Although the branching ratios for these decays cannot 
be unambiguously predicted, their existence is to be 
expected. It is hoped that with the increasing numbers 
of hyperons available, this experimental branching 
ratio can be determined. 
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APPENDIX. PERTURBATION CALCULATION 


It will be assumed in this section that the weak 
interaction which is indirectly responsible for the 
gamma-decay process is the pion mode of decay of the 
hyperon being considered and that its interaction is 
of the form ia+bys. The strong coupling of the pion 
to the baryon will be assumed to be of the pseudoscalar 
symmetric type. This Lagrangian}has been given in 
(13). 

It will be convenient to discuss initially the decay of 
a neutral hyperon. The pertinent Feynman diagrams 
are shown in Figs. 1 and 2, and the corresponding 
matrix elements in momentum representation are 


q+mz2)(ia+bys) 
(A.1) 





fs s(po 
(W)C (pa @)*—ms*1L(p1—9)*—me] 


2—qt+my)e e(pi— q-+mi)ys 





| pa (ia+bys)(p 
(?—u*)[(p2—9)?— mi? (p:— gm?) 


g2fe 


p+m:)(ia+bys) (pit px— 


2p)-e 
1 





Mb ———_4, 
16m'i 


ap ys 
WI Teiioers 


p)*—w* IL (p2— p)?— vw") 
2p)-e 





M%= ———4, 


16ri 


gife \f2 (ia+bys) (p+mi)y5( pit po— 
(pP—my)C(pi— 


where g and uw are the four-momentum and rest mass, 
respectively, of the virtual x meson. 

It is now profitable to notice that under the simul- 
taneous operation of C and interchange of the indices 
1 and 2, M'%+M% and M'%+M**. Therefore, it is 


(A.4) 





—# Lo #7] 


necessary to calculate explicitly only two of the four 
matrix elements, the others being obtained by the 
substitution 1<+2. In the following, the matrix elements 
(A.1) and (A.3) will be calculated explicitly. 

Since the problem being considered involves a free 
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| 


(a) 


Fic. 1. Lowest order Feynnman diagram leading to the photon 
mode of decay in which the weak interaction occurs first. 


photon, #?=0, the matrix elements, (A.1) and (A.3), 
may be put into the following form: 
M's. 16— = tf (Ao* b4 7 Bot by se 


-~ (A 64-7 B% bys)Re ju. (A.5) 


As seen in Sec. I, gauge invariance requires that 
Ao*+ Ao’ and Bo*+By° must each be identically zero. 
This may also be checked explicitly in this case by 
calculating the coefficients of e from (A.1)— 


(A.4). 





The coefficients A*:> and B*:* are 


ee 
At= sf acfa y 
16x2me 0 0 
gofe fi ofa ita 
~ 16x2ms 0 0 ; 


(A.6) 
ial gofe fe fe (e*—1)2°( 1—x)y—x(1—a)? 
A= y - ——_—_—_—_—_—__—, 
167°m, A, 


gofe (e*+1)a?( (1—a)y-+a(1—a)? 
BP= fe f tite ef ie slab 
167m» 0 Ap 





’ 


and 
Ag=x— (e—1)x(1—x)y+n(1—2), 


Ay= (1—x)?— (e—1)x(1—2x) y+nx, 


where 7 is defined as 


n= p/m. (A.7) 


Under the transformation x—-1—x, there results 
A,>A,; therefore, only one denominator need be 
considered. Thus 





bgsfe f' : cil na A eV 2; j (A= 2)] 
Atb= facfa y 
167°m> 0 


where the set B*:> may be obtained from the set A*:* by the transformation (19), 7.e., (20) becomes A*:*—> 


(A.8) 
—(e— 1)x(1—2)y-+n( (1— x)’ 


— Bo,>. 


(The quantity to the left of the semicolon is to be associated with the A* while that to the right with A®.) 


If (A.8) is integrated over y, A*:> becomes 


Aeb= 











167°m>- 0 e*+1 


If this expression is integrated by parts, then 


bgsfe 'dx[x; (1—x)] e°x2—n(1—x) e#x2— (e2— 1)x+n(1—x) 
[ 14 20— 1)x(1 } | | 
Cc —i1ti—s 


2+n(1—-x) 





{ begs fe f dx 
"16a nee? €°-+-1 
It should be noted that if 


(e—1)29, m2)?2u*), (A.11) 


the second terms in (A.10) have simple poles. These 
values of w are such that the mass difference between 
the initial and final baryons is greater than a real pion 
mass. In this case, the poles then correspond to the 
emission and reabsorption of a real meson. As was seen 
in Sec. II, this corresponds to the successive real 
processes of baryon decay into a pion followed by the 
inverse of pion photoproduction. It is the contribution 
from these poles that gives rise to terms [the last 
terms in Eq. (8) | which have the appearance of violating 
time-reversal invariance. The same statements apply 
to the functions B*’. However, as was mentioned 


[i.e., (m— 


[he*x?+ (e*-+n)x+e* In(1—x) ](e*—1)[2?—n(1—2)*] “i 
[erx2— (&—1)+-n(1—2) JLx2-+n(1—2)] 





just before Eq. (A.5), only the terms corresponding to 
the diagrams of Fig. 1 have been considered so far 
(they correspond to the emission of the pion by the 
weak decay interaction). In order to find the contribu- 
tion from the diagrams of Fig. 2, it is only necessary to 
substitute ¢’—e~™, g:<>g2, n-ne. As may be readily 
seen in this case, the second terms in the equations 
corresponding to (A.10) do not have poles. Thus, only 
the diagrams of Fig. 1 can contribute terms which 
give the appearance of violating time-reversal in- 
variance. It should be noticed that in the limit as 
w—0, A* and A® go into the functions B, and By 
which were introduced by Bethe and de Hoffmann" 


1H. Bethe and F. de Hoffmann, Mesons and Ftelds (Row, 
Peterson, and Company, Evanston, 1955), Vol. II, p. 291. 
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(based on the work of Fried") in order to represent 
the anomalous magnetic moment of the nucleon. 

Upon evaluation of the integrals (A.10) it is possible 
to calculate the complete matrix element for each of the 
pertinent decays. For simplicity, all the weak pion- 
baryon coupling constants will be taken to have equal 
magnitudes. However, one ambiguous point still 
remains. This concerns the relative phase of the weak 
coupling of charged and neutral pions to the 2. If it 
is assumed that time-reversal invariance is valid for 
the pion modes of 2*-decay, then this relative phase 
must be either zero or x (neglecting final-state interac- 
tions). There also exists the question as to the relative 
phases of the weak pion coupling to different baryons. 
For simplicity, this phase will be assumed to be zero. 
As a result, two limiting cases will be considered for 
the 2: the relative phase is (1) zero, and (2) z. It will 
be assumed that global symmetry" is valid. As an 
example, decay (1’) proceeds in the following manner. 
(Note that if the A—2 mass difference is neglected, 
the intermediate A° and >° states cancel because of 
global symmetry.) 


t+ p+ 9 p+ +7 p+y7, 
2 D+Y, 
Dt D+ + - t+9+y—p ++. 


—n-+r* (A.12) 


eg i Miler ae 


The parameters in the matrix element (4) are then 
[assuming the branching ratio (2*—>p)/(Z+->-n) =1] 
A=A*—VIA*+ A, 
B= B*—v2 B+ B+. (A.13) 
In case (2), they are 
A= A*%+v2A >+ As, 
B= B*+-v2 B+ Bs, (A.13’) 


In these equations A** and B** are obtained from A® 

and B*, respectively, by interchanging the indices 1 

and 2. The parameters for the decay (1’’) are 
A=v2(A%+A?°), 
B=v2(B*+B°). 


2B. D. Fried, Phys. Rev. 88, 1142 (1952). 
13M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 


(A.14) 
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(b) 


Fic. 2. Lowest order Feynman diagram leading to the photon 
mode of decay in which the strong interaction occurs first. 


The numerical evaluation, assuming mz3+=2327m.,, 
m= 2180m,, is for decay (1’), case (1) 


bg fe é 
-~(—1.00—0.172), 
162° (m4-+ m2) 


ag fe 
B (+0.27+0.711); 
167° (m,— mz) 


for decay (1’), case (2), it is 


bg fe 
A= ; 


= (—3.62—0.367), 
162? (m+ mp») 


ag fe 
B=———_———_(0.86+ 1.041), 
162? (m,— mz) 


and for decay (1”), it is 


bgofe 


Ai —(—2.87+0.10i), 


162? (m,+mz) 


age fe 
B=u—————(-+-0.89—0.734). 
162? (m,— mz) 
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Pion Production in High-Energy Processes 


Suray N. Gupta 
Department of Physics, Wayne State University, Detroit, Michigan 
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It is shown that the high-energy experiments on pion production favor rather than rule out the possibility 
of the existence of a new highly unstable neutral scalar meson (the p® meson). 


ECENTLY we have shown! that an investigation 

of the anomalous magnetic moments of nucleons 
favors the existence of a hitherto unobserved neutral 
scalar meson, which we called the p® meson. The exist- 
ence of such a particle is also rather appealing from a 
theoretical point of view, because in the Gell-Mann 
scheme of baryons and mesons it is the only missing 
particle with 7<1, |Q| <1, and |¥| <1, where J, Q, 
and Y denote the isotopic spin, the charge, and the 
hypercharge, respectively. 

Since the p® meson has not been observed, we can 
expect it to be a highly unstable particle decaying into 
pions. Therefore, it will have a noticeable effect on pion 
production in high-energy collision and annihilation 
processes. The main effects of the p® meson on pion 
production will be as follows: 


1. It will increase the apparent multiplicity of pions, 
because the creation of a p® meson and its almost in- 
stantaneous decay into pions will look just like multiple 
meson production. 

2. It will change the ratio of the cross sections for 
different modes of multiple meson production in a 
collision process, for the p? meson can decay only as 
2x° or r++ but it cannot produce r++-7° or x-+7". 

3. It will lead to some angular correlation between 
pairs of pions. For instance, if a p® meson decays at rest 
the pion pair will have an angle of 180° between them, 
while in general the average angle between the pion 
pair will depend on the mass and momentum of the 
p® meson. 


Pion production in high-energy neutron-proton 
collisions has been investigated experimentally in con- 
siderable detail by Shutt and co-workers.’ Their experi- 
ment gives us the following interesting information: 


1. It is found that the observed pion multiplicity is 
far greater than that suggested by Fermi’s statistical 
theory. Thus, the p® meson will help in obtaining better 
agreement between the theoretical and the observed 
multiplicities. 

2. According to Fermi’s theory, the cross sections for 
the processes 

n+ pont ptattae (1) 
and 


nt+poptpta+r (2) 


1S. N. Gupta, Phys. Rev. 111, 1436 (1958). 
2 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 


should have the ratio 3.3: 1. However, the observed ratio 
for the above cross sections is considerably larger.’ This 
discrepancy could be at least partly due to the additional 
process 


n+ pont ptp n+ ptattr. (3) 


3. It is found that in the process (1) there is some 
preference for the emission of the two mesons at 
certain relative angles. This correlation effect could be 
due to the fact that some of the pion pairs are produced 
by the decay of the p® mesons. 


Several experiments on high-energy negative pion- 
proton collisions,‘* proton-proton collisions,® and anti- 
proton-nucleon annihilations’ have also been carried 
out. These experiments again show that the observed 
multiplicity of pion production is considerably larger 
than the theoretical estimates. In the process 


mr +pon+nt+r, (4) 


Shutt and co-workers‘ glso find evidence for some 
angular correlation between pion pairs, which they are 
unable to account for by assuming a pion-pion inter- 
action. Thus, as far as we can see the hypothesis of the 
p® meson is favored by the experimental results. 

It is difficult to estimate the mass of the p*® meson 
with the help of the experimental data published so 
far. However, the large values of the preferred angles 
between pion pairs in the processes (1) and (4) suggest 
that the p® meson mass is appreciably larger than twice 
the pion mass. 

Besides Fermi’s statistical theory there are of course 
other theories of pion production such as the “isobar 
models.”” But, none of these models is able to account 
for all the experimental results, and they do not essen- 
tially alter the main arguments of this paper. Therefore, 
for simplicity, we have referred only to Fermi’s theory 
in our discussions. 


* See particularly the number of “‘certain” events in Table III 
of reference 2. Compare also W. A. Wallenmeyer, Phys. Rev. 105, 
1058 (1957). 

4 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 

5 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 

6 Fowler, Shutt, Thorndike, Whittemore, Cocconi, Hart, Block, 
Hose} Fowler, Garrison, and Morris, Phys. Rev. 103, 1489 

6). 

7 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, Heck- 
man, Perkins, Sandweiss, Segré, Smith, Stork, van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 


1698 





PHYSICAL REVIEW VOLUME 


io ee 


NUMBER 6 SEPTEMBER 15, 1958 


Empirical Model for Ultrarelativistic Nucleon-Nucleon Collisions 


GIusEPPE COCCONI 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received May 29, 1958) 


The interactions of ultrarelativistic (2 10 ev) primary cosmic-ray protons with nucleons in photographic 
plates observed thus far show that in the majority of the cases the secondaries are emitted isotropically from 
two centers; this fact and the observation that the average transverse momentum of the secondaries is 
independent both of the energy of the primary nucleon and of the energy of the secondaries themselves 
suggest the following empirical model. When a nucleon-nucleon collision takes place at these energies, two 
“bodies” are formed, that move in opposite directions with respect to the center of momentum of the system, 
together with the two original nucleons, stripped of the energy necessary to create the “bodies.” Each 
“body” emits, in its own system of reference, about halffof the total number of secondaries, each secondary 
-having an average energy of ~1 Bev, independent of its nature. The inelasticity of the collision is thus 
determined by the number of secondaries and by the velocity of each ‘‘body” in the center-of-momentum 
system of the two original nucleons. Accurate determinations of the energy, in the laboratory system, of the 
secondaries of these interactions could provide a sensitive test for the model, but at present there are too few 


measurements available. 


I. INTRODUCTION 


HE problem of the collision of a nucleon of 
ultrarelativistic energy, say, above 10” ev, with 
another nucleon at rest has been treated theoretically 
by several authors'~* who proposed a variety of models. 
However, the experimental evidence obtained thus far, 
mostly from collisions of high-energy nucleons of the 
cosmic radiation with nucleons and nuclei in photo- 
graphic plates flown at high altitudes, shows that none 
of these models is capable of explaining all the observed 
features.® 
Here, instead of trying to fit the experimental result 
to a theory, we shall follow the inverse path, and 
starting from the experimental observations, build a 
model that is in reasonable agreement with the data, 
putting off the worry about its theoretical justification. 


II. KINEMATICAL TRANSFORMATIONS 


Before going in medias res, let us first consider some 
properties of the relativistic transformations that corre- 
late the events observed in the laboratory system (LS) 
to a system in uniform motion with respect to it.’ 

Let 

total energy 1 
et - a (Be=V¢/ c) 
total rest mass (1—8,7)! 





be the Lorentz factor, in the LS, of a system, C, that is 


1W. Heisenberg, Vortrage tiber Kosmische Sirahlung (Springer- 
Verlag, Berlin, 1953), p. 148. 

2 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 
(1948). 

3E. Fermi, Phys. Rev. 81, 683 (1951). 

4S. Takagi, Progr. Theoret. Phys. (Kyoto) 7, 123 (1952). 

5S. S. Belenki and L. D. Landau, Suppl. Nuovo cimento 3, 15 
(1956). 

6 See, e.g., the discussion on the subject at the 1957 Varenna 
Conference [Supp]. Nuovo cimento (to be published) ]. 

7 The treatment followed here has been started by N. M. Dulles 
and W. D. Walker [Phys. Rev. 93, 215 (1954) ] and developed by 
Ciok, Coghen, Gierula, Holynski, Jurak, Miesowicz, Saniewska, 
Stanisz, and Pernegr [Nuovo cimento 8, 166 (1958) ]. 


going to disintegrate into 2m secondary particles, and let 
¥; (1<i<2n) be the Lorentz factor of each particle in 
the system of reference where C is at rest. If 3; is the 
polar angle of emission, in the C system, of the ith 
particle with respect to the direction of motion of C (the 
Z axis); then the corresponding angle 0; in the LS 
satisfies the relation 


1 sind ; 1 
tand,=— ————_——-_ ——— —tan(#,/2). (1) 
Ye COSI; +B./B; B-=Bi=1 ‘Ye 


meee 


We shall assume that the asymptotic equation holds, 
remembering that deviations from the exact treatment 
become large, when 8./8;¥1, only for values of 3 ;~7. 

(a) If, on the average, the 2” particles are emitted in 
the C system isotropically, then the fraction of them 


that falls within the angle # is 
F=}(1—cosd)=sin?(8/2), 


and in the LS the same fraction will be found within the 
angle 0 that satisfies the following relation: 


yé tan’*O=F/(1—F). (2) 


In a graph (Fig. 1) where log[ F/(1—F) ] is plotted 
against log tanO, the 2” points are distributed along a 
straight line with slope 2 that crosses the axis of the 
abscissas at a point characterized by an angle @(3) that 
satisfies the relation 


logy.= — log tanO(3). (3) 


(b) If the particle distribution in the C system, 
instead of being isotropic, is mostly forward and back- 
ward, but symmetric with respect to a plane normal to 
the Z axis and not zero at }=2/2, then the 2m points in 
the same graph will distribute themselves along a line 
not far from straight, with slope smaller than 2. The 
intercept always satisfies Eq. (3). 

The distribution predicted by Heisenberg, e.g., gives® 

8 See L. V. Lindern, Nuovo cimento 5, 491 (1957). 
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Fic. 1. The plots of log[ F/(1—F) ] versus log tan® for 
various models. 


a straight line of slope 1. The distribution predicted by 
Fermi’ for a median impact parameter is a line with 
over-all slope ~1.3. The distribution predicted by 
Landau’ is a nearly straight line of slope ~1. These 
distributions are plotted in Fig. 1. 

(c) A very different appearance is noted instead, on 
the same graph, for distributions for which the proba- 
bility of emission, in the C system, at )=2/2 is zero. 
Consider the distribution 


P(F)dQ « cos™”d d(cosi), 


with m even. Curves for several m’s are plotted in Fig. 1. 
Far from the zero ordinate they degenerate into two 
straight branches, one representing the » forward par- 
ticles, the other the m backward ones. Each branch has a 
slope= 2 and each intercept of the straight line with the 
axis of the abscissas is away from the point defined by 
Eq. (3) by the amount } log(m+1). The separation 
between the two branches is thus log(m-+1). 

(d) The cos" distribution, however, is rather difficult 
to justify on any physical basis. There is another 
distribution that eventually leads, in the LS, to a very 
similar result, i.e., to two separate branches, and has an 
immediate physical meaning; it is the following. 

Assume that in the C system two equal “bodies” of 
particles, 6; and bs, are emitted in opposite directions 
along the Z axis, each with Lorentz factor 7,; assume 
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furthermore that each “body” eventually disintegrates 
into # particles, and that these particles are emitted, in 
the 6 system, isotropically and with Lorentz factors 
¥:>1. The distribution of the 2 particles in the plot 
of Fig. 1 will then again give two branches, each with 
asymptotic slope 2 (the isotropy in each center), 
symmetric with respect to the point defined by Eq. (3) 
(see Fig. 1 where the curve refers to the case of 7, 
= 100). 

A result of this kind is predicted by the model of 
Takagi,‘ and, as we shall see, is also strongly suggested 
by the experimental evidence. We shall further develop 
the kinematic relations for this case in Chap. IV. 


Ill. EXPERIMENTAL INFORMATION 
(a) Transverse Momentum 


Nishimura” first pointed out that the analysis of jets 
in nuclear emulsions and the study of nuclear cascades 
in extensive air showers indicate that, on the average, 
the transverse momentum of the secondary particles 
produced in ultrarelativistic interactions is around 0.5 
Bev, independent of the primary energy. This result has 
by now been confirmed by various authors," so that it 
can be considered as a well-grounded experimental fact. 

Note that, if the near constancy of the average 
transverse momentum is true for nucleon-nucleon (\-.V) 
collisions, it must be true also in the case of collisions 
between a nucleon and a nucleus, independent of 
whether the nucleon makes one or more encounters in 
crossing the nucleus. This is in fact confirmed by the 
measurements of the Japanese group” in “emulsion 
chambers,” where the primary interactions occurred in 
carbon. 


(b) N-N Collisions; Angular Distribution 
of the Secondary Particles 


In this section we want to consider only examples of 
nucleon-nucleon collisions, and the problem arises of 
selecting them among the variety of interactions that 
can be present in photographic plates. In fact, the jets 
found in plates can also be due (a) to particles other 
than nucleons (mesons, hyperons, heavy nuclei); (b) 
to collisions with several nucleons in a nucleus (com- 
posite collisions). 

In order to discriminate against possibility (a), we 
shall consider only jets observed in plates flown at 
balloon altitudes and produced by singly charged par- 
ticles entering the emulsion stack isolated. As far as 
we know, the singly ionizing primary cosmic radiation 


® When ¥,=1, the two branches merge together and a single 
line of slope 2 results. 

10 J. Nishimura, Soryushiron Kenkyu 12, 24 (1956). 

1 See, e.g., the discussion on the subject at the Varenna Confer- 
ence [Suppl. Nuovo cimento (to be published) ]; and the article 
by Edwards, Losty, Perkins, Pinkau, and Reynolds, Phil. Mag. 3, 
237 (1958). 

2 Report No. 7 from the Institute for Nuclear Studies, Uni- 
versity of Tokyo, March 1, 1958 (unpublished). 
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Fic. 2. The log[F/(1—F)] plots of high-energy jets that could be examples of V-N collisions. Not all the secondaries are plotted 
whenever their number is large. Chicago 1: Glasser, Haskins, Schein, and Lord, Phys. Rev. 99, 1955 (1955). Chicago 2, 3: M. Schein 
(private communication). Warszawa 1: Ciok, Danysz, Gierula, Jurak, Miesowicz, Pernegr, Vrana, and Wolter, Nuovo cimento 6, 1409 
(1957). Warszawa 2, 3, 4, 5: Ciok, Coghen, Gierula, Holynoki, Jurak, Miesowicz, Samienska, Stanisz, and Pernegr, reference 7; and 
M. Miesowicz (private communication). Bristol 1, 2, 3, 4, 5, 6, 7, 8: Edwards, Losty, Perkins, Pinkau, and Reynolds (reference 11), 
and D. Perkins (private communication). 


consists overwhelmingly of protons. The possibility still 
remains that the “primary” is a secondary of an inter- 
action which occurred higher in the air, hence possibly 
a meson; however, the probability for this to happen is 
rather small for plates flown with balloons. Neutral 
particles are excluded since they are certainly of second- 
ary origin. 

To eliminate possibility (b) we shall consider only 
jets accompanied by no more than one heavily ionizing 
particle. Though the possibility still remains that some 
of the cases thus selected are due to composite collisions, 
it seems unlikely that the contamination is large. 

Finally we shall consider only cases where the energy 
of the primary protons, in the LS, is 21000 Bev. 

From the published literature and from private com- 
munications, 16 events satisfying the above conditions 
have been collected out of about 50 jets with apparent 
primary energy 2 1000 Bev. They are plotted in Fig. 2 
in the way discussed in Sec. IT. 


It is evident from an examination of Fig. 2 that in 
most cases the relativistic secondaries are separated into 
two groups as if they were emitted, in the center-of- 
momentum (c.m.) system of the collision, not by a 
single center but by two bodies, as described in Sec. 
II(d). The evidence is so striking that we are going to 
analyze these events in a slightly different manner, 
more adjusted to the model. 

Instead of considering all the relativistic particles 
produced in the collision together, let us divide them 
into two groups: the forward group, 6,, and the back- 
ward group, 52 (the narrow and the wide cones). 

Let m; and mz be the number of particles falling in 
each group" and let us analyze them in terms of log tanO 


18 The symmetry between the two nucleons in the c.m. system 
suggests that, in first approximation, 2;~n3: however, especially 
when the total number of secondaries is small, large fluctuations 
can be expected. The subdivision of the tracks into the two 
categories must be decided upon inspection of the F/(1—F) plot. 
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Fic. 3. The log[F:/(1—F;) ] and log[ F2/(1—F:) ] plots of the events of Fig. 1 that show two separate branches. 


versus 
where 


log F:/(1—F1)] and versus logl F2/(1—F:2)], 


F,= (No. of particles in }; within @)/m, 
F,= (No. of particles in b, within @)/ne. 


The results are plotted in Fig. 3. 

The fact that the experimental points in Fig. 3 lie 
quite consistently along straight lines shows that the 
distributions of the particles in each group is not zero 
at 0=2/2. The isotropy in each group would correspond 
to a slope of 2. The average value of the slopes of the 
forward jets plotted in Fig. 3 is 2.0 and that of the 
backward jets is 2.1." 

Among the cases examined in Fig. 2, four (Bristol 1, 
3, 5, and 7) do not show the two branches. These could 
be cases of composite collisions; this is particularly 
suggested by the first two. The other two are more 
likely the result of anomalous fluctuations in the 
distribution of the ionizing secondaries. 


(c) Composite Collisions 


In Fig. 4 we have analyzed some jets likely produced 
in composite collisions because the number of heavy 
prongs is high and/or because the primary is not singly 
ionizing. It is gratifying to find that in most of them no 


4 Note that a cos™# distribution, in the plot of Fig. 3, would not 
give two straight lines, but instead for }; a line bent to the left in 
the upper part of the figure, and for bz a line bent to the right in 
the lower part. Looking at the experimental points, this does not 
seem to be the case. 

5 The possibility also exists that for some cases ¥»~ 1. 


structure is visible, and the secondary particles are 
distributed with continuity over all angles. In the 
examples of Bern and of Bristol, however, it would be 
possible to separate the forward and the backward 
branches. Presumably, notwithstanding the interaction 
with several nucleons, especially the forward jet manages 
to maintain some of its structure. This is also often 
observed in collisions due to alpha particles and to 
singly ionizing particles with several heavy secondary 
prongs (not reproduced in Fig. 4). 

The analysis of all these cases is very complex and, 
at least for the time being, it seems impossible to utilize 
them for studying the properties of N-N collisions. 


(d) Secondary Collisions 


In Fig. 5 we have collected 8 cases of high-energy 
(> 1000 Bev) secondary collisions, i.e., jets produced by 
particles generated in another jet in the same stack, 
irrespective of the number of heavy prongs and of the 
charge of the secondary. 

Some show the two-branched structure, some do not. 
This inhomogeneity makes it very difficult to interpret 
these events. E.g., are the cases where a single branch is 
observed examples of emission from a unique center in 
the c.m. system, or of emission of secondaries by one 
“body” only? Questions of this kind are here pertinent, 
because many of the secondary interactions must be due 
to mesons, and could be fundamentally different from 
N-N collisions. Besides, it always remains to be decided 
whether the collisions are single or composite. 
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This situation is very unfortunate, because it makes 
it impossible to utilize these interactions for studying in 
detail how the energy is distributed among the most 
energetic secondaries. 


IV. EMPIRICAL MODEL 


The results of the previous chapter suggest the model 
for V-N collisions described in Fig. 6, where the nota- 
tions are equivalent to those used in Sec. II. 

In the c.m. system, after the collision, four units are 
present: the two original nucleons, identified with the 
subscript a, traveling in opposite directions with Lorentz 
factors Ya, and two clouds of particles, 6; and 62, whose 
c.m. move in opposite directions with Lorentz factors 
¥». From these two clouds, ; and mz (m=z) particles 
emerge, mesons and nucleons, with an angular distribu- 
tion roughly isotropic in the } system, each of them 
having, on the average, momentum (p)=1 Bev/c. 

The average transverse momentum for all the 2;+-72 
particles is thus, also in the LS'® 


(pi) = (x 4){p)=0.78 Bev ‘c. 


The Lorentz factors of the particles in the 6 systems 
vary from ~7 for x mesons to ~ 2.5 for K mesons and 
~1.5 for nucleons. The asymptotic formula (1) we are 
going to use can thus be expected to be at fault, espe- 
cially for the nucleons; however, the general features of 
the collision depend mostly on the mesons, that seem 
the preponderant product, and for them the approxima- 
tion is not very bad. 

In the LS the two branches of secondaries give rise to 
the narrow jet (b,) and to the wide jet (b2). Their 
Lorentz factors, in the LS, can be evaluated with the 
help of Eq. (3). Since the distributions of the m, and m2 
particles is isotropic in each of the 6 systems, the analysis 
of the two jets in terms of log tanO versus log[ F1/(1—F)) ] 
and log[ F2/(1—F 2) ] is expected to give two straight 
lines with slope ~ 2. 

One cannot insist too strongly on the isotropy in the 
b systems (the slope of 2) when mj,» is not large, since in 
that case the emission of nucleon pairs and of heavy 
mesons could presumably introduce great disturbances." 
However, the criterion of requiring at least two separate 
bunches of particles is essential. 

The information about the interaction is thus reduced 
to the three numbers: yo1, Yo2, and .V, the total number 
of ionizing particles. Following the current belief that 


'6 Actually the experimental evidence discussed thus far only 
requires a transverse momentum of ~$Bev/c and a quasi- 
isotropic distribution in the 6 systems. The energy distribution in 
these systems could be different from that assumed, and besides 
could depend on the nature of the particles emitted. Only energy 
measurements of the secondaries can determine whether our 
choice, besides being the simplest, is also reasonable. Unfortu- 
nately, as will be discussed in Chap. V, the energy measurements 
available thus far are not sufficient for deciding this question. 

17 The narrow jet is expected to include also the two original 
nucleons (a; and a); since these are moving at small angles to the 
Z axis, their contribution tends to decrease the slope of the 
narrow jet. 
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most of the secondaries are mesons and that ~ § of them 
are neutral, we shall put 


N=2(m+n2). (4) 
From these numbers it is possible to deduce y., ¥», Ya; 
and p, the inelasticity of the collision. 


From the relativistic transformations, one finds 


¥01=VeFo(1+B-Bs) 


Y02=VeFo(L—BeBo) >(y¥e+F0?)/Y01, 


where, in the second equation, we have put B= 
1— (1/2y’). Solving for y. and 7», one obtains 


P = (Y br 52)3, 
Vo= L(y 51 Yo2)}. 


The inelasticity parameter is 


total energy in the two “‘bodies” 
p= Se rererennens ig etree, 
total energy in the c.m. system 


In first approximation the total energy of each particle 


.in the 6 systems is ~1 Bev ~1Mc*. Then, remembering 
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Fic. 4. The log[F'/(1—F)] plots of the events that could be 
examples of composite collisions. Not all the secondaries are 
plotted whenever their number is large. Bombay C1: Lal, Pal, 
Peters, and Swarmi, Proc. Indian Acad. Sci. 36, 75 (1952). 
Rochester C1: Bradt, Kaplon, and Peters, Helv. Phys. Acta, 23, 
24 (1950). Bern C1: Hanni, Lang, Teucher, and Winzeler, Nuovo 
cimento 4, 1473 (1956). Bristol C1: Edwards, Losty, Perkins, 
Pinkau, and Reynolds, reference 11; and D. Perkins (private 
communication). Torino Cl and C2: G. Wataghin (private 
communication), 
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Fic. 5. The log[’/(1—F)] plots of jets produced by energetic secondaries of other jets. Bristol $1, 52, 53: Edwards, Losty, Perkins, 
Pinkau, and Reynolds, reference 11, and D. Perkins (private communication). Torino $1, $2, $3, S4: G. Wataghin (private communi- 


cation). Minnesota S1: S. Freier (private communication). 
(4), one deduces 
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Large values of p are thus associated with large aper- 
tures, in the LS, of the backward cone; the reason is 
that, if p is large, the b bodies move fast in the c.m. 
system, and 5, then moves slowly in the LS. 

In the same way, there follows 


Va=Ve—4(m+n2)F¥o=y-(1—p), 


and 
Va2=1+4p/(1—p)~1. 

The second equation in (7) is obviously wrong, as a 
consequence of the use of asymptotic equations; how- 
ever, Ya2 is expected to be always rather small. 

In the LS, the energy of the particles in the two jets is 
related to their angle of emission in the 6 systems, #, by 
the relation (8~1) 


E=v7»;(1+cosd;) Bev, 
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Fic. 6. A schematic diagram of the empirical model. The equations 
are justified in the text. 


where i=1, 2. The relation between #; and the corre- 
sponding angle 0 in the LS is given by Eq. (1), here 
rewritten as 

tanO= (1/y»,;) tan(#;/2). (9) 


If average energies in the LS are considered, the 
particles emitted in the forward quadrants of each of the 
two bodies have (Eforwara)=%ysi Bev, while for the 
backward quadrants (Epackward) = 270i Bev. The ratio, 


(Etorward) ‘(Epackward) = 3, (10) 


is independent of the value assumed for the average 
energy of emission of the secondaries in the frame of 
reference of each b body (1 Bev in this article). These 
quantities can be directly compared with the experi- 
mental results. 

The transverse momentum is instead 


pi~voi(1+cosd,) sind 
Bev 


2 
=n(— norseserwonenens ) sind —, 
1+tan?(d,/2) c 
and for angles for which sinO=tanO, using (9), 


2 
—— Bev/c. (11) 


1/(yo; tanO)+7,; tanO 


If the emission in the -centers is isotropic, relation (2) 
holds for each center of emission and 


1-—F; } F; 4 
nal) ee) ow 
F; i—F; 


Ninety percent of the secondaries (F;=0.95) are thus 
expected to have 1 <p, £0.43 Bev/c. 
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TABLE I. Characteristics of the events of Fig. 3. 


Event ybi 


3200 
230 
190 

4000 
160 
120 
110 
130 
220 

15 000 


0+ 20p 
0+22p 
0+14p 
0+13p 
1+21p 
0+16p 
0+16p 
0+32p 
0+4p 
(+27) 
0+16p 
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The model described here does not differ from that 
proposed by Takagi‘ as far as the assumption of two 
centers of emission of the secondary particles is con- 
cerned; it differs substantially from it, however, in 
insisting that all the secondaries have approximately 
the same momentum and that the two originary nu- 
cleons persist after the interaction. It is thus possible 
to define unequivocally the inelasticity of the collision. 

However, our model can be considered also from 
another point of view. Instead of giving the two fire balls 
a separate existence, they could be thought of as two 
bunches of secondaries emerging from a common center 
of interaction (the point of maximum approach between 
the two nucleons), in opposite directions and with 
relatively small spread in angle and energy—the 
equivalent of two collimated beams of particles with 
small energy straggling. The 6 bodies would, in this 
case, be the centers of momentum of the two beams, 
and represent a convenient way of visualizing a very 
anisotropic distribution of particles coming out from 
a single center. This way of thinking could perhaps be 
reconciled with the model suggested by Heisenberg! or 
with that suggested by Lewis, Oppenheimer, and 
Wouthuysen.’ 

V. DISCUSSION 


Table I has been constructed with the 12 events of 
Fig. 3 interpreted as examples of V-N interactions ac- 
cording to the model presented in Chap. IV [Eqs. (5) 
and (6) }. 

With such a limited sample it is impossible to see any 
correlation among the various parameters. It would also 
be dangerous to consider a sample of this kind as 
unbiased, since both the way the plates are scanned 
searching for jets and the criteria that prompt their 
publication are still somewhat personal. 

Several comments are pertinent. 

In interpreting these interactions with our model it 
must be realized that some of the consequences are 
purely ‘‘geometrical,”’ i.e., follow from the fact that the 
secondaries are emitted isotropically from each of the 
two b bodies; others instead are “dynamical,” i.e., 
depend on how the energy is shared among the second- 
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aries. While the geometrical description is on rather 
sound ground, since it follows directly from the existence 
of the two branches in the log[ F;/(1—F;) ] plot (Fig. 3) 
and from the value ~2 of the slopes, the dynamics could 
be substantially different from that here postulated, 
provided it satisfies the constancy of the average 
transverse momentum. 

Considering first the “geometrical” aspects of the 
examples of Table I, the values of 7, seem to cluster 
around 4 though large deviations are present. The 
number of secondaries seems to be characteristically 
15-20, for energies around 10”— 10" ev.!8 

The evaluation of the inelasticity parameter, p, in- 
volves dynamical assumptions. The fact that in some 
cases p turns out to be larger than 1 could be an indica- 
tion that our choices are wrong. However, large fluctua- 
tions both in the number of neutral particles produced 
and in the average energy per particle are expected in 
individual cases, and could be the cause of the anoma- 
lous results." The other values of p span all the range 
from 0.1 to 1. No obvious correlation seems to exist 
between p and the number of secondaries. 

The real test of the dynamical assumptions can come 
only from accurate measurements of the energy of the 
secondaries; these measurements could check Eqs. (8) 
and (11). Unfortunately, the situation, for the time 
being, is not favorable, as discussed below. 

The energy of a secondary can be estimated by the 
following methods: 


(a) for particles of sufficiently long lifetime, from the 
analysis of the interactions that the secondary oc- 
casionally produces while crossing the rest of the stack ; 

(b) for rs, from the analysis of the electromagnetic 
cascade produced by the two photons into which they 
decay ; 

(c) for all ionizing particles, from the measurement of 


8 The values of the primary energies given by our model do not 
practically differ from those obtained with the classical method, 
since both are based on the symmetry of the collision in the c.m. 
system. 

9 Also the value of 1 Bev chosen for the average energy per 
particle in the 6 systems could be too high. A value around } Bev 
could give a better agreement with the available data. 
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their scattering, either absolute or relative to another 
particle belonging to the same jet. 


Method (a), as discussed in Sec. III(d), can give only 
orders of magnitude. Method (b) is perhaps the most 
reliable, when the energy is large (> 10" ev) but thus far 
it has been utilized only for few x°’s emitted by the jets 
of Table I. Method (c) can have the widest application 
and is particularly useful when applied to the particles 
emitted backward, in the c.m. system, which in general 
have relatively small energies in the LS. Unfortunately, 
for these particles absolute scattering measurements 
must be used, as they rarely are found in close pairs, 
and the emulsion distortions can introduce systematic 
errors. 

Coming to the actual measurements, in the Chicago 1 
event, the momenta of all particles in the wide cone 
were deduced from their absolute scattering and found 
to range between 0.3 and 6 Bev/c (average ~2 Bev/c) 
while from Table I the expected momenta are around 
20 Bev/c. This could be a serious discrepancy if one 
could be sure that emulsion distortions have not im- 
paired the measurements. As a matter of fact, this 
doubt exists, since the average transverse momentum of 
these particles, as deduced from the scattering measure- 
ments, turns out to be 0.09 Bev/c, at least 5 times 
smaller than the expected average. 

The secondaries of Bristol 4 are all measured icine are 
x's) and the energies in the narrow cones are around 
3000 Bev while the expected average is 10 000; those in 
the wide cone are ~3 Bev, in agreement with the ex- 
pected value. There is also indication that, in each 6 
body, the energy of the particles going forward is larger 
than that of the particles going backward. 

Three secondaries in the forward cone of Bristol 2 
give energies around 450 Bev [method (a) ] against the 
expected 220. 

Keeping in mind the uncertainties of the energy 

neasurements and the possibility of fluctuations in the 
energy distribution among the secondaries, the situation 
does not seem hopeless, though there is as yet no 
conclusive check for the model. 
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As a final comment, the most interesting feature of 
the model is the possible presence of the two fire 
balls detached from the originary nucleons and from 
which the secondaries, all with about the same mo- 
mentum, emerge. It suggests that the final products 
of .V-N interactions are rather insensitive to the primary 
energy, once the ultrarelativistic region is reached, as 
the high-frequency components of the interactions never 
succeed in emerging from the region of interaction. 

A conclusion of this kind could have the practical 
consequence of removing some urgency to the building 
of accelerators of always higher energies. It would in 
fact make it plausible that the present panorama of the 
elementary particles is already rather complete, if by 
‘particle’ we mean a property of matter that lasts long 
enough to be singled out. 
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The mass of the 2° hyperon is obtained from a single associated production event in which both strange 
particles are observed to decay. The event is unusual, first because the 2° hyperon decays directly into an 
electron-positron pair plus a A, and secondly because all the tracks are long and of higher-than-average 
quality. The value of Qy obtained from this event is 76.4+3.3 Mev, where Qs=My°— Ma. For M,y=1115.2 
+0.14 Mev the mass of the 2° is 1191.6+3.3 Mev. Upon averaging this value with the existing measurements 
of Alvarez et al. and Eisler et al., one obtains Qs =75.3_; 4*°* Mev and hence My°=1190.5_,.4*°* Mev. 


INTRODUCTION 


URING an investigation of the production and 

decay characteristics of hyperons and K mesons 
in a liquid-hydrogen bubble chamber, a single event of 
particular interest was found that enabled us to deter- 
mine the Q value of the 2°-as 76.443.3 Mev. The Q 
value is defined as Qs°=My°—M,. Using My=1115.2 
+0.14 Mev,! we obtain My°=1191.6+3.3 Mev. 

Figure 1 shows a photograph of an associated pro- 
duction reaction produced by an incident pion (track 
No. 1) of 1.085+0.015 Bev/c momentum. The primary 
reaction that occurs at the point A is r-+p—2°+K°. 
The ° decays directly into an electron-positron pair 
(tracks 8 and 9, respectively), and a A (neutral track 
No. 2). The A subsequently decays at point “A” into a 
x and a proton (tracks 6 and 7, respectively).? Finally, 
the associated K® (neutral track No. 3) decays at the 
point “A°” into a mw and a m* (tracks 4 and 5, respec- 
tively). 

Feinberg calculates that for equal relative parities 
of the =° and A particles, the 2° should decay by internal 
pair creation, 2° —A-+et+e-, in 1/184 of the time (and 
1/165 for opposite parities). We have observed over 
100 events in which the 2° decays by its normal mode 
y°—-A+y. The one event that we have seen is therefore 
consistent with the predicted number. 

Strictly speaking, the Q of this reaction would be 
M;x°—2M,—A. However, we have in this paper defined 
Q as just O=My°— My, to conform with the definition 
of Q for the normal decay mode. 


MEASUREMENTS 


As far as over-all quality of the tracks is concerned 
this event is above average. All tracks (including the 
neutral ones) are long and enable the angles as well as 
the momenta to be measured with higher than normal 
accuracy. However, no matter how high the quality of 

* This work has been performed under the auspices of the 
U. S. Atomic Energy Commission. 

1M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407. 

2 This event is similar to an event reported by Eisler ef al. 
which gave a Q value of 80+5 Mev [Eisler, Plano, Samios, 
Steinberger, and Schwartz, Nevis Report 60, R-198, December, 
1957 (unpublished) }. 

3G. Feinberg, Phys. Rev. 109, 1019 (1958). 


will not perfectly 
therefore, 
until one 


the tracks, the measured values 
conserve momentum and energy. It is, 
necessary to vary the measured values 
obtains an internally consistent set of values. 

The fitting is done piecemeal first by forcing tracks 
3, 4, and 5 to fit the decay of a K°, subject to the 
condition that 


v=>: a;(a;— B;)* 


should be a minimum. 

Here 8; is the adjusted “least-squares” value of a; 
and ga; is the mean square measurement error for 
the quantity a;. For the charged tracks, namely 4, and 
5, a; represents both momentum and angle measure- 


Fic. 1. Associated production reaction r~+p->2°+K°. The 
incident pion (track No. 1) produces a 2° and a K° at point “A.” 
The 2° decays immediately into an electron-positron pair (tracks 
8 and 9, respectively) and a A (neutral track labeled No. 2). 
The A subsequently decays at point “A” into a r~ (track No. 6) 
and a proton (track No. 7). The Ko (neutral track No. 3) decays 
at point “K°” into a x (track No. 4) and a w+ (track No. 5). 
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ments, whereas for the neutral track 3, a; represents 
only angle measurements. The momentum of the K° 
determined in this way will be referred to as px“ 5». 

A similar “least-squares” fit is made on tracks 2, 6, 
and 7 to fit the decay of a A of mass 1115.2 Mev into 
a proton (mass=938.21 Mev) and a x (mass= 139.69 
Mev).! The A momentum determined by this least- 
squares method will be referred to as py‘’5» 

The next step is to add the measured electron and 
positron momenta vectorially. This momentum will be 
called p,:®. Now, from the vector addition of p,,° 
and pa‘"-S), we obtain the 2° momentum, pz‘":5», 

The measurement of the incident *~ momentum 
from the curvature of its track (No. 1) is completely 
disregarded because of the very large error associated 
with the curvature measurement of such high-momen- 


TABLE I. Measured and adjusted quantities for particles.* 
Momenta in Mev/c. 


Final adjusted 
values 


Least-squares 
values 


384.349 


115.3° 
21.3° 


Measured 
values 


Particle 


Quantity 
Ke pK 
(track No. 3 v3 115.3+0.3° 
As 21.7+1.2° 





Same as 
least-squares 
values 


bs 387.9477.9 


c 
(track No. W 101.1+0.3° 
Na 9.4+2.0° 


418.8 
101.1° 
Zi" 


Same as 
least-squares 
values 


119.3 


226.5° 
rH 


Same as 
least-squares 
values 


xt bs 117.0465 
(track No. Vs 226.5+0.3° 
As 25.341.2° 


A pA 651.4430 
(track No. ve 102.7+0.3° 102.7° 


~ co 


Ae 6.541.2° ia 


202.2 
98.4° 
24.0° 


654.8+ 20 
102.7° 
7.4° 


™ Pe 206.94 15.2 
(track No. ve 98.4+.0.3° 
Ae 24.341.2° 


461.9 
104.4° 
0.3° 


at 477.5+63.9 
(track No. 104.5+0.3° 
0.8+1.2° 


e = 23.241.1> 
(track No. 73.740.3° 
4.0+1.2° 


e* p 90.743.9> 
(track No. 9) 65.3+0.3° 
23.4+1.2° 


Same as 
measured 
values 


Same as 
measured 
values 


Same as 
measured 
values 


“pr?’=ett+e-— ss Ppr = 112.1 4.0 
Vopr 67.0+0.3° 


Apr —«*19.70,9° 


pr 745.0+30° 
vz 97.9° 
Ay 9.5° 


748.3420 
97.9° 
9.4° 


1082.0+ 15¢ 
103.6° 
—0.9° 


1085.4+ 15 
103.6° 
—0.9° 


Incident x 
(track No. 1) 


Pine 
Vine 
Aine 


103.7+0.3° 
—0.9+1.0° 


« All momenta have been corrected for ionization in the liquid hydrogen. 
The quantity ¥i is the azimuthal angle measured in the plane normal to 
the magnetic field, with y =0° corresponding to a track going from left to 
right in Fig. 1; Ai is the angle at which the track dips out of this plane. 

> Corrected for radiation loss as well as ionization loss. 

¢ Obtained from momentum conservation alone, 
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tum tracks. However, the direction of the incident 2, 
designated by the unit vector Pine, is used. 

The three vectors Pine, px’ S?, and ps8. in 
general will not be coplanar and therefore will satisfy 
neither momentum nor energy conservation. In general 
these three quantities should be varied in such a way 
that a x? function analogous to that one used in fitting 
the A and K® decays be a minimum. However, by a 
fortuitous circumstance, momentum and energy con- 
servation can be achieved by (a) varying Pine by 
only 0.02° in dip (1/50th of a standard deviation) and 
0.12° in azimuth (4 of a standard deviation), and (b) 
changing pa‘’ 5» by 3.4 Mev/c (1/20th of a standard 
deviation) in magnitude and 0.1° in dip angle (~1/10th 
of standard deviation), with no change in azimuth. 

In order to summarize the values of the measured 
quantities as well as to display how these values were 
altered, the momenta as well as the azimuth and dip 
angles are tabulated in Table I. Table LI summarizes 
the included angles between the pertinent momenta 


) 


TABLE IT. Space angles. 


— 
Our =COs "Pu Py (degrees) 
Least-squares 
values 


23.4+1 
8.4+1. 
21.0+1. 21.0 
16.8+1.: 16.8 
4.2+0.4 » 4.2 
36.5+0.4 36.6 
31.4+0.7 
5.2+0.7 
11.8+1.5 


Measured 


values 


23.7414 
7.5+1.4 
21.0+1.5 
16.8+1.5 
4.2+0.4 
36.9+0.4 


Final adjusted 
values 
23.4 

8.4 


2 
2 
5 
5 


before and after the final adjustment. Here y; is the 
azimuthal angle measured in a plane normal to the 
magnetic field and \; is the angle by which the track 
dips out of this plane. A track with y;=0° and \;>0 
would move from left to right and upward out of the 
paper. 

MASS DETERMINATION 


The rest mass in Mev of the Y° is simply My° 
= (EY—cps*)!, where Ey=E,,+F,. From the final 
adjusted values given in Table I and using the value 
for the A mass of 1115.2 Mev,! we obtain Ey= 1407.1 
Mev and py=748.3 Mev/c. 

From these values one obtains for the value of the 
>° mass, My*=1191.643.3 Mev and Oy°=Ms°—My, 
= 76.4+3.3 Mev. 


‘For the purpose of interpreting errors, it is much more in- 
formative to express the Q value directly in terms of the measured 
quantities Ppr, Pa, and CoS#pr4. Here Opra is the angle between 
Ppr and pq. After suitable approximations (for this event only), 
we have 


Os (Ppr/Ma) (ps? +Mz*)t— pa cosOpra], 


from which we obtain 


OE e=eICY 





vo 


This value of Os® when averaged with the following 
existing determinations of the O value, Oy°= 71.7_7,:77 8 
(Alvarez ef al.®) and Oy°=77.4+3.5 (Eisler et al.) 
gives as the value of Qs° 


Os9=75.3_1.4'° Mev, 


with a mass of 


Ms°=1190.5_, 4+? Mev. 


To obtain this average Q value, two values with 
Gaussian likelihood, functions must be averaged with 
a value that has a skew likelihood function. The 
likelihood function for the average Q is just the product 
of the three individual likelihood functions. 

For ease in forming this product, we averaged the 
value of Eisler e/ al with ours to give a composite 
value of O’=76.9+2.4 Mev, which of course is still 
Gaussian. This function together with the function of 
Alvarez et al.® (neither of which is normalized) is shown 
in Fig. 2. Also shown in Fig. 2 is the final likelihood 
function. Each shaded area of this function represents 
0.159 of the total area under the likelihood function. 
This is just the fraction of the area that lies beyond 


one rms displacement on a normal Gaussian distribu- 
tion. The boundaries of the shaded regions then form 
the upper and lower error bounds. The average Q 
value, which is indicated by the vertical arrow, is then 
just that value that splits the unshaded area into equal 


parts. 


and 

5Q rns Of (6Ppr/Ppr)?+6.43 X 10°? (6 pa/pa)?}t. 
From the last expression, one can see that the error in Q comes 
almost exclusively from the measurement of the electron pair 
momenta. The latter’s error in turn comes primarily from multiple 
Coulomb scattering and, secondarily, from turbulence. 

5 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Schmitz, 
and Tripp, University of California Radiation Laboratory 
Report UCRL-3775, July, 1957 (unpublished). This Q value 
was obtained by the use of the 2°— =~ mass difference reported 
by these authors, the 2~ mass of 1196.5+0.5 Mev, and the A 
mass of 1115.20.14 Mev.! 
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Fic. 2. ° mass likelihood functions. Our Gaussian Q value and 
that of Eisler et al.2 are averaged together to yield the Gaussian 
distribution represented by the solid curve. This composite 
Gaussian likelihood function is then combined with the likelihood 
function of Alvarez ef al.5 which is represented by the dashed 
skew curve to give the final combined likelihood function indicated 
by the heavy solid line. From the final likelihood function this 
average Q value is determined as Qy°=75.3_1,.4*°* Mev. 
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The basic algebraic structure of the Maxwell equations (in a particular form) is first abstracted. This 
structure is then used as a model for wave equations for other massless particles. Gauge-independent wave 
equations of Dirac type (more precisely, of Pauli type) are thus found for every half-integral positive spin. 
Multiple-spin equations of Dirac types are also found. The single-spin equations are then quantized. The 


infinite-dimensional equations are not considered. 


1. INTRODUCTION 


ANY papers have been written on wave equations 

for massless particles of arbitrary spin.! Most of 

these approaches utilize spinor analysis with the result 

that the equations so derived are complicated in ap- 

pearance. Also, although spinor notation facilitates 

quick derivation of wave equations, it frequently ob- 
scures the underlying structure of a theory. 

The present theory is an algebraic (nonspinor) one 
which takes the photon as a model for all massless 
particles. Most important, however, is the fact that the 
wave equations yielded by this theory have an ex- 
tremely simple and usable form, namely the Dirac form 


a,V~=0, (u=0, 1, 2, 3) (1.1) 


where the a’s are square Hermitian matrices satisfying 
Lai,a; |, = 26:3, (1.2) 


Besides being simple in form, these equations have 
the following desirable properties: 


(i, j=1, 2, 3). 


(1) For every positive half-integral spin there is an 
equation. 

(2) The dimension of the matrices of the spin s 
equation is only 4s. 

(3) The equations are gauge-independent; i.e., only 
transverse particles (or states) enter the theory. 

(4) The spin } and spin 1 equations are the (2- 
component) neutrino and photon equations, respec- 
tively. 

(5) Massless particles with more than one spin state 
can also be described by these equations. 


2. MAXWELL EQUATIONS 


It has been shown by Moses? that the Maxwell equa- 
tions can be written in a gauge-independent, Dirac-like 


* A preliminary report of this work was made at the 1958 New 
York Meeting of the American Physical Society [J. S. Lomont, 
Bull. Am. Phys. Soc. Ser. IT, 3, 36 (1958) }. 

1 See the reference list in the book by E. M. Corson; Introduction 
to Tensors, Spinors, and Relativistic Wave Equations (Hafner 
Publishing Company, Inc., New York, 1953), p. 177. 

2H. E. Moses, Suppl. Nuovo cimento 7, 1 (1958). 


form. If? 








0 


V+=0/dx,, w= (0,1,2,3), (2.3) 


m= l, m1=2, (2.4) 
then the free-field Maxwell equations can be written 
a, V4=0. (2.5) 


The a’s are Hermitian and satisfy the Dirac anti- 
commutation relations‘ 


(aia; |, = 26;;, 


and the relations 


(i, j=1, 2, 3) (2.6) 


(cycl. 1, 2, 3). (2.7) 


Q102= 103, 
Equations (2.6) and (2.7) imply: 
[a1,a2 |= 2ias (cycl.), (2.8) 


and conversely (2.7) and (2.8) together with the fact 
that a?=TJ imply (2.6) 


3 We take c=h=1, —goo=g11= 822 = f33= 1. 
4 Greek indices run from 0 to 3; Latin indices from 1 to 3. 
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DIRAC-LIKE WAVE 


If under the infinitesimal Lorentz transformation 
(2.9) 
(2.10) 


bx *= wg, ,X", 
qw># — wr 
y transforms according to the equation 
by a pw""K yw, 
Ky, a Ky, 


(2.11) 
(2:42) 


where the six independent K,,’s are 4X4 matrices, then 
it follows that the K,,’s and ay’s satisfy the commuta- 
tion relations 


[ Kyvn |= —ay (grat groan) tar(gurtguoar). (2.13) 


These relations are also satisfied by the a’s and K’s of 
the Dirac electron theory. Since the K’s are the infini- 
tesimal transformations of the Lorentz group they must 
also satisfy the commutation relations 


[Ka Ky» ] — — gruK wt grK ap 


+ ZeuK r»— Bev ry. (2.14) 


3. GENERALIZATION 


The basic algebraic structure of the Maxwell equation 
of the preceding section will now be extracted to provide 
a basis for describing a large class of Dirac-like wave 
equations for zero-rest-mass particles. 

The wave equations will be assumed to be of the form 


a,Vy=0, (3.1) 


where y is a column matrix, the a’s are Hermitian 
matrices of the same diménsion,® 


(3.2) 
(3.3) 


oe = 


and 


(3.4) 


a1a2= tas (cycl.). 


From (3.4) together with the Hermiticity of the a’s it 
follows that 


[a1,a2 |. = 2ias (cycl.). (3.5) 


Furthermore, if under the infinitesimal Lorentz trans- 
formation 
(3.6) 


(3.7) 


bx = w*g,,,0”, 
w= — wr 
the wave function y transforms according 
by = —jw"K,y ’ 
Ky= = Kp, 


(3.8) 
(3.9) 
then the K’s must satisfy the commutation relations 


(3.10) 


CK uray ]-= — ay (Zor t+ grr) tay (ZurtZuoerr), 
(Ka,Ky = — grpK ot grK ut Sauk ho Sav rp. (3.11) 


5 7 is the unit matrix of appropriate dimension. 


EQUATIONS 1711 
These equations describe the structure of the theory to 
be investigated. 

Equations (3.3), (3.4), and (3.5) of course imply the 
Dirac anticommutation relations 


(aia; ], = 26;;. 


The condition (3.4) on the a’s differentiates these a’s 
from the Dirac (or nonzero rest mass) a’s because it can 
easily be shown® that there is no Hermitian matrix f (of 
the same dimension as the a’s) such that 


(3.12) 


=I, (3.13) 


[B,a;],=0. 


The @ matrices used here might be called Pauli a 
matrices because of the analogy to the Pauli spin 
matrices. 

The wave Eq. (3.1) can be written in Hamiltonian 
form as 


(3.14) 


Hy=1(dy/ dt), (3.15) 
where 

H=-ia:¥. (3.16) 
Since 


H?=—-—V’? (S47) 


it follows that y satisfies the zero-rest-mass Klein- 
Gordon equation 

(3.18) 
where 


LJ=V?—Ver= VV,. (3.19) 


Finally, the covariance of the wave Eq. (3.1) under 
the proper, orthochronous, homogeneous Lorentz group 
can be demonstrated. 


5(a Vy) = ay(6V*)\~+a, Vy 
= ano gu VY— 0rV ow" K yp 
= {wg,.0,V"’— fw""K arn, V* 
— Fwy (grr+gr00r) V* 


+ 3u0""ay(gurtguoar) Vy 
(3.20) 


4. LIE ALGEBRA @ 


From (3.5), (3.10), and (3.11) one sees immediately 
that the 9 matrices Q1, G2, A3, Ko3, K3, Kis, Ku, Koo, 
Kos, form the basis of a Lie algebra @. All possible 
matrix forms of the a’s and K’s can therefore be found 
by finding all representations of this algebra. Since the 
algebra @ is semi-simple [as is shown by (4.8) ] the 
representations of @ are all direct sums of irreducible 
representations. Therefore, only the irreducible repre- 
sentations need to be found. It must be born in mind 
that only those representations satisfying the condition 
(3.4) are usable. 


6 T am indebted to H. E. Moses for pointing this out in a private 
discussion. 
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If we let 

(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 


K= (K23,Ks1,K1), 
R= (Koi,Ko2,Kos), 
M=K-+ die, 
M=K+ Fa, 
(Mo3,M 31,My2)=M, 
(M 01,M 02,M 03) =M, 


then the M,,’s satisfy the commutation relations of the 
Lie algebra £ of the Lorentz group 


[Mir,M yy |] _ —2rpM et grrM ep 


+ £euM y»— 20M yy. (4.7) 


Furthermore, the M,,’s commute with the a’s, and 
the a’s form a basis of the Lie algebra ® of the three- 
dimensional rotation group. Hence, the Lie algebra @ of 
the a’s and K’s is the direct sum of the two Lie algebras 
£ and &, 


@=L4R. (4.8) 


This relation essentially reduces the study of @ to the 
study of the well-known algebras £ and @. 


5. IRREDUCIBLE REPRESENTATIONS OF ( 


In this paper attention will be restricted to the finite- 


dimensional irreducible representations of @. These can 
be constructed from the finite-dimensional, irreducible 
representations of £ and & very easily. 

The irreducible representations of £ can be labeled 
by two discrete indices m, n=0, 3, 1, 3, --+. The 
irreducible representation A»,, has dimension (2m-+1) 
X (2n+1). The irreducible representations of ® can be 
labeled by a single index j7=0, 3, 1, }---. The irreducible 
representation A; has dimension (2j+1). If 

M,,—D™™(M,,) in Ama, 


(5.1) 


a—D(a,;) in Aj, (5.2) 


then 
(5.3) 


(5.4 


M,,—-D™™” (M,,)@1I™, 
al ™@D™ (a), 


where J‘ and J‘: are the (2j7+1)-and(2m+1)(2n+ 1)- 
dimensional unit matrices, respectively, in an irreducible 
representation of @. Furthermore, every irreducible 
representation of @ is of this form (for some m, n, j). 

The restriction (3.4) means that the usable matrices 
D(a;) must also form an irreducible representation of 
the Pauli ring. Since the only irreducible representation 
of the Pauli ring is two-dimensional, only the irreducible 
representation 

a—D® (a;) (5.5) 

of ® is usable. 

The usable irreducible representations of @ are 


therefore 
(5.6) 


(5.7) 


M,,-D™” (M,) @1®, 
al” @ D® (ai). 


LOMONT 


For D® (a,) one can take the Pauli spin matrices 


0 1 0 
D(a) =( ), D® (as) ( 
1 O 1 
1 0 
D (a3) ( ) 
0 —!1 


The a matrices (5.7) are now seen to be Hermitian. 
Let us call the usable irreducible representation of @, 


defined by (5.6) and (5.7), I'm, n. 


6. SUBALGEBRA L’ 


The elements A,, of @ generate a subalgebra which is 
isomorphic to the Lie algebra of the Lorentz group, so it 
will be called £’ (to distinguish it from the subalgebra 
£ generated by M,,). When the irreducible representa- 
tion I',,, of @ is restricted to the subalgebra L’ it 
becomes a representation of £’. Let us call this 
“subduced” representation I’;,’,. The question to be 
answered in this section is how I’;;), decomposes into 
irreducible representations of £’. 

To answer this question we shall evaluate the eigen- 
values of the two Casimir operators 


Ci=K?— &?, 
Co=K-&. 


(6.1) 
(6.2) 
These satisfy the relations 
[C1,K yw» |=0, (6.3) 
[C2,Ky» |. =9, (6.4) 


so that in an irreducible representation of £’ they are 
represented by scalar matrices. Let us furthermore 
define 


D,= M?—W, 


(6.5) 
(6.6) 
Then 
C= (M—}ia)*— (M— Fe)? 
= M?—iM-a—je?—ME+M-a—te’? 
= M?—9?— 3—-71(M+ iM) -a, 
C,—D,+3=—i(M+ 1M) - a. (6.7) 
Similarly 
Co— De—32i= —4(M4+ iM) - a. (6.8) 
Using the relations 
[(M-a),(M-a) ],=2D24+2iM-a, 
(M-a)?=M?+iM-e, 


(M- a)? =M?—iM- a, 


(6.9) 
(6.10) 
(6.11) 
one easily finds 


{(M+iM) -@}?=D:+2iD.+2i(M+iM)-a. (6.12) 
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Combining (6.12) with (6.7) and with (6.8), one finds 


(C)—D,+3)?—2(Ci:— Di 4-3) + Dit iD: 0, (6.13) 


A(Cz— D2— 31)?+44(C2— Do— 31) — D,— 21D.=0. (6.14) 


We are now in a position to compute the eigenvalues 
of C,and C2 in the representat ion I’. n- In the irreducible 
representation Amn of £& the operators D, and D, are 
scalar operators (since they commute with M,,), and 
are given by the well-known expressions 


tn(n+1)}T, 
n(n+1)}, 


D\= —2{m(m+1 (6.15) 


D2=i{m(m+1 (6.16 


where J is the (2m+1)(2n+1)-dimensional unit matrix. 
From (5.6) we see that in the irreducible representation 
I'n,n of @ the operators D, and D2 are given by (6.15) 
and (6.16) if J is taken to be the 2(2m+1)(2n+1)- 
dimensional unit matrix. If C; and C» are in diagonal 
form the Eqs. (6.13) and (6.14) become [ with the use 
of (6.15 (6.16 equations for the 


eigenvalues of C; and C». Solving these equations, one 


and quadratic 
finds for the two distinct eigenvalues of C; and of C2 the 
following: 

+n(n-+1)}, 


(6.17 
n(n+1)}, 
;' n+1)}, 
(6.18) 


{ 
i{ )(m 1(n-+1)}. 


Corresponding to each irreducible component of 


In, there is one pair of eigenvalues (71,y2), where 71 
and y2 are eigenvalues of C; and Co, respectively. From 
(6.15), (6.16), (6.17), and (6.18) we see that there are 
only two possible pairs: 

—2{(m+3)(m+3)+n(n+1)}, 

, ; (6.19) 

i{ (m+3)(m+3)—n(n+1)}, 


m+4)+n(n+1)}, 


i{ (m—4)(m+4)—n(n+1)} 


—2{(m—} 
(6.20) 


These two pairs correspond to the irreducible com- 
ponents A,+),n and An), n. Hence 


Pn, n= Amtj, nO Am (6.21) 


This is the desired result. 


7. SPIN 


Let us consider now the subalgebra of £’ generated by 
Ko, Ky, and Ky». Since this algebra is isomorphic to the 
Lie algebra of the three-dimensional rotation group let 
us call it ®’ (the prime distinguishing it from the 
isomorphic algebra ® generated by the a’s). Under the 
infinitesimal coordinate rotation 


éx= —wXx, (7.1) 


the wave function y transforms according to the 


WAVE 


EQUATIONS 


equation 
dy = —w: Ky. (7.2) 


Hence, a knowledge of the matrices representing Kos, 
Kx, and Ky» will tell us how W transforms under a 
rotation, and therefore what the spin of a particle 
described by y can be. The eigenvalues of — A? are in 
fact the possible values of spin of a particle described 

From (6.21) it is seen that under a Lorentz trans- 
formation y is transformed by the representation An+i, n 
Amin. To find how y transforms under a rotation it 
is only necessary to find how these representations 
decompose when restricted to rotations. Let Amy), 
and Am_),n\” be the representations of ®’ “‘subduced” 


by Amsi,n and Am_j,n. Then, since 


Am+-i, 7 Am+4@ An, (7.3) 


Am-3, n°" = Am 


2 


i@An, (7.4) 
where A; is the 
sentation of ®’, 


2j7+1)-dimensional irreducible repre- 
follows from the Clebsch-Gordan 
series that 


A;, 


J 


Aj. (7.6) 


The wave equation will thus in general describe 


multiple-spin particles. 


8. ZERO COMPONENTS OF 


From (2.1) we see that the y for the photon field has 
one component which is zero in all frames. It will now be 
shown that this condition can be generalized in a 
covariant way. 

Let us consider y in the representation in which 
Pin, n°? is completely reduced into An+j, n and Am_z, n, and 
let us require the components of y transforming under 
An—j,n to be zero in one frame. These components will 
then be zero in all frames since they do not mix with the 
nonzero components when transformed. Thus, one can 


require 
X 
y= ‘ 
0 


where x is (2m+2)(2n+-1)-dimensional, and the zero 
part is zero in all frames. 

It must also be shown that (8.1) is valid at all times 
if it is valid at one time. If the Hamiltonian (3.16) is 
expressed in the block form 


(8.1) 


hy 
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Consequently, if y is an eigenvector of H then A unitary matrix U which transforms the representa- 
| (8.4) tion Ps, 0 given by (9.5) and (9.6) into completely 
reduced form can now be given explicitly.* Let 
so that if y is a linear combination of eigenvectors of H, (2s)! 0 0 0 
(8.4) is still valid. Hence, for such a ~ tin 
) ; v 0 (2s—1)! 0 --- O 


oy Hy (") oe. (8.5) = : : : ar 
— = = , o.0 ‘1 
Ot hex 0 ‘0 


and we see that the zero components are zero at all (2s+1)X2s, (9.8) 
times. 
9. SINGLE-SPIN EQUATIONS 

The class of equations defined by putting »=0, and 
the components of ¢ transforming under A,,_,, 0 equal to 
zero will now be considered in detail.’ Furthermore, only (2s)! 
these equations will be considered from here on. For /1 0 0 
clarity the index m will now be replaced by the index 0 wWO0 
s—}: ; ‘oo 


|, (2s+1)X2s, (9.9) 


m+}=s. (9.1) ie (2s—1)4 


Since the nonzero components of y transform under a (2s—1)X2s, (9.10) 
rotation according to the irreducible representation A, 
of &’, the particles described by y have spin s. (2s—1) 0 ees 
The irreducible representation A,_;,0 of Lis given by »,=(—1)* 0 (2s—2) 0 
letting 6 : : A: 0 
M-—>—io(s—}3), (9.2) Vv 
2s—1)X2s. (9. 
M——o(s—}), (9.3) ee 
where o(s—}) is an irreducible 2s-dimensional triplet of 
matrices satisfying Ste: ty 
[01,02 |.=103 (cycl.). (9.4) aia ea ), 


The 4s-dimensional unitary matrix U is defined by 


(9.12) 


1% 


That is, e¢(s—}) is the spin vector matrix for spin s—}3. Te eran “ae 
Using (9.2), (9.3), (5.6), (5.7), (5.8), (4.3), and (4.4) 1 Ke» is given by (9.5) and (9.6) then 
one finds for the representation I’,_;,9 of @ a(s) 0 
uKU-=—i( ) (9.13) 


K->—io(s—})Q@19-HiI- @DM (a), (9.5) Selah 


bs — g(s—1L) QIM—1]-4.9—Q DW 9.6) me 
saith A inal af em), 4) The transformed a’s can be explicitly computed also. 
aI. @ DY (ae). (9.7) The result is 





(9.14) 


(9.15) 
d=—(1/s)e(s—1), (9.16) 


([(2s—1)2s }} 0 0 
0 [ (2s—2)(2s—1) }} 0 
b= —| —(1X2)! 0 [(2s—3)(2s—2)]! --- (9.17) 


(-1)4 


2s 
0 — (2x3)! 0 








7 An equivalent single-spin theory was found by C. L. Hammer and R. H. Good, Phys. Rev. 108, 882 (1957), The Hammer-Good form 
of the Maxwell equations, (Voto-Y)y=0, where ¥;= E;+iH;, was also given by L. Silberstein, Ann. Physik 22, 579 (1907), 24, 783 
(1907), Phil. Mag. 23, 790 (1912), and P. Weiss, Proc. Roy. Irish Acad. A46, 129 (1941). 

8 Reference 1, p. 51. 
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(((2s—1)2s }} 


WAVE EQIlI 


ATIONS 


0 0 


0 [ (2s—2)(2s—1) }} 0 


(1X 2)! 


Ss 0 


The form of o used here is (for spin s) 


Q (12s)! 
| (1X2s 2 Q 
a g [2x (2s—1) ]} 


10 
l: 
For s=4 and 1 these single-spin wave equations become 
the equations for the neutrino and photon fields, re- 
spectively. 

Using the above explicit form of @, one can find the 
eigenvectors of H. If one considers only the nonzero 
components of y and puts 


y= u(k)e**:*, 


(9,23 


then one finds that there are only two states belonging 
to a given momentum k. These are the states with spin 
parallel and antiparallel to k. The corresponding eigen- 
values of H are k and —k&, respectively.’ For the mth 
component of u,(k) one finds 


2s i 
Us, m(k)=[2k(kFk,) |} {( )| 
stm 


X (FP) (RFR), (9.24) 


where 
l=kz-+tk,,. (9.25) 
It should be noted that 


k- ou, (k) = +sku,(k) (9.26) 


and 
u' (k) ue (kK) = 5.6. (9.27) 


9 Denoting the parallel and antiparallel states by + and 
respectively. 


0 [(2s—3)(2s—2) }} (9.18) 


(23)! 0 


0 


[2x (2s—1 


Q 


10. QUANTIZATION 


Let'’ (x,t) be the nonzero part of y and let us expand 
it in the form 


y(x,/) cf en kb, (k)u, (k)et®-*-#9 


+C fae k*'b_t(k)u_(k)e® *+*9), (10.1) 


where C is a constant. Then the following commutation 
(or anticommutation) rules will be shown to be covariant. 


[ 6. (k),b, (1) ]=(b.* (k),6,* (I) J=0, 


| (10.2) 
[d.(k),b,* (1) ]= k6.,6(k—D), 


(10.3) 
where 

€, p=. (10.4) 

To prove the covariance of these commutation rela- 

tions the transformation properties of the w’s!' and 6’s 

will be determined. Let us consider the infinitesimal 


rotation 
k’=k—oXk, (10.5) 
10 The fermion fields have been treated in detail in Rarita- 
Schwinger form by C. G. Bollini, Nuovo cimento 8, 39 (1958). 
Also, all nonzero spin fields have been quantized independently 
by C. L. Hammer and R. H. Good, Phys. Rev. 111, 342 (1958). 
1 T am indebted to Dr. C. L. Hammer and Dr. R. H. Good, Jr., 
for a private communication indicating this line of derivation of the 
transformation property of u,(k). 
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where w is a real 3-vector, and 
h’ =k. (10.6) 
Then, by making use of the commutation relation 
(where A and B are 3-vectors) 
[(A-@),(B-o) |_=iAXB-e, (10.7) 
together with (9.25), one easily finds that 
(k’-@) (1+70-0)u,(k) = esk’(1+t0-0)u,(k). (10.8) 


Hence, u,.(k’) is proportional to (1+iw-o)u,(k). Since 

(1+7%-@) is unitary to first order in o, it follows that 

(1+i@-o@)u,(k) is normalized. Consequently, 

u,.(k’)=e'*(1+i0-o)u,(k). (10.9) 

If one considers now the infinitesimal coordinate rotation 

6x= — @X x, (10.10) 

b)=10- oy, 

one sees that the Fourier expansion (10.1) will be form- 
invariant if 


(10.11) 


6k= —o Xk, 
so that u,(k’) is given by (10.9), and 
b,’(k’) =e ‘*#b, (k), 
b_’t (k’) = e~ ‘#b_* (k). 


(10.12) 
(10.13) 


An arbitrary Lorentz transformation L can be ex- 
pressed in the form 


L=R,L,R2, (10.14) 


where R; and R» are rotations and L, is a transformation 
to a parallel frame moving in the z direction. Since it has 
previously been shown’ that the 6’s are scalars under 
L,-transformations, it follows that under any infini- 
tesimal Lorentz transformation the 6’s are transformed 
by a phase factor as in (10.12) and (10.13). As a result 
of this transformation property of the 6’s the commuta- 
tion relations (10.2) are seen to be covariant. Further- 
more, the commutator [6,(k),d,(I) ] is easily seen to be a 
scalar. 

To prove the covariance of the commutation relations 
it remains only to prove that ké(k—I) is a scalar. If 


bk= —woXk+ ek, 
bk= ev-k, 


(10.15) 
(10.16) 
then?” 


5{k5(k—1)} = ev- kd (k—I) 
+k{—wX (k—1)+ev(k—J)}- V5(k—D. 


12 Note that 6 is used in two ways in (10.17). 


(10.17) 
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Using the relations 
oX (k—1)- v6(k—1) =0, (10.18) 
(k—1) ¥6(k—l) = —k“kd(k—1), (10.19) 
together with (10.17), one finds that 
5{ k6(k—1)} =0. (10.20) 


This completes the proof of the covariance of the 
commutation relations. These commutation relations 
reduce to the usual ones for the neutrino and photon 
fields. 

The annihilation operators a,(k) are defined by 


a.(k) =k~*d,(k), (10.21) 
the number operators by 
N.(k) =a," (k)a,(k), (10.22) 


and the Hamiltonian by 


x= > fe RN. (k). 


The Hamiltonian satisfies the usual condition 


v (x,/) 


From the preceding quantization it is clear that only 
transverse quanta enter this theory. Consequently, the 


(10.23) 


exp (1t3C)W(x,0) exp(—i/5C). (10.24) 


theory is gauge independent. 
The four-dimensional commutation relations in con- 
figuration space are 


1 

L(x) oy) Jp 

_— |V 2s 10(—19){2|V rele e)/2(— iw) 
—V,O+92(—iy)}A(x—y), (10.25) 


where 
(10.26) 


(10.27) 


p=+1, 
Vo=0/0x, 


k-o 
©(k) =- for s= 


sk 
k-o@ 


0(k)=— 
sk m | 


1 4, (10.28) 


| (k-o/sk)?— (m/s)? 


for s>1, (10.29) 


1—(m/s)* 


and the product is over all positive eigenvalues m of o, 
except m=S. 
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An integral representation is found for the vacuum expectation value of a double commutator. The 
problem of incorporating the Jacobi identity into such a representation remains unsolved. 


I. STATEMENT OF RESULTS 


ET x1, x2, «3 be three space-time points, and A (x), 

B(x), C(x) three scalar fields which may be the 

same or different. The vacuum expectation value of a 
double commutator will be denoted by 


D(y,2) = Dena(y,z) =((C (as), [B(a2), A(x1) J ])o, (1) 


Y=Xy—Xq, 2=Xo— Xs. (2) 


It is assumed that the theory is invariant under proper 
inhomogeneous Lorentz transformations, but not neces- 
sarily under space or time reflection. 

The Fourier transform of D(y,z) is 


F (p,q) = [ [20.9 explip-ytig- Mode (3) 


From the assumption that fields commute at points 
separated by a space-like interval, we deduce 
D(y,z)=0 if either y?<0 or both 2?<0,(y+z)?<0. (4) 
From the assumption that there exists a complete set of 
states which are eigenstates of the total energy with 
non-negative eigenvalues, we deduce 

F (p,q) =0 if either g?<0 or both p?<0,(p—q)?<0. (5) 


It will be shown that the conditions (4), (5) imply the 
existence of an integral representation 


® @ 1 
D(y,2) = f asf auf dd W(s,t,A)A.(y)Ai(s+Ay), (6) 
0 0 0 


in which y(s,,A) is a function of the real parameters s, ¢, 
\ in the indicated ranges, while A,(y) is the usual 
invariant commutator function for a free field with 
mass s!. There is a complete symmetry between position 
and momentum-space, since the Fourier transform of 
Eq. (6) has the form 


i) ~ 1 
F(pa)= f asf arf dd $(5,t,A)A,(q)Ai(p—Aq), (7) 
0 0 0 


with a weight-function ¢(s,/,A) which is expressible in 
terms of y. We shall prove also that the representation 
(6) or (7) is unique, so that the weight-function y or @ 
is determined when D or F is given. 

The representation is preliminary to an attempted 
analysis of the analytic structure of the double com- 


mutator, analogous to Lehmann’s original investigation! 
of the single commutator. In order to analyze the double 
commutator completely, one would have to find a repre- 
sentation which includes the information contained in 
the Jac obi identity 


Desa(y,2)+Deac(—y—2, y)+Dacea(z, —y—2)=0. (8) 


The problem of satisfying Eq. (8) seems quite difficult.’ 
It seemed worthwhile to place the representation (6) on 
record, since it is simple and may be of some practical 
use, although it fails to include this basic symmetry 
property of the double commutator. 


II. PROOFS 


We first prove the uniqueness of the representation 
(6), if it exists. For this purpose we introduce the mixed 
position-momentum function 


G(y,q) J 200 exp[ig:s ]d4s. (9) 


Equation (6) is then equivalent to 


x D 1 
G(y,q) -«(y-a) f as af dn 


Xw(s,4,A)6(y’— 5)5(¢?—2) expl—ady-¢], 


aad 


(10) 


with w/(s,/,A) determined in terms of (s,t,A). We have 
to prove that w(s,/,A)=0 if G(y,qg)=0. The integral on 
the right of Eq. (10) is a function of three real variables, 
(y’,q’, y-qg). If G=0 this integral vanishes in the physical 
range where (y-g)*>vy’q*. But because the range of 
variation of is bounded, the integral is an entire 
function of (y-q) for fixed y?, q?. If the integral vanishes 
for physical values of (y-qg), it must vanish also in the 
nonphysical range. But then the Fourier integral with 
respect to the variable (y-g) can be inverted, giving 
the result w(s,fA)=0. 

The proof of existence of the representation (6) is a 

1H. Lehmann, Nuovo cimento 11, 342 (1954). 

2 It _is known that the Wightman function W(v,z) 
=(C(x3)B(x2)A (x1))o can be expressed in terms of the double 
commutators D(y,z) if and only if Eq. (8) is satisfied. Therefore 
an integral representation of D(y,z) satisfying Eq. (8) would auto- 
matically include the deep results of Wightman and Kallén con- 
cerning the domain of regularity of W(y,z). See G. Kallén, 
Proceedings of Seventh Annual Rochester Conference on High-Energy 
Nuclear Physics, 1957 (Interscience Publishers, Inc., New York, 
1957), Session IV, p. 17. 
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simple deduction from the work of Jost and Lehmann* 
on the single commutator. Suppose that the vector y 
has the special form (2a,0,0,0) with a>0. Write 


D(y,z)=d(a,w), w=2+}y, (11) 


and consider d(a,w) asa function of the vector w= (wo,w) 
for fixed a. By Eq. (5), the Fourier transform of 
d(a,w) with respect to w is zero outside the light-cone. 
By Eq. (4), the function d(a,w) itself vanishes in the 
region 

lw! >|wo|+a. (12) 
According to Theorem 2 of Jost and Lehmann,’ these 
conditions are sufficient to ensure that d(a,w) possesses 
a representation 


d(a,w) =f auf dil, (u,!) 


+4,(u,/)(0/dwo) JA(w—u), (13) 
in which the integration over the three-vector u extends 
over the sphere |u! <a. Since d(a,w) has three-dimen- 
sional rotational symmetry, the weight-functions ®; and 
®, will be functions of u’ and / only. 

The problem now is to convert the “horizontal” 
representation (13), in which the auxiliary variable is 
the space-like vector u, into a “‘vertical’’ representation 
in which the auxiliary variable is a purely time-like 
vector. Let # denote the time-like vector (v,0,0,0). The 
conversion is made by means of the identity 


fen 6(u°— Bb’) A; (w—u) 
b 


=rf dv Io((t(P—v") }4)A,(w—8), (14) 
—b 


in which Jo is the Bessel function with imaginary argu- 
ment. We defer the verification of Eq. (14) to the 
appendix. Substituting Eq. (14) into Eq. (13), we find 


a(aw)= f af dv p(a,t,v)A,(w—3d), (15) 
with “ 
wlas.s)=2n f bdb &,(b?,t)To([t(b’—v*) }#) 


+2n(3/) f bdb $.(b?,t)To([t(P—2*) }#). (16) 


v 


Writing 3=(3—A)y and using Eq. (11), we deduce 
from Eq..(15) 


a 1 
D(y,2)= f dt J dd 
0 0 


Xv(a,t,A)Ai(z+Ay), y=(2a,0,0,0). (17) 


3R. Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957). 
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We have proved Eq. (17) only for positive a. Writing 
a’=y*/4, and using the invariance of D(y,z) under 
proper Lorentz transformations, we may conclude 
from Eq. (17) that Eq. (6) holds for all y in the future 
light-cone. For space-like y, both sides of Eq. (6) are 
zero. It remains to prove that Eq. (6) holds for y in the 
past light-cone with the same weight-function y. For 
this purpose we invoke the TCP invariance of the 
theory, which according to Jost‘ is a consequence of the 
local commutativity which has already been assumed. 
The TCP invariance implies 

D(y,z)=D(—y, —3). (18) 
Since the right side of Eq. (6) is even in y and z jointly, 
Eq. (18) is sufficient to complete the proof. 


ACKNOWLEDGMENTS 

I thank Dr. Jost and Dr. Lehmann once again for 
their help, and especially for their refusal to be satisfied 
with anything less than the Jacobi identity. 

APPENDIX. VERIFICATION OF EQ. (14 

We wish to verify that Eq. (14) holds for every 
4-vector w. Take the Fourier transform of Eq. (14) 
with respect to w; all components vanish on both sides 
except on the mass shell with mass /*. Thus Eq. (14) 
reduces to 

sin b(r?—2)*] 

Witt: 


: (19 
(r?—1)} 


\b 
=f dv e'*"T([t(b?—v*) }}). 
|b 


Both sides of Eq. (19) are entire functions of ¢. It is 
therefore sufficient to verify Eq. (19) for real negative ¢. 
Setting ‘= —m? and taking the Fourier transform with 
respect to r, Eq. (19) becomes 


€(0)0(8—)JoLm(0—2)"] 


tre” 
=— fj dxdr ¢(x)6[°—r’—m?*] 
11 x 
Xexp[i(bx—or) J. 


(20) 
This formula is the two-dimensional analog to the 
standard expression for the commutator-function of a 
free field in four dimensions. To prove Eq. (20), observe 
that both sides are invariant under Lorentz transforma- 
tions of the 2-vectors (b,v) and (x,r). The right side, 
being an odd invariant function, must vanish when 
(b,v) is space-like. It remains only to verify Eq. (20) 
for time-like (6,0); in this case, because of the Lorentz 
invariance, we may assume without loss of generality 
that v=0. When »=0, Eq. (20) reduces to 
2 ® 
<(6)Jo(mb) == f sin(mb cosh@)d6, (21) 


To 
which is a standard formula for the Bessel function. 
‘R. Jost, Helv. Phys. Acta 30, 409 (1957). 
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The fourth-order contribution to the nucleon-nucleon scattering amplitude is shown to satisfy the condi- 
tions necessary for writing dispersion relations. The imaginary part is explicitly calculated and shown to 
agree with the absorptive part obtained from general principles. 


T the present time there exists no derivation of 

the dispersion relations for nucleon-nucleon 
scattering. A proof of their validity, making use of 
general requirements such as causality, invariance, etc., 
has been given recently,' but only under the unphysical 
condition 


M,>(v2—1)My. 


Nambu,’ using a perturbation theoretic approach, 
has been able to show the validity of the dispersion 
relations for the vertex function, but the situation is 
unclear for the four-point function. 

‘Dispersion relations for nucleon-nucleon scattering 
have been given’ and work is in progress to apply them 
to a treatment of experimental data and a derivation of 
a nucleon-nucleon potential. It is of some interest to 
verify that, at least in low orders of perturbation theory, 
the nucleon-nucleon scattering amplitude does satisfy 
dispersion relations of the usual variety, not only to 
allay fears of the possibility that it does not, but also 
in the hope that one might find what specific properties 
of the interaction could be used to supplement the 
conditions employed in the general approach of refer- 
ences 1 and 2. 

In this paper we propose to study the fourth-order 
contribution to the nucleon-nucleon scattering ampli- 
tude. The Born term, by which we mean the familiar 
second-order amplitude, presents little difficulty and is 
hardly worth discussing, although it is important in 
defining the renormalized coupling constant (see G.N.O. 
for a detailed discussion of this point). On the other hand 
it is hopeless to study the sixth or higher order terms by 
means of the explicit calculations we wish to carry out 
here, although in principle there seems to be no basic 
difficulty. 

Our notation is essentially that of G.N.O. Incoming 
and outgoing nucleons are denoted by 9, k, and 9’, k’, 
respectively. The following combinations are useful : 


P=(pt+p')/2,  K=(k+k/)/2, (1) 
Q=k-k'=p'—p, v=—(P-K) | 
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(m, the nucleon mass). The S-matrix is defined by 


=1+:R, 
dr)5(p’ +k’ — p—k) 


m 
«| 
(2m)*ko' po kop 


We study F, the Feynman amplitude. For simplicity 
we take a neutral theory; the presence of isotopic-spin 
operators does not change the character of the problem 
but complicates writing. Also for ease of writing we set 
u(p’)ysu(p)=S(p’,p), 
u(p’)ysu(p)=Viulp’,p), (3) 
~/ , ‘tT / / 
Up )ysvuvet (p)= Tw (p',p). 
We work with #=c=1, and omit the coupling constant 
throughout. 
The dispersion relations are usually discussed in terms 
of the retarded amplitude M, which, as is well known, 
Feynman amplitude for values of the 


(p'k’ Rik,p 


3 
| F(p'R'; pk). (2) 


equals the 
momenta corresponding to a physical scattering act. 
Let us, for the moment, talk about scattering of scalar 
nucleons, in order to avoid technical complications 
associated with the presence of Dirac spinors and 
y matrices. Then M, (or F) depends on the two inde- 
pendent scalars »y and Q*. M, as a function of »v for 
fixed Q? is defined for physical values of », »>v,=m 
+(0?/4m, corresponding to real momenta. In order to 
obtain dispersion relations, we must prove that, as a 
function of the complex variable v, M, can be extended 
over the whole v plane and that it has the required 
analytic character, so as to enable us to write 


1 ¢?% = ImM,(v’,0*) 
v0") aa J dy’ - - 
T 


, . 
—2 y= 9= $e 


or, with M=D+iA (D and A, the dispersive and 
absorptive parts of M,, real functions of the momenta) 


1 7% A (v’,0*) 
M,(v,Q*) =- f dy’ -, (4) 


, . 
TV» oy eee Se 


Our task then, in this fourth-order calculation, is to 
exhibit F and M,, show that M, does satisfy dispersion 
relations, calculate the imaginary part of M,, and to 
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1G. 1. Fourth-order Feynman diagrams. 


show that it agrees with the conventional form of A 
which we shall write below. 

Since we are concerned with physical nucleons, we 
must settle the question of how to treat the spinors and 
y matrices appearing in our amplitudes. The standard 
way, as given in G.N.O., consists in writing 


M= Ua’ (p’)iis: ( RY Ma a’, abla p)us(k), 


expanding 9M into a suitable set of y matrices multiplied 
by P or K, and studying the coefficients which are 
scalar functions of »v and Q*. We shall not follow this 
procedure here. Instead we will take terms resulting 
from Feynman diagrams and study them individually. 
A typical term might have the form 


S(p’,p) Tash’ Ry fi(v,0?)bas+ fo(v,0") Pak g |. 
Strictly speaking, we should investigate f; and fe 


separately, but it is more convenient, and it certainly 


F= 


(27)! 


A=4S(p',p)S(k’,k)i feo 1d‘g2 5(qi+qo— p’+p)- 


B,= Tas(p' p)S(W' Ri f 1d*g2 5(qit+g2— p’ + p)— 
B= S(p',p)Tosl Bi f dae 5(qitqe—p'+p 
C=- Valb' p)Va(WA)i f dude 5(qit+qo— p—k - 


D= Valb' pV a(R f dota 5(q:+-q2— p’ +k) ——_——__- 


E\= Tas(P' P)S(R'B)i f daa 5(q2— p)— 


etc. 


The primed quantities are obtained from ‘he unprimed 
ones by interchanging p’ and k’ and changing the over- 
all sign. 

We must discuss the question of renormalization. 
All but the terms C, D, C’, and D’ are infinite, and we 


does not affect our results, to study the combination 
fibast+ foPaKs, keeping in mind that where vector 
components appear explicitly they should be regarded 
as fixed parameters. 

We shall write explicit forms for the various contri- 
butions from the Feynman diagrams, their sum making 
up F in fourth order; then, indicate how to obtain the 
contributions to M,, and show that dispersion relations 
can be written for the individual terms. Following this, 
we will calculate the imaginary part of the terms and 
show that their sum is equal to the fourth-order contri- 
bution to the absorptive part A. The form of A which 
we shall use is derived in G.N.O. from general principles 
and we reproduce it below: 


A(p’,k’; pk) = (2x) | popo’/m?* }ii.(k’) 
xb Lp’! fa|ndn| fa! p)6(pr—P—K) 
+(p'| fa|n)n| fal p)5(Pr—P+K) Jus(k), 


where f is the right-hand side of the Dirac equation, 
and p, is the momentum of the intermediate state n. 


(5) 


I. THE FEYNMAN AMPLITUDE 


We exhibit here the fourth-order Feynman dia- 
grams (Fig. 1) and the various contributions to F. 
They have been given before‘ but we write them in a 
form which is more convenient for our purpose. 


1 
a nae A'+B,+By'+B.+B/+C+C'+D+D/+E,+: ++ +E), 


1 a q2— mm" 


[(p’— pyar (q:2-tm*) (qm?) 


1 1 (q2— p’)al(git p)p 
(p’— p+ (p+q)?- +12 ( aed 
1 1 (qt #’)a(q1— 

(p’— py? +e 2 (k—1)*+ 24? (qt? +m? 1) (qe? +m?) 

1 P)alq—K)s 
9.) +42 (qie-+m) (q2-+m?)’ 
P)a(gotk)s 
(p—q1)? +" (k-+92)?-tu? (q:°-+m’) (q2 2+ an?) 


1 (q2— P')a(qi— P)a 


(qa- 
(p- qi)" +4 | (k’— 


1 1 (q—; 


(p’— — put (p—9n)? +42 (qi2-+-m®) (qs?-+- m?)’ 


should separate their finite parts before we . discuss 
analyticity or calculate the imaginary parts. We can 
show however that for our purpose this is not necessary 


4K. M. Watson and J. V. Lepore, Phys. Rev. 76, 1157 (1949). 
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since all the information we desire can be obtained 
from a study of the divergent expressions themselves. 

Let us illustrate this by looking at the term A’, 
which can be written 


arent 
1'gid‘q2 5( q1 +g2 — R! +p) 
[(e— py-+urF 
gi°q2—m* 
x : T(v), 
(gi°-+m’*)(g22+m*) (v+y,)? 


where —v,= m—p?/2m+(0?/4m. I(v) is a quadratically 
divergent integral. According to Watson and Lepore,’ 
the renormalized term is given by 


I(v)—I(—»v,) poly) 
- | / tn) 
v+y, Ov Jv=-y 


" 


the differentiation being carried out under the integral 
sign. This term is 1inite and the second-order pole at 
v=—v, has been removed. One must of course think 
of the subtracted term /’(—v,)(v+,)~! as being added 
to and treated together with the Born contribution and 
subtractions from higher orders which exhibit the same 
singularity. The resulting coefficient of (v+y,)~', up to 
trivial factors, is defined as the square of the renormal- 
ized coupling constant. The other subtracted term 
corresponds to meson mass renormalization and needs 
not concern us here. 

Carrying out the integration over g2, we can write 


I(v) fen ¢(q1,¥). 


If the integral converged, the analytic character of 
I(v) could be determined by studying ¢(q:,v). We 
would find that /(v) is certainly analytic wherever 
¢(gi,v) is, for all g:. It turns out that ¢ is analytic at 
y= —y, for any qi. Therefore 


0¢(g1,¥) | / 
(v+y,) 


has the same analytic character as ¢(qi,v) and further- 
more the integral over g; converges. Thus, the an- 
alyticity properties of the renormalized term are 
determined by ¢(q:,v) alone and, if we are willing to 
talk of the analytic character of a divergent expression, 
they are the same as those of /(v). In what follows we 
shall study /(v), but it will be clear that only those 
properties of Z(v) will be needed, which follow from 
properties of the integrand, so that all our statements 
will really be statements about the renormalized term. 

In calculating the imaginary part of the renormalized 
term the same ideas apply. Using the fact that ¢(q1,v) 
is analytic at v= —»,, one can easily show that the 
imaginary part of the renormalized term is equal to 
[Im/(v) ]/(v+»,)*. As we shall see, Im/(y») is finite. 


¢(g1,¥) — £(g1, — My) 


Vv = Vy 
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In general, the imaginary parts of all the divergent terms 
we have to treat turn out to be finite; the bearing this 
has on the connection between dispersion relations and 
renormalization has been discussed elsewhere.® 

The other infinite terms can be treated in a similar 
fashion. For B and B’ one has to carry out only cou- 
pling constant renormalization. On the other hand, / 


and £’ require nucleon mass renormalization; once this 
is done, the result is either a constant or else of the form 
e(v+y,)~ (e being an infinite constant) and contributes 
only to the coupling constant renormalization term. 
We can therefore drop these terms completely. 

We may then (formally) study the divergent integrals 
in order to determine thie analytic character of the 
renormalized terms. Alternatively, we may think of 
using a cutoff.® The divergent integrals will also supply 
us with the correct imaginary parts. 


II. ANALYTICITY AND THE DISPERSION 
RELATIONS 


The Feynman amplitude F(v,Q?) is defined for 
v>v,=m+(Q?/4m. In this section we wish to show that, 
as a function of the complex variable v, it can be ex- 
tended to a function M (y,Q?), analytic in the cut plane, 


such that for »y>v, 


lim M(v+in, 0°). (7) 


nO" 


F(v,0") 


We shall write dispersion relations for M, and deduce 
relations for F. 

Let us first treat the terms C and D. We carry out 
the integration over one of the g’s by means of the 
6 function, introduce a suitable number of Feynman 
parameters x;, integrate over the remaining g, and 
obtain expressions of the form 


T(X;,v) 
lim fr fas 
«~0* “ [A(x,)v t+o(x;)—1e }! 


X (6a or PKs) (8) 


where 7(x;,v) is a polynomial in «; and is at most quad- 
ratic in vy; A(«,;) is a quadratic function in the x;, and 
for the range of variation of the variables is bounded, 
Air SA GAg; @(x;) is also quadratic but has the further 
property 0 <0: oo, at least for sufficiently small 
Q*. The property ¢>0 is of interest since it determines 
the existence of a gap in the cut v plane, for the analytic 
continuation of F. 
We write the integral as 


T 
f dx; 
r»>o0 => [Av +o — te}! 


P 
+f dx, . (9) 
rx<o —- [Av to — ie }! 


5 Y. Nambu, Phys. Rev. 98, 803 (1955); 100, 398 (1955). 

®R. J. Eden, Proc. Roy. Soc. (London) A210, 388 (1952), who 
discusses similar questions, shows in what sense this is equivalent 
to working with the renormalized quantities. 


lim 
«0° 


F(v) = 
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Let us now define the functions 


Ma(v)= lim if dx, 
«0° A>0 [Av+o+te }* 
+f dx, | 
A<0 [Av+o—ie }* 


T 
I-(v) = lim If dx; —— 
= 
«-0* LYx>0 [Av+o—ie | 


(10) 


a dx; 


A< 0 


iH, j 6 r 
ror 


They are analytic in the lower and upper half plane, 
respectively, and equal and real at least in the interval 


(01, Ao) <v< (01, A) 


on the real axis. Therefore they define a function N(y) 
analytic in the cut v plane, with cuts running from — « 
to some @ <¢;/)2, and from some b 2 0;/A; to +@: 


M(y)= fax - : 
[Av +o} 


Furthermore, in the region where it is defined, F(v) 
is the boundary value of this analytic function, 


(11) 


F(v)= lim M(v+7n) =I,(y). (12) 


9—0* 


For SN(v) we can write, taking a suitable contour 


1 , Im (v’+7e) 
IM (v+in) = J dy’ 
T y’—v—in 


x 


(13) 


(however, see end of this section) so that 


1 ' Imm, (v’) 
M,(v) = -f dy’ ’ 
rJ_, y’—yv—in 


This gives the desired dispersion relation for ‘M,(v). 
It remains to calculate ImM,(v) and to show that it is 
identical with the previously defined absorptive part. 

Note that we have assumed, in claiming that o>0, 
that 0?<Qmax”, where by actual calculation, Qmax’= 4u’. 
It should not be too difficult to extend the proof to 
larger values of momentum transfer. We will return to 
this point later. 

We turn now to the divergent terms, and treat them 
in accordance with previously made remarks. Thus 
for A’ we have to study , 


(14) 


1 


3(v)= lim if dx 
«—0* 0 
g—2m(v—v,)(x—x*)+m? 


[g?+2m(v—v,)(x—2°)+m?—ie ? 
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We first note that for »>>—v(2m)=—m+(Q?/4m, we 
can rotate in the usual fashion the path of integration 
in the go plane, and obtain a real expression. It is 
possible then to define, as for the terms C and D, 
advanced and retarded amplitudes and an amplitude 
MM, analytic in the cut plane, with the cut running 
from —* to —v(2m). The usual type of dispersion 
relation can then be written for the renormalized terms. 

We have been somewhat vague about the location of 
the various branch points. Actually they are difficult 
to calculate from the forms given above. However, it is 
obvious that they are located at points where the 
amplitudes develop imaginary parts. Since we plan to 
calculate these imaginary parts, we shall be able to 
identify them. 

One other questionable point is the type of dispersion 
relations we wrote. The form we wrote for 3% does not 
indicate whether it vanishes for large v or not. If it does 
not, one should supply, in the usual manner, a sufficient 
number of powers of yv in the denominator to insure 
vanishing as |vy|—+%. We have not investigated this 
question in detail, since it would require a detailed 
study of the integrals, but in any event, it does not 
affect the main conclusions of this paper. For the fourth- 
order contribution to meson-nucleon scattering, it turns 
out that the various terms in the amplitude behave as 
Inv or (Inv)*/v, for large v,’ and a similar, although 
possibly worse behavior might be expected in our case. 


III. THE IMAGINARY PART 


We wish to evaluate the imaginary part of M,(») 
in a form which allows easy comparison with the ab- 
sorptive part. Let us start by formally calculating the 
imaginary parts of the various contributions to F(»), 
without any restriction on »v. It is evident that we have 

ImM ,(v)= ImF (v) for v>a, 
ImM,(v)=—ImF(y) for v<a, 


where a is the branch point for the cut running to — «. 
Let us look now at the first term A. We require the 
imaginary part of 


gi°q2—- m 


j= if aq. 6(git g2—Y) (15) 


(qi°-+m’) (q+ m"*) 


as follows from remarks we made concerning the han- 
dling of divergent terms. We write this as 


oa 


j= if outa. 5(qi+qe—Q) J dqio 


qi*q2— m+ 910(gi0— Vo) 
— _ , (16) 

[qu?’— wr? +e JL (gio— Qo)” —wo?+ie’ | 
where we have set w= +(q?+m’)!. We carry out the 


7E. Kazes, Phys. Rev. 108, 123 (1957). 
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integration over gio by evaluating the residues at the 
poles in the upper half plane [the integrand behaves as 
(q10)~* for large gio]. We assume first of all that the 
poles do not coincide, w:%—Qo+w2. Writing the 
integrand as 

flai-42+910(g10— Qo) ] 


Cqu?—w:? + 1€ IL ( gio— Qo)?— wer+ie’ | 


we obtain 


$=2n feoses 5(qit+qe—Q) 


| 1 1 1 


2w witQo +wo— in @\— Oo we + in’ 


1 1 
X fLai-q2t+o1 (wi +Qo) J+ 


2we wi— Do tw2— in 


1 
~— 


‘lq *Qo+we(we— Qo) if. (17) 
= Oo +2 + in’ 


Since we have assumed w)—@2+Qo¥0 the imaginary 
part of § comes from just one factor in each term of the 
sum and gives 


Tr 1 


—— feastes(ata-O) 
7 


s W1W2 


x f( qi ® qe ia wywe)[ 5 (wy + we rT Oo) +6 (wy +w2— Qo) | 
fends 5(qi°-+m*)d(q2?+m"*) 
2 
X4(q10)O (goo) f( qi° g2)5(qi +q2— Q) 
X [6 (gi0+ g20+Qo) +68(gi0t+q20—Qo) ], 
6( go) =1 go> 0 
=0 go <0. 
Actually the two 6 functions in the time components 
give equal contributions as an invariance argument 


shows (e.g., by going to the frame where Qo=0). 
Therefore, the imaginary part of 9 is 


Img==7? farad'e 5(g1°-+m?)5(q2?-+m’) 
X0(q10)0(g20)5(git+ge—Q) f(q1° G2). (18) 
It remains to settle the question of coincident poles, 


w1—we+Qo=0. There is no difficulty in evaluating the 
residue ; however, in this case the result is real and does 
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not contribute to the imaginary part of J. We note 
incidentally that in Img the 6 function excludes such 
values of the energies. 

The same approach may be used in evaluating the 
imaginary parts of the other terms. For the finite terms 
the evaluation is somewhat more laborious but the 
following rule emerges: Given an expression of the form 


if and. 6( q1 +92- Hf) f( 91,92) 


1 
(19) 


xIT 


i (qi—h,)*+m? (q2—h;)* +m? 


its imaginary part is 


pa ic r\qi \dQm 3 | Je) 


X5(gith.+ge+h.— HM) flgitshy,, goth.) 


I 
-. I] { 


1* 


nth,—h)? wth.—hj)? 


where we have set 


dQm,(g) =d*q 6(g°-+m,7)8(qgo). 

(We remark that this result is not true in higher orders, 

because of difficulties associated with the handling of 

coincident poles; although coincident poles do occur in 

fourth order, they contribute to the real part alone.*) 
We exhibit now the various contributions to 


ImF=}[1/ (2)? ](a+a'+0,+);'+---+d’), (21) 


4S(p’,p)S(R’,R) 


gi°g2—m- 
Xf doen(qsdQn(93)8(ar4 g2- p’ Tp) . 
L(p’— p)?+u? P 


= Tap (pp) S (RR) 
x | Qn (G1) dQm (G2) (git ge— p’ + p) 


(q2—- P’)algitp)s 
C(p’— p) +m IL (p+qi) +e) 


8 Tt should be pointed out that the coincidence of poles we are 
considering is different from that discussed for instance in refer- 
ence 6. In (16), the integrand has poles at —w;+ie’ and 
Qo—w2+ie”, in the upper half plane, and w;—ie’ and Qo+we—ie’”’, 
in the lower half plane. We are concerned with the coincidence of 
poles in the upper half plane, —w:=Qo—we. On the other hand, 
in reference 6, the discussion centers around the coincidence, in 
the limit e’, «’—0, of a pole in the upper half plane and a pole in 
the lower half plane Qo—w2=a or Qo+we= —w. It is this type of 
coincidence of poles which actually gives rise to branch points in 
the amplitude, and indicates the appearance of imaginary parts, 
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bo=S(p',p)Tap(k’,k) 


x f dm (q1)d2m(92)5(gi+go— p’ +p) 
(gotk’)a(gi—k)p 
C(p’—a)+uL(k—-9)+08] 
c=—V.(p',p)Va(k’,k) 
X| f aalgddtnl@lartoe—P-#) 


ke P)alge— k)s 
[(p—gi)? +H" IL(R’— 92)? +H] 


+ fae, (g1)dQ, (g2)6(qit+ge— p’ +p) 


Jia 28 
L(pt+qi)?+m? JL (k'+ »)?+m?)]) 
q q 


d=V4(p',p)Vs(k’,k) 
x | fe2n(andn(qn¥ arto 948 


= (gi— P)al(go—k) gp 
[(p—qi)? +e? JL (k+-92)? +47] 


+ f(a) 0)8(a+¢--2'+0) 


x Jiad28 | 
L( p+q1)?+m IL k— g2)°-+m? ‘ 


Again the primed quantities are obtained from the 
unprimed ones by interchanging p’ and ’ and changing 
the over-all sign. 

We observe immediately that some of the terms are 
actually zero; in fact, this is the case for all those con- 
taining 6(gi:t+g2+Q), since Q is kept space-like while 
gitq2 is time-like. This eliminates a, b;, be, the second 
terms of c and d, and the first term of d’. Of the re- 
maining terms a’, b,’, bs’, and the first term of d are 
different from zero only for —» <v<—v(2m)=—m 
+(0*/4m, the second terms of c’ and d’ are different 
from zero for — © <v<—v(2y)=m— 2y?/m+(0"/4m; as 
shown by a previous remark, their sign should be 
changed when computing the imaginary part of M,(v). 
Finally, the first terms of c and c’ contribute only for 
m—(Q?/4m=v(2m)<v<. All these statements follow 
from astudy of the conditions imposed by 6(¢:+92+ - - -). 
This allows us to identify the various branch points and 
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to write 


ImM,(v)=3[1/(2e)*][—a’—by'—by’ 
+c (first term)+c’ (first term) 
—c’ (second term)—d (first term) 


—d' (second term) ]. 


It remains to show that this is equal to the absorptive 
part. 


IV. THE ABSORPTIVE PART 
We rewrite here the absorptive part 


A(p’,k’; pk) = 9 (2x) [ popo’/m™ }iia(k’) 
XL wL(p’| fa| n)(n| fa! p)5(pn—P—K) 
+(p"| fa|n)n| fa! p)8(pPn—P+K) ]us(k). 


Note that in the first term the state |) has nucleon 
number V=2, while in the second N=0. The fourth- 
order contribution to A(v) is obtained by calculating 
each matrix element in second order. (The one meson 
intermediate state, with one matrix element calculated 
in third order and the other in first order also con- 
tributes. However, this is just a correction to the second- 
order term of the absorptive part, and should be treated 
together with it, in renormalizing the coupling constant.) 
We may then restrict ourselves to the following inter- 
mediate states: N= 2: Two nucleons of momenta q1, ¢2; 
N=0: Two mesons, or a nucleon-antinucleon pair of 
momenta qi, Qe. 

We give the details of the calculation for the two- 
nucleon intermediate state: 


[Popo PT 4. 
Aon=n(2r)® > dq \d*qo tia(k’) 
m spins 


x (p’ foe\ 9192){Q192 Ss p) 


X u3(k)6(qitqe.—P— n)| (22) 


Using standard methods we relate each matrix element 
to a suitable scattering amplitude, off the energy shell 
if necessary. (This is not the case for Ay, but for the 
other contributions we have to consider amplitudes 
corresponding to scattering of particles, some of which 
have negative energy. We calculate the amplitudes for 
positive energies, then extend them analytically into 
the unphysical region; since only second-order terms 
are needed, this extension is quite trivial.) Thus 


m 


} 
“ae | F (1,92; p,k), (23) 
(21) *giogooPo 


(qig2| Fa| p)us(k) = |. 


where F is the Feynman amplitude for the process 


ptkqtge. Then 
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A d*q; d*qo 
= f —— F*(q1,q2; p’,k’) 


2 (2r)? spin q10 920 


Xx Fi 91,92; b,k)5(q1 +92—- P- K) 


1 m 
= fai2n(q)d2m(a) 
2 (2r)? 


X5(gitq.—P—K) > F*F. 


spin 


(24) 


Now, in second order, 


1 
F =S(91,p)S (qo,k)- 
(p— gq)? +e 
1 
— S(q2,p)S (qx) —— 
(k—-q)? +e 
1 


F*= S(p',q:)S(k',q2) 


(k’ - go)” +" 
1 


— S(p’,g2)S(k’,q1) rae 
)- we 


(p’—qe 
and 


m? >° F*F=— 


spins 


1V.(p’,p)Va(k’,R) 
(qi P)a(qe—k)a 
[(k—9o)*+u2 IL (p’—qu)*+0"] 
+3Va(k',p)V.(p',k) 
(i P)a(qo— k) a 


-, (26) 
qi)” +? IE ( b’—4q2) +? ] 


L(p 
Inserting this expression into the integral gives the two- 
nucleon contribution, and it is easy to see that it is 


identical to the first terms of c and c’. We write below 

the full contribution to A (p’,k’; p,k) in fourth order: 
= 

Aww=- —Valp’,p) Va(k’,k) 


4 (27) 


x ff deen(qr)d8n(a28(a + g2—- = k) 


(qi— P)a(go2—k)p 
C(p—qi)?*+a? JL (k’— 92)? +n" ] 
| a 
+— ——V.(k’,p) Vs(p’,k) 
4 (27r)* 
X diag) dion )8(ar-+42— P—B) 
(qi— P)a(go—k) 
x ais 9 9 , =e 9 - P 
[(p—91)*+H* JL (p’—92)*+u"] 


‘ 


DISPERSION 


Aor = 


RELATIONS 


XN 


1 
Valk’,p)Va(p',k) 


4 (27)° 
x f daviarddo (qa. + go— k’ + p) 


JiaG28 
xX: 7 > 
L(p+qi)? +m? JC (p' +¢2)°+m 
» 3 
Va(k',p)V5(p’,k) 


4 (27) 


x fru gi)dQy(G2)6(gitge—k’' +p) 


J1aG28 
+m? |L (k—ge2)?+m? ] 


L(p+ qi)” 
1 

S(R’,p)S(p’,k) 
\2 


<7 


X f dm(qi)d2n(qa q1 {+ i h/+ p) 


91° go2— me" L..1 
t Tap k’ p)S(p’,R) 
)2 


( Dar \2 
\ <7 


[ (k’— p)? +2 P } 
x f deen gdm a2)8(0 +q2—k'4 p) 


J2 — Rk’ )a( qi tp) 
X- : 
[(k’— p) +a (p+) +4] 


oe 
S(k’,p)Tas(p’ Rk) 


4 (27)? 


X f doen (gy) aen 9380 + q2 - k’ tp) 


\G2 + al qi —k Ja 


" : 
L(R’— p)* +e? IL (k- qu)? +n") 
1 1 

: -Valp’,p) V.a(k’,k) 


4 (27) 


x f eseniqirdon 8a + q2 - k’ Tt p) 
— P)a(go- k)g 
L(p— qr)? +e? IL (e+ 92)? +47] 


(a 
\Y1 


Comparing with the contribution to ImM,, we find 


the correspondence 


/ 


Aoy—c (first term)-+c’ (first term), 


A»,——c’ (second term)—d’ (second term), 


Ayy——a’—b;'—be'—d (first term). 
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(Note that it may be necessary, in some of the terms, 
to change the sign of the external momenta in the in- 
tegrals. However, since the integrals are scalars or 
second-order tensors in the external momenta, they 
are not affected by this transformation.) 

With this, our identification is complete. We have 
proven that in fourth order ImM,(v)= A (y), and that 


1 : A(v’) 
F(v)= f dv’ — . 
1 y’—v—te 


x 


or, since for y>v,, A(v)=ImF (yr), 


1 "Pp A(v’) 1 vs ImF(v’) 
F(v)= J dv’ — +-- f dy’ =a a 
ae v—v rs, vy’ —v—ie 


x 
the standard form of the dispersion relations. 


CONCLUSION 


We have shown that the dispersion relations are 
valid for the fourth-order term in the nucleon-nucleon 
scattering amplitude. The restriction to small momen- 
tum transfers is not serious. We have used it to insure 
the existence of a gap in the v plane for individual 
terms, but once the dispersion relations have been 
written it should be possible to extend them by analytic 
continuation in the variable Q?. Alternatively, instead 
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of studying each individual term one could, by suitable 
manipulation, get combinations of terms for which 
oA\>0 or oA<0 always. For such terms one would 
always have a region on the real » axis, extending to 
+0 or —* where no branch cut appears. 

If one tries to extend the proof to higher orders, one 
encounters the difficulty that, although each Feyn- 
man diagram still gives a denominator of the form 
[Av-+o—ie]" (A and o rational functions of the x,’s), 
nothing can be said about A and o, except that they are 
bounded. It should be possible here also to write com- 
binations of contributions for which A or o have a 
definite sign, and then discuss analyticity in the same 
manner as we have done above. A calculation of the 
imaginary part along the lines outlined above is difficult, 
unless one has some knowledge about the appearance 
of coincident poles. If some way of handling them 
could be found, it seems very likely that the imaginary 
part could be written in such a form that one would 
have little difficulty in identifying it with the absorp- 
tive part. This would then give a complete proof of the 
dispersion relations in perturbation theory. 
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The electromagnetic form factors of an electron in pure quantum electrodynamics are analyzed with the 
techniques of dispersion relations. The viewpoint is adopted here that no subtractions are required in the 
construction of dispersion relations for the electromagnetic vertex. This leads to coupled integral equations 
for the form factors in terms of other physical amplitudes; electron-positron scattering, for example. The 
relation between this and the usual perturbation approach to quantum electrodynamics, and the validity 
and consequences of the “no-subtraction” philosophy, are discussed. 


I. INTRODUCTION 


N constructing dispersion relations for any process 

it is an open question whether or not subtraction 
constants are required. In practice, in the analysis of 
pion-nucleon scattering and photoproduction by means 
of dispersion relations,’ the assumption that no such 
constants exist has led to reasonably good agreement 
with experiment. As a result it is tempting to suggest 
that it is a general rule that such arbitrary constants 
are never present.’ If such a “no-subtraction”’ philos- 
ophy is combined with the assumption that dispersion 
relations hold for all amplitudes, then one obtains an 
infinite set of coupled homogeneous integral equations 
connecting these amplitudes. 

We should like to explore here the no-subtraction 
philosophy, its validity and consequences. For this 
purpose, we select quantum electrodynamics (QED), 
and in particular, we study the behavior of the electro- 
magnetic form factors of an electron in pure QED. 
There are several reasons for this choice. The first is 
that pure QED refers only to one coupling, and one 
coupling constant. The second is that experimentally 
valid solutions, at least in the low-energy region, are 
known to be obtainable through perturbation theory. 
Finally, we fix on the form factors because they de- 
scribe a process with only three external particles and 
hence satisfy a simple type of dispersion relation. Our 
purpose then is to study the agreement with experiment 
of the form factors obtained from the no-subtraction 
philosophy. That is, we ask if it is possible to construct 
form factors which vanish for infinite momentum trans- 
fers, have the analyticity properties required for the 
existence of dispersion relations, and also agree with the 
usual perturbation theory, and hence experiment, at 
low-momentum transfers. 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research. 

1 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337, 
1345 (1957). ~ 

2 Chew, Gasiorowicz, Karplus, and Zachariasen (to be pub- 
lished). This point of view is mentioned in this reference though 
a subtraction was actually made in the calculation of the nucleon’s 
charge form factor. Recently G. F. Chew has discussed the no- 
subtraction view of the nucleon structure factors. We wish to 
thank M. Gell-Mann for a stimulating discussion of the implica- 
tions of the no-subtraction philosophy. 


It is convenient to begin with a brief discussion of the 
usual perturbation approach to QED, and then to com- 
pare it with the dispersion theoretic approach. 

The conventional procedure of calculation in QED 
may be summarized as follows, with particular refer- 
ence to the form factors. The complete vertex contains 
an infinite number of Feynman graphs (Fig. 1). Corre- 
sponding to this expansion, one may write the vertex as 

Fy(qQ*)¥ptFo(q?) ourGr, (1 ) 
with 
F\(q*) = eotai(q? i. i el 
and 
F2(q’)=bi(q’)ee+-*, (2) 
where ép is the “‘bare’’ charge and gq, is the four-momen- 
tum transfer at the vertex. 
The “observable” charge is now defined by 
e= €ota,(O)eo*+-- “y (3) 
and is experimentally found to be small, e?/4%= 1/137. 
“Solving” Eq. (3) for eo in terms of e and inserting in 
Eqs. (2), one may write 
F,(q*) =e+c;( g° | i gia 
F3(qg?)=di(g?)e+:--, 


—— 
re A 


a eee 


Fic. 1. Infinite series of Feynman graphs for the vertex func- 
tion. Solid lines represent electrons and wavy lines represent 
photons. 
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Fic. 2. Infinite series of “dispersion graphs’’ for the 
vertex function. 


with c;(0)=0, and with all expansion coefficients in 
Eqs. (4) finite. In practice, of course, infinite expansion 
coefficients appear in Eqs. (2). Because of the smallness 
of e*/4a, Eqs. (4) have been found to form a useful 
expansion for low-momentum transfers.’ They no 
longer have a term by term correspondence with the 
Feynman graphs of Fig. 1. In particular e corresponds 
to the first graph of Fig. 1, plus the sum of the values 
of all succeeding graphs at g?=0. 

The dispersion theory procedure of calculation may 
be described as expressing the form factors as an 
infinite series of “dispersion graphs.’”’ This is seen in 
Fig. 2. To this series of graphs there corresponds a 
series of functions calculated by well-defined rules, 


[ImF (gq?) ]ee+[ImF1(q*) Jezy+-*-, 


Corresponds to 


Corresponds to 





+ eee 


Fic. 3. Correspondence of a set of Feynman graphs to a 
dispersion graph. 


3It is indicated by radiative correction calculations that the 
relevant expansion parameter is (e*/4:) In(q*/m?). 
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and similarly for F2. (The correspondence of the func- 
tion to its diagram is indicated by writing the inter- 
mediate state as a subscript.) The form factor is then 
obtained from the dispersion integral 


1 w 
rg)=- f ee > [ImFi(q”) Jn 
7") Go Go = ® 


=D LFi(¢?) Jn. 


According to our assumption the integral in Eq. (A) 
exists,‘ so that no subtraction is required. If this assump- 
tion is not made, the dispersion integral may be given 
in the form with the charge e appearing explicitly as a 
subtraction constant : 


dq’ 


(A) 


‘ ¢ dq” is 
F,(q’)=et+- f ~mempemeare SEE ls! ge iS 
T q?(q?— q’—te) » 


=e+Dn (LF i(¢) Jn— LF 1(0) Jn}. 


5 a 
is contained in wt QD 


is contained in Lp OC 
= 
and eRe 


Fic. 4.!Relation of a Feynman graph to dispersion graphs. 

















It is of immediate interest to inquire into the connec- 
tion between the dispersion description of the form 
factor and the perturbation description. To make this 
relation clear, it is convenient to take the diagrams in 
both cases literally and to establish a correspondence 
between them. To each dispersion graph there corre- 
sponds a large and well-defined set of Feynman graphs, 
as indicated in Fig. 3. 

Similarly all Feynman graphs, except for one, fall 
into the general types of dispersion graphs, as indicated 
in Fig. 4.5 The one exception is the lowest order Feyn- 
man graph, Fig. 5, which we discuss now. It may be 
said to be included in the subtraction constant e if 
dispersion relations of type B are used. However, it is 
our intention in this paper to study the consequences of 
the assumption that dispersion relations of type (A) 
are applicable, in which case no term in )>,[/'1(q*) Jn 
explicitly contains Fig. 5. Now dispersion relations of 
type (A) imply that e is expressed in terms of itself, i.e., 
-_ Symanzik, and Zimmerman, Nuovo cimento 2, 425 


5It is evident in Figs. 3 and 4 that the same Feynman graph 
contributes to more than one dispersion graph and vice versa. 





FORM 
e= f(e). This follows directly from (A), 
e= don LFi(0) Jn, (5) 


when we recall that each (/;),, by means of a disper- 
sion relation, is itself expressible as a combination of 
amplitudes of physical processes which connect with 
each other, and which connect in particular, back to 
F,(q*). For example, the first graph in Fig. 2, shows 
that (/)).z is related to /; times the eé scattering am- 
plitude; this scattering amplitude is related to e?/4x 
again, via the graph in Fig. 6, plus other terms. Accord- 
ing to Eq. (5) then, the lowest order Feynman graph 
is given by a linear combination of many other Feyn- 
man graphs which involve e to higher powers. Since 
each of these graphs is included in the dispersion rela- 
tions, we may consider that the lowest-order perturba- 
tion graph is included as well. 

Equation (5) may be looked on in to ways. On one 
hand, one may say that Eq. (5) uniquely determines e. 
According to this view, the requirement that the form 
factors vanish at infinite momentum transfer forces a 
new condition on the field theory, not present in the 
usual description, which can be satisfied only for a 
particular value of e. A second point of view is that 
Eq. (5) is an identity in e. Then, as in the usual formu- 
lation of QED, a solution exists for any value of e. 
Another way of saying this is that the dispersion rela- 
tions with no subtractions form an infinite set of coupled 
homogeneous integral equations for all conceivable 
physical amplitudes, in particular the charge form 
factor. The two points of view described above may 
then be expressed as follows: either this set of equations 
has a unique solution, or it does not. In the first case, e 
is uniquely determined; in the second case, the require- 
ment that /’;(0)=e picks out a class (perhaps one) of 
solutions; once this condition has been imposed, the 
equation becomes an identity in e. 

At present, it is not known definitely which alterna- 
tive applies. For our purposes, this is irrelevant, since, 
as will become clear later, our approximation is such 
that the imposition of condition (5) can be used only 
to obtain information about the form factor, and not 
about the charge itself. 

Since it is in practice not possible to calculate 
[ImF(q?) ], for all intermediate states, we must work 
with an approximation to Eq. (A). We do not expand 
the form factors in a power series in e*®. It appears in 
out final result, in fact, that such an expansion is indeed 
impossible.® The nature of our approximation will be an 


®In explicitly evaluating e from Eq. (5), one might first be 
tempted to expand the functions [/,(0)], in powers of e%. This 
would lead to a series e= p;(O)e®+ po(O)e®+----. It is clear that 
one should not expect such a series to be a reasonable approxima- 
tion even though an expansion of the type indicated in Eq. (4) 
is in fact useful. This is analogous to an attempt to expand 1/137 
in powers of 1/137 starting with (1/137)’. It is however, a reason 
able expansion to write 1/150, for example, in such a series start- 
ing with (1/137). 
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Fic. 5. 
graph for the 
vertex. 


Lowest order Feynman 
electromagnetic 


expansion in intermediate states which contribute to 
F(q’), i.e., an expansion in terms of dispersion graphs 
instead of Feynman graphs. We note here a similarity to 
the analogous expansion used by Chew and Low in 
meson theory in calculating the physical amplitudes of 
the meson-nucleon interaction. In particular we retain 
only the state n=eé. The infinite set of coupled integral 
equations is then reduced to equations coupling the 
form factors to the electron-positron scattering ampli- 
tude and to each other. In the dispersion relation for the 
eé scattering amplitude, we shall keep only the con- 
tribution from the pole, which is equvalent to renormal- 
ized Born approximation, except at threshold and zero 
scattering angle where ~ exact treatment is required 
to avoid the infrared ; ‘m. This description of eé 
scattering agrees well with experiments in the low- 
energy region. 


II. DISPERSION RELATIONS 


The dispersion relations upon which we base our 


discussions are the following: 


1 ,* 
F1,2(¢) =- 


19 9 . 
w 9 oe 


dq” 


ImF;, 2(q”), (6) 


where F’; and F» are defined as the usual electromagnetic 
form factors: 


(pip ju(0)|0)= (4Ep,Ep_)-4 


x (tip Pi(q?) Yu + Fs ( J) Our» Ups ). ( 7) 
We use the following notation: p,=(£p,, p,) and 
p_=(Ep_, p_) represent the four-momenta of the posi- 
tron and electron which are produced in state | p,,p_-) 
with incoming boundary conditions by 7,(0), the com- 
plete electromagnetic current operator evaluated at 
x,=0, operating on the physical vacuum state |0). 
The corresponding Dirac spinors for the positron and 
electron are vp; and up_ which are taken to be normal- 
ized to %,u,= —0,v,= 2m, and which satisfy the equa- 
tions (p_—m,)up_=0; (p,-+-m,)vp, =0. Here we choose 


Fic. 6. Contribution 
to eé scattering ampli- 
tude proportional to é. 
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Yu=(8,8a) and oy=YyY—Y-¥.- Finally g.= (py)y 
+(p_), represents the four-momentum transfer and 
our metric is such that g?=gq0?—q’. 

The properties of F; and F, which are required by 
Eq. (6) are that F, and F2 are analytic everywhere in 
the g? plane with a branch cut along the real axis from 
g’=0 to «, and that F; and F; vanish for large q?. A 
reality condition 

Fy, 2(¢°) =F, 2(¢"*)* (8) 
is also seen to hold for functions which satisfy relations 
of this type. This condition that F; and F» are real on 
the real g? axis (except of course on the branch line) 
also follows on physical grounds from the assumption 
that QED is invariant under time reversal. 

We offer here no rigorous proof of dispersion relations 
Eq. (6).27 However, the indicated branch cut and 


(ps | tip_j (0) |n@ 
(p4p-—| §,(0)|0)=— (2Ex JAS | 


(ps| 7,.(0)|n@ 


The second term of Eq. (10) has no singularity as is 
readily seen in a coordinate system in which the electron 
is at rest. The first term is singular whenever 


Q= pi tp-=Prn, 


and the minimum value of gq’ satisfying this condition 
is 0, corresponding to the threshold for production of 
three photons. 

The reality condition, Eq. (8), may be proved di- 
rectly by comparing Eqs. (7) and (9) in the coordinate 
system in which the positron is at rest with the complex 
conjugate of the corresponding expression obtained from 
Eq. (7) by combining with the operator the positron 
state vector instead of the electron state vector and 
transforming to the system witir the electron at rest. 
There results 

Fi (q")Yu=Fi(q"") "vovu'Yo, 


—F, (q° i VoOur' Yo; 


(11) 
F3(q")ous= 
or F,(qg?)=F(q*")* and F2(q?)= F,(q?")* 

Using reality condition Eq. (8), we have a direct 
relation betweem ImF},2 and the discontinuity across 
the branch line; explicitly, by Eqs. (7) and (10), 
(4Ep,Ep_)*(ip_| ImF 1 (q? y+ Im F 2(q")oygo| tps) 

= —43(2Ep_)* >, (24) '5*(pa—g) 
X (p+| tip_j-(0)|n)(n™ | 7,,(0) | 0) 
= (4Ep,Ep_)A,(p+,p_). 


The imaginary parts of Ff; and F; thus appear in Eq. 


(12) 


7 Bremermann, Oehme, and Taylor, Phys. Rev. 109, 2178 
(1958); Bogoliubov, Medvedov, and Polivanov, Institute for 
Advanced Study Notes, Princeton, 1956 (unpublished). 


in 


E.— 
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reality property for F; and F; may be seen to follow 
directly upon application of the contraction rule to 
the QED vertex, Eq. (7). Thus, combining the electron 
state vector with the operator in Eq. (7), one obtains 
the relationt 


(0)|0)=—1 fasx(2B)te 


(pb ae Ju 
Xn(x0)(p4|[iirje(x),5,(0)1\0), (9) 

where 
(17 pVu— Me) We (: (x) 


and 
n (xo) = Rs xo>O0 
=(), xo <0. 


Inserting a complete set of states and integrating one re- 
duces this to a form which directly shows the branch cut: 


ju(O) | 0) (2x) 53 (p,+p_— pn) 
Ep,— Ep_—ie 


| Up_J /e(O) | 0)( )(24r)*6°(p +Px) 
E +E 


Nin 


(10) 


(12) as a sum of contributions from various intermediate 
states. The contribution of each state m vanishes for gq? 
less than the square of the total mass corresponding to 
that state. 

Separating off the contributions from the electron- 
positron intermediate state (the dispersion graph 
Fig. 3), we write 

ImF1,2=Ge'?+ 2 Gai” 


nee 


(13) 


Choosing one-half the sum of ingoing plus outgoing 
boundary conditions for the intermediate state sum, 
we preserve the correct reality condition for each indi- 
vidual contribution to A,(p,,p-), and hence of 
A,(p,p-) itself in any approximation which neglects 
contributions of some states ”. The contribution of the 
electron-positron intermediate state in Eq. (12) is 
proportional to the form factors themselves, the pro- 
portionality factors being essentially just the physical 
electron-positron scattering phase shifts. Thus, we 
write, with a and 5b representing partial scattering 
amplitudes, 7 
ImF;, = Re(a;, Fi, 2*) + Re(d;, Fo, *)+ Zz O,)4 
nee 
Rea,» Re(b;, oF 2 9 “J 
= — ReF,,.+——— - 


1—Ima;,2 Tends 


‘(1—Imay,2). (14) 


+29 


nwXee 
Inserting this into Eq. (6), we obtain an integral equa- 
t We have dropped a one-time commutator in Eq. (9) because 


it is a constant in the dispersion variable and does not contribute 
to our discussion. 





ee ance 
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tion from which the functions /';(q’) and F2(g?) may be 
determined. In particular, the electric charge emerges 
as F,(0) and the anomalous magnetic moment of the 
electron as —2F (0). 

Our problem is then reduced to the nontrivial evalua- 
tion of a, 6, and G, in the right-hand side of Eq. (14). 


Ill, EVALUATION OF ABSORPTIVE AMPLITUDE 

In this section, we calculate the absorptive amplitude 
in the approximation of neglecting all but the electron- 
positron state, n=eé. In support of this, we refer back 
to Sec. I and note that the amplitude of all higher 
states has a threshold dependence down by a factor of 
1/137. Since, however, the dispersion integral ranges 
over all values of momentum transfer and experimental 
information on QED is available only up to ~200 
Mev/c,’ neglect of the higher states in Eqs. (13) and 
(14) is not a defensible approximation. It is, however, 
an interesting one to pursue in order to obtain, perhaps, 
a qualitative insight into the behavior of the form 
factors. After carrying out the calculations in this 
approximation, we shall discuss this point further. 

We turn now to the calculation of amplitudes a;,». 
As pointed out above Eq. (14), these are related to the 
eé scattering amplitude, and in particular to scattering 
in the *S; and *D, states, the only states which a photon 
can produce, according to angular momentum, parity, 
and charge conjugation selection rules. With neglect 
of the annihilation channel for the eé interaction, one 
can follow the discussion of Blatt and Biedenharn® for 
two-channel reactions and relate these amplitudes to 
the two eigenphase shifts and one mixing parameter for 
the 3.8, and *D, states. 

We do this as follows: First, from Eq. (12), the ab- 
sorptive part is written as 


[Au (p+,b-) Jea= aL Au* (P,P) Jer 2TAn (P40) Jer, 


with 


- : Fp, i d*q, d*q_ 
[A,*(pi,p Ylo=—( ) f _ 
2 J (Qn)? 4 (2m) 


Xd (21)454(p44+ p_—q4—9g_) 


spins 
X (ps.| Up Je(0) q49..~’ gag jul0)\0). (15) 


We may then write for the electron-positron scattering 
amplitude® 


(2Ep hp, | tp_7e(0) g+4 (+)) 


9 


Sr” 
=—-— Po (ir Cy, (1Mp'm,’) 


pEy Muu! 
XCn(1 Mus) (6p. — Spr" 1, S=1/) 
— XVrw*(Qy)Vu(Q), (16) 
8S. D. Drell, Ann. Phys. (to be published). 


9J. M. Blatt and L. C. Biedenharn, Jr., Revs. Modern Phys. 
24, 258 (1952). 


7 Cu = 


in terms of the center-of-mass system, with Ep= Ep, 
= Ep_ and p= p,.= —p_;2, and Q, are the angles of the 
final and initial relative momenta, and we have dropped 
all but the J=1 and S=1 terms, since only these 
are relevant here. m, and m,’ denote the initial and final 
spin projections of the electron-positron system. 

For the pair production vertex in Eq. (15), we have 


(q4g— | j,(0)|0) = (4Ea, Eq_)4 
(dg_| Fi*(P)y,+F2*(P)oyely|0a4), (17) 


with /,= (g,+g_),. The complex conjugates of the form 
factors appear here because the outgoing boundary 
condition on the pair state changes the sign of the 
discontinuity of the matrix element across the branch 
cut. This may be easily seen by rederiving Eqs. (9) and 
(10) with the outgoing boundary condition. The change 
in the sign of the jump corresponds to replacing F by F* 
according to reality condition Eq. (8). 

In order to perform the angular integral remaining 
after the delta function is satisfied in Eq. (15), we must 
further reduce Eq. (17), explicitly exhibiting its angular 
variation in the center-of-mass system. We carry out 
this reduction by introducing the Pauli two-component 


spinors, 


1 
Ug_™ ( xan (Eq_+m,)} 
o -q/(Eq_+m,) 


7 


and v4."t=iyyua,"**, in the representation with y, 
imaginary, transforming to the center-of-mass system 
q=q_=—q,=99, E,=Fo_= Fa, and doing the spin 
algebra. Denoting the photon polarization unit vector by 
(eo,¢) and introducing the unit vectors é,= (— )"é_m 
with components 


é,= (—1, —7, 0) v2, 


éo= (0,0,1), 


we obtain for production of the eé state with spin 
magnetic quantum number m,, 


(g4g—;ms'*? | Ju(O) | Oe, 


( Fy*— 4m_,F * )é 


( : F\*—4m,.F*\ ¢ 
+ { —4F,*—— — J— 
E,+m, 


=V\ 2ém,* 


é(F\*—4m.F.*) 





Le 


Me 
—gé a(1- ~) (Pitta) | 


Carrying out the angular integral in Eq. (15) and 
performing the magnetic quantum number sums by 
straightforward application of identities for Clebch- 
Gordon coefficients, as given in the present notation 





1732 Ss. D. DRELL AND 


in Appendix A of Blatt and Weisskopf,” we obtain 


2 j Re ( To28*) 
EET ks penal 
9 1 —_ Im Too 


Re To 
ime=————_—_—- 


1—ImT 00 


2\? Re(T2*) 
Img= (-) 
9 1— (2 9) ImT 2 


2 ReT 9 





— Ref, 
91- (2 9) ImT 2 


2E+m E+2m 
—— ) F,— ( — }4mF, 
3E 3m 


m—E E-—m 
B(E)= (— )r- (—)ame:, 
E m 


1 
Tap=—(S—1)ag, 


21 


(18) 
where 


a(E)= 


4 sin2e(e?#60— ¢?#52) 


(20) 


a 


mesh sin?ee?*®2 


I sin2e(e?*40— ¢*2) crn 
in terms of the eigenphase shifts 59 and 6» for the *S; 
and *D, states and mixing parameter e. The argument 
of 50, 52, and ¢« is , the energy in the center-of-mass 
system, which is given by g?=4£? in terms of the argu- 
ment of the form factors F; and Fo. 

Equations (18), (19), and (20) are in principle a 
complete solution to our problem in the approximation 
of keeping only the contribution of the eé-intermediate 
state to the absorptive amplitude. In practice, however, 
this is not a very useful solution since we do not know 
50, 62, and ¢ for electron-positron scattering. In order 
to obtain approximate values of these phase shifts, 
we return to Eq. (16) and calculate the eé scattering 
amplitude in renormalized Born approximation; i.e., 
we write 


(2Ep_)~*( ps | tip_j-(0) | qug_’) 

=e? (16Ep,Ep_Eq,Eq_) 
(tip_y pUq_) (Bax-¥ p+) 
(pg 


( Up ~Y »Vp+ ) ( Va+7Y Ue a 


(21) 


This is equivalent to retaining only the pole in the 
dispersion relations for eé scattering. It is then only 
necessary to insert Eqs. (21) and (17) into Eq. (15) and 
to perform the spin sums by standard trace techniques. 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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There results from this approximate calculation of the 
absorptive amplitude the following expression: 


e (g—4me\} 
ImFiy.-+mFoyq¢=—( ) 
4 ¢ 
2¢’—4m?2 


g—4m? 


1 du 13 
xf -( - ReF ny +ReF tude) 
1 1—yu 1 2 


9 
m,* 
— ae 
3 
2 
g 


me 
ReF y,—— (ReF,+8m, ReF:2) 


g—4m? 


. | 
x (a+ oot . (22 
4m, 


The single angular integral which remains to be per- 
formed in Eq. (22) diverges logarithmically for u—1. 
This divergence arises as follows: The Moller scattering 
amplitude becomes infinitely large for forward scatter- 
ing because an infinite number of partial waves con- 
tribute in the limit 4=cosé—-1. The phase shifts them- 
selves are also infinitely large in Born approximation, 
there being no finite partial-wave expansion of a scatter- 
ing amplitude with angular variation [sin?(@/2) }". 
In the vertex under consideration here, there are, 
however, only two eigenphase shifts for the *S, and *D, 
states appearing as we have seen in Eq. (20). In order 
to remove this divergence, then, we must give anexact 
treatment of the forward scattering amplitude. This 
it is possible to do because the two-body problem re- 
duces to a one-body problem for forward scattering 
angles and the exact amplitude for scattering in the 
forward direction is available from analysis of the rela- 
tivistic Coulomb scattering problem. That this is in 
fact so is easily seen if we transform to a coordinate 
system with one of the particles, say the positron, 
initially at rest. In the limit of small-angle scattering 
the positron remains at rest in this reference frame, does 
not flip its spin, and serves only as a point source of 
the Coulomb interaction. 

We must also give an exact treatment of the scattering 
amplitude near threshold since the Born approxima- 
tion is not valid as g?>4m/, and makes the scattering 
amplitude become infinitely large there. It is also 
possible to do this because the two-body problem again 
reduces to a one-body problem at threshold and the 
exact phase shifts are available for Coulomb scattering. 

We first show that an exact analysis of the forward 
scattering angles replaces the divergent expression by 
the following: 


(23) 





FORM FACTORS IN 
the Euler-Mascheroni constant. The Born approxima- 
tion amplitude, Eq. (21), is applicable for scattering 
angles 0>@nin With @mnin1, but >0O so that only a 
finite number of phase shifts contribute. For @<@min we 
replace Eq. (21) by the real part of the exact amplitude 
expressed here for convenience in the coordinate sys- 
tem in which the positron is at rest": 


l 


Ys= 1 > (—)'{P ImC,— (+1)? ImCi41} Pi(w), 
p < 
where to order e?/4z, 


ImCpo0= — 


2C—1+¥ 2(2/+1) 


Ry 
x|c-¥ [Pu (24) 


n=1 1 


We wish to join the contribution of Eq. (24) to the 
absorptive amplitude to the Born approximation contri- 
bution, Eq. (22), for u>@,.in. This requires the integra- 
tion of yg(u) over the angular interval u= 1 to p= coSOnin 
= 1—O@nin?/2. Since in fact only a finite number of phase 
shifts contribute, we are justified in interchanging the 
order of integration and summation in Eq. (24), 
obtaining!” 


1 


f 7 ad, M 
i- Hin? 


eo 2 Fe be 1 1 
om iy, [2c-1-5 Ps(4@mic?)(—+ )I 
de 2p t= 41 1 


The sum in Eq. (25) converges rapidly for />@,,in~! and 
is readily evaluated, using the generating function for 
Legendre polynomials: 


(25) 


, bt 
Zz Pu(d@uis!)(—+ 
l=1 l+1 1 


We obtain finally 


e 2 
f Y gdp =— (c-in --) 
1 —rnin® 4p ; Onin 


2 COSO yy in du 
z 4rp? = Me 


11 N, F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, Oxford, 1949), second edition, p. 80. 

2. T. Whittaker and G. N. Watson, Modern Analysis second 
edition, (Cambridge University Press, Cambridge, 1950), fourth 
edition, p. 333. 
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Since the forward Coulomb scattering amplitude is 
spin independent and since ys is the only rapidly 
varying function in Eq. (15) in the forward angular 
cone defined by Onin, it is clear that the identification in 
Eq. (23) follows,” and we can now write from Eq. (22), 


e (g—4m? \3 
ImF;(q’) = —( — -) 
4 


T ¢ 
. 3 2m2 m?(2C—1) | 
x| {c-—-=4* a 


3¢ g—4m? 
me 


X ReF 1(¢?) — 8m,—— 
g—4m?2 


ReF2(q’) 


e 1 
ImF2(q¢’) = —_—_—_—_——|[—jm, ReF;(q’) 

4 [q?(q?—4m2) }} 
+(C—1)(q?—2m) ReF2(q’)]. (27) 


We turn next to the threshold problem and note that 
at threshold (Em, e—-0) Eqs. (18-20) imply 


Im(F,—4m,F2)—tandy Re(Fi— 4m.F 2) 


g—4m2\3 
Vo.m.= . -) —(, 
qv 


and Eq. (27) gives 


e 
Im(F,— 4m,F:2)- ( - — Re(F,—4m,.F;). 


4! 206.m, 


From the analysis of Coulomb scattering, it is known 


that 
Cae a tae sn 
( )—-( -)- for Ve.m.> 9 
4tr/ Viab 4a] 200.m. é 


and that tanédo goes through an infinite number of 
resonances with logarithmically increasing rapidity as 
Ue.m,—0. In order to give the correct threshold behavior 
to the absorptive amplitude, it is necessary only to 
factor out (e?/4)[q?/(q?—4m.’) }' in Eq. (27) and make 
the substitution 


tand y= 


e 1 2 
— —— — — tandp. 


drtem. C 
18 The correspondence of kinematic factors between Eqs. (22) 
and (26) comes out this way: putting amplitude (26) into (15) 
gives 


. * 1 a me 
| dq, { d'g_(p,+p-—a.—4 » oe 2rdy(—-), 


where Ep_/p_ is expressed in the system with the positron at rest 
and may be written in invariant form as 
P-*P+ wae 
[(p--py?—m2} [o(g?—4m—) } 


corresponding to the coefficient of the logarithm in Eq. (22). 


g—2m2 
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This leads to the equations 


2 
ImF;(¢*) = (— tani) 
Cc 
7 Com 4m? 13 2m2 
(Pe) 
¢ 2 3 


8m 2 
ReF,——— 
: 


g 


9 


g 


y 
ImF;(q¢’)= (- tani 
C 


m- 
x|-~ - ReF,+(C—1) 
4¢° ¢ 


Me 
+—(2C—i) | Res}, (27’) 


g—4m2 
. c ReF 


Within the framework of our approximations, Eqs. 
(27’) represent the absorptive amplitudes for the elec- 
tromagnetic vertex. Inserting them into dispersion 
integrals Eq. (6), we obtain the following integral 
equations for the electromagnetic form factors: 


wn 


f dq” 
4mé q?— g— ie 


2 13 2m.’ | 
«(= tants) (| {c- -—-- 
e 12 39") 


g?—4m?2 (2C—1)m2 
x*—_—__+————- | ReF;(q”) 


9 9 


q 
8m2 
-|=- ReF(q") ), (28) 
q 2 
1 » dq” 
wT “ame Q “—Q—1e 


2 Me 
xX (- tani ( —— ReF;,(q”) 
by 4q’” 


9 


q?—2m? 
: ReFi(g") ). (29) 


+(C—1)—— 
7” 


Our discussion of the form factors is based on Eqs. (28) 
and (29). 
IV. DISCUSSION 
Let us first fix our attention on the moment form 
factor. The close agreement between the perturbation 
predictions of QED and experiment establish, to order 
e?/4ar, the moment value 


1/e e 
F,(0)= -—(- )- = — Aus 
4a \4r/ 2m, 
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and the form factor variation 


2m? 


q)? 
F.(— |q|\*)=— 3 Au: In— ) 
qi? 4m2 


for space-like momentum transfers m?’<|q|°< (several 
hundred Mev/c)*. This behavior of F'2(g*) is reproduced 
by Eq. (29) if the charge form factor F; is replaced by 
its perturbation value, 
F,(q’?)—F (0) =e, 

for g?<(100 Mev/c)?. To this approximation the 
moment form factor in the right-hand side of Eq. (29) 
may be neglected since it is smaller in magnitude than 
F, and dies out sufficiently rapidly for large g values. 
Equation (29) then simplifies to 


oe dq” 2 em. 
f : ( = taniv)( — ), (30) 
w Same gq? —g—ie\C 4q” 


which agrees with experiment. Note also that the rms 
radius of the anomalous electron moment is 1/m,, the 
electron Compton wavelength. 

Turning next to the charge form factor, we ask 
whether there exists a solution of Eq. (28) of the form 
used above for F; in fitting the observed moment 
structure. First of all, it is easy to see from Eq. (28) 
that there is no valid expansion of F; in powers of e’, in 
contrast with the above discussion for F2. Explicitly, 
if one attempts to write 


F3(q") 7 


F1(q?2)= pi(qe+po(qe+:-- 


the coefficient p:(g*) is infinite. This reflects the fact 
that perturbation theory does not yield a charge form 
factor which satisfies a dispersion relation of type (A) 
with no subtraction, since, to lowest order in e, ;(q*) =e 
[see Eq. (4) ], a nonzero constant for >. This is in 
violation of the assumption that the dispersion integral 
(A) exists. The subtracted form (B) of the dispersion 
relation, of course, provides a convergent expansion 
equivalent to the usual perturbation theory. Secondly, 
upon comparing the coefficients of Re 1 (q’) in Eqs. (28) 
and (29), we see that Eq. (28) for the charge form factor 
weights the region of high-momentum transfers by an 
extra power of (q*/m?). In fact, since (2/c) tandy—e?/4r 
over almost the entire range of momentum values, 
Eq. (28) tells us on dimensional grounds that (q'°/m?) 
values up to ~exp(137) will contribute. The neglect 
of all but the eé intermediate state in the absorptive 
amplitude is probably not valid at these large momen- 
tum transfers. Ignoring this for the moment, we may 
solve Eq. (28) in the following way. We assume that 
mF >(q*)<«F(q*). Then 


a dq” 
4me 7° — g?—ie 


T 


(31) 
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where 


Z 13 
gi(q’)= tan (c- — ) 
& 2 3¢ 


g—4m? 


mée 
—+ (2C—1)— } (32) 
y q 

Note that as g*>, 


e 13 
w(e)(e-B)o 
4dr 12 


According to Omnés,"‘ the general solution to Eq. (31) is 


(33) 


P( q’) 
Fi\(q’)= explp(q’) ], (34) 
(qg?—4m.)” 
where 


¢ - dq” 
p(g)= f tan'gi(q”), (35) 
4me q*(q” ~ g— ie) 


n is an integer, and P(g’) is a polynomial. 
P and n must be chosen so as to give the correct 
boundary conditions F;(0)=e and F,(*#)=0. The most 


appealing choice would be n=0, and P(g*)=e. From 
Eq. (35), however, it is easy to see that 


1 é 13 ¢ 
e(¢)——— tan” (c- )| in ) 
T dor 27 4m2 


as g*>, and therefore with this choice of P and y, it is 
impossible to satisfy the condition F,;(*)=0. We trace 
this difficulty to the sign in Eq. (33). This is most un- 
fortunate since this solution is practically a constant 
(=e) for the range of g’/4m,? contributing to the mo- 
ment form factor, and therefore reproduces perturba- 
tion theory.’ It is as a result necessary to set m equal 
to 1. If this choice is made, the resulting F; is 


e 
F\(¢)= exp[p(q’) ]. 
1— (q°/4m/) 


4 R, Omnés (to be published). 
16 For large momenta it increases as 


ia 13 e ¢ 
exp (7 . 4n “4m? 


and deviates from perturbation theory for g?>m/e!%’. For such 
large values of momentum, Landau and collaborators have argued 
that electromagnetic processes must be damped out if e/4r 
= 1/137 is to result from a consistent QED which starts from a 
real nonvanishing value of the bare charge é9. See L. D. Landau, 
in Niels Bohr and the Development of Modern Physics (McGraw- 
Hill Book Company, Inc., New York, 1954). 
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It is possible to show that this results in an anomalous 
moment differing even in sign from the perturbation and 
experimental results. We conclude that within the ap- 
proximations made, it is impossible to satisfy both the 
requirements that the solutions reproduce perturbation 
theory and that the form factors vanish at infinity. 
This is very likely due to the inadequacies of the 
approximations, particularly in the high-momentum 
region. 

One may turn to the subtracted dispersion relation 
(B). For this case, the choice n=0 is acceptable, since 
all that is required is that F1(q*)/qg*-0 as g>>~. Thus, 
perturbation theory is reproduced by Eq. (B). 

It is interesting to note in this connection that the 
particular subset of diagrams included here has changed 
the asymptotic behavior of the form factor from that 
indicated by perturbation theory. It is therefore not 
inconceivable that inclusion of all diagrams might 
produce form factors vanishing at infinity in support 
of the no-subtraction philosophy. It was to be hoped 
that the subset of diagrams actually included would 
itself be sufficient to produce vanishing form factors; 
this would have occurred if the sign in Eq. (33) had 
been reversed. 

It may be worth remarking that if we accept the 
solution Eq. (34) with n=0 for low-momentum trans- 
fers, one obtains a mean-square radius 


e\1 33\ 1 
(7?) = ( 2C— ) <0. 
4r/ 3 207 m? 


The second moment of the charge distribution is thus 
observed to have a negative mean-square radius. It is 
of interest to recall here the analogous behavior of the 
photon or boson propagator in field theory.'® 

Finally, Eqs. (28) and (29) superficially look as 
though they might be an eigenvalue equation for the 
fine-structure constant e?/42. In fact, they are not, but 
have solutions for any value of e*/4x. Equations (28) 
and (29) clearly cannot determine the charge e, since 
they are homogeneous in F; and F». As to whether the 
inclusion of other intermediate states in calculating the 
imaginary parts could determine e uniquely, we have 
no information. 


(37) 
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The wave functions for the ground state of a physical nucleon and for the scattering state of a physical 
nucleon and a pion are used to compute photopion production cross sections in an intermediate-coupling 
approximation. Since the mesons included in the physical nucleon suffice to account for an approximately 
correct value of the anomalous magnetic moment, no use is made in this theory of a correction term involving 
experimental values of the latter. The p-wave part of the photoproduction matrix element is arrived at 
naturally, largely from the interaction of the meson currents with the electromagnetic field. Differential 
cross sections are obtained for the production of +* and x° by photons of 200, 260, 335, and 440 Mev in the 
laboratory system. It is also pointed out that in the intermediate-coupling theory, the ambiguity in defining 
a gauge-invariant Hamiltonian is nontrivial. Different procedures for generalizing the meson-nucleon inter- 
action term into a form that is gauge invariant in an extended-source theory lead to substantially different 


p-wave components of the photoproduction cross sections 


I. INTRODUCTION 


Y making use of the Tomonaga method for dealing 
with intermediate-strength coupling between me- 
sons and nucleons, approximate solutions have been 
obtained both for the ground state of a physical 
(clothed) nucleon and for the scattering state of a 
physical nucleon and a pion. This has been done for 
the case. of a symmetric pseudoscalar meson field 
coupled to a fixed extended source through derivative 
coupling. The scattering state function obtained seems 
to give a correct description of low-energy scattering. 
In particular, it gives approximately the correct reso- 
nance in the scattering phase shift for the J=J=}3 
state.! (J is the spin, J the isotopic spin of the pion- 
physical nucleon combination.) The ground state solu- 
tion of the physical nucleon has been used to evaluate 
the anomalous magnetic moment of the nucleon, on the 
assumption that the latter is correctly represented by 
the interaction of the meson current with a slowly 
varying magnetic field.2 The result of that calculation 
approximately agrees with the experimental values. 
Since the anomalous moment is approximately right, 
and since the interaction current term must give the 
correct Kroll-Ruderman limit, it can reasonably be 
expected that the probability of free meson creation due 
to the interaction of the photon with the physical 
nucleon will be given at least to the right order of 
magnitude. Moreover, due to the approximately correct 
behavior of the scattering state function, it can also be 
expected that the relative amount of Born approxima- 
tion terms and “enhancement” terms will be about right 
at relatively low energies. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Based on a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the Faculty 
of Pure Science, Columbia University. 
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1 Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955) 
(hereafter referred to as FLC). 

2K. Haller and M. H. Friedman, Phys. Rev. 100, 1501 (1955) 
(hereafter referred to as HF). 


II. WAVE FUNCTIONS 


The ground state wave function for a physical 
nucleon in a spin, isotopic spin state /, will be written 


N= Vo l). (1) 


Here |/) represents a Dirac spinor for spin and isotopic 
spin /. Ni, represents a physical nucleon of the same spin 
and isotopic spin. Vo is a spinor operator function given 
in FLC. Matrix elements Mg of an operator © taken 
between two physical nucleon ground states, 
M g= (Ni| 8} 9), 
can be written symbolically : 
Me= (l (Wo OW) l). 
Here the matrix element (Wo' QW») already includes in- 
tegration over the nine-dimensional reduced meson 
space of FLC. It is still, however, a function of spinor 
operators. It will generally be written 
(Wot OW) = [Oo ]. 
The incoming scattering state wave function for a 
physical nucleon in spin and isotopic spin state m, and 


a meson of momentum p’ in charge state uw, when 
written in the momentum representation, is given by 


Vn (up )= LX {(l\x(ujo; p’q) | m)aa*(q)Vo|/) 
q,a,l 
—>, (| [aa*(q) }| 2) 
X (n|x(u,a; pq) | m)Vo|l)}. (2) 


The functions x(u,a; p’,q) are obtained from a varia- 
tional principle and are given by 


x (4,0; p’,q) = Sy, a5p’,g 


Gr, a(p',q) Pr, (ua; p’,q) 
oe , (3) 


Wqg—Wp +e 


where the summation extends over J, J=4, 3. The 4, ; 
here are the usual Kronecker delta functions. The 
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P;, s(u,a; p’,q) appearing in Eq. (3) are the projection 
operators 

P 1, x (uy; p’,q)= Sx(p’,q) T1(u,a), (4) 
and are 

S;(p',q)=e-qo-p' gp’, 


S)(p’,a) = (3p -q—o-qo-p’)/gp’, 


{ 
T} (u,a) = 1 Tat ny 
6 


Ty (u,a) = 64, a— 37 aT p 
The G;, s(p’,g) are given by 
Gr, s(p',q)=ar, 1 (P')g(q) +Br, (p’ wag (gq), 


(5) 


/ 


ars(p’) g(p)i- 


Bra(p’) g(p’) 


where 
Q > w,[ g(k) P, 
(g?)= Dix [e(k) PLor— 


and the A;, and B,, are as defined in FLC. 


1 
l 


Wp Tle], 


III. GAUGE INVARIANCE OF THE THEORY 


It is well known that the simple procedure for general- 
izing theories with point interactions to include an 
electromagnetic field is not valid when the interaction 
of the nucleon and the meson field is extended over a 
finite region in space.’ The part of the interaction 
Hamiltonian, 


Hs= (4n)!f f U (2) ro V60(x)dx, (7) 


which deals with charged mesons can be written 
H = v2(da)is FU v)T(4)0-0o(x)dx+H.c., (8) 


where 7(4)=43(ritire), 6= (2)! (d1— ide), f is the non- 
renormalized coupling constant, and U(x) is a spheri- 
cally symmetric normalized nucleon source function. It 
is immediately obvious that the procedure of replacing 
Vo by (V—ieA)d and ¥¢* by (V+ieA)¢* does not give 
rise to a gauge-invariant theory unless U(x) is a delta 
function. When U(x) is not a delta function, it is easily 
possible to generalize H to include an electromagnetic 
field in a gauge-invariant fashion, but it is not possible 
to do so uniquely. We may, for example, write a gauge- 
invariant form H,, defined by 


H,, v2(4a)}f f dx Ua) = ~ief A(y)-dy|}e 


| 
-[Wx—ieA(x) lo(x)+H.c., (9) 


3 R. H. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955); 
for earlier discussion of a related problem, see R. G. Sachs, Phys. 
Rey. 74, 433 (1948). 
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where the g(q) are 


ir 
hw 
J"L@q 


g(q)=—Lqu(q< K)/[w, 


and L is defined by’ 


A HZ) 


al 


- 
(L LTaTiXia 


) : (l [PiaPia — XiaXia—1] l) 


The quantities ay, ,(p’) and Br, ,(p’) are given by the 
equations 


SA rywp + Bryt}(Ars)’2 | 


242(475)C1+ (wp—2)(e2)]| 


$A ry—3 (Ary)? 


(wp — 2) (g° 

which satisfies the requirements of (1) gauge invariance 
and (2) reducing to H (where V has already been re- 
placed by (V—7eA) in H) for the case of a delta-function 
source. It is, however, possible to amend this form in 
an infinite number of ways, and still to preserve both 
of these properties: A term /-nds may be added 
to fo* A(y) -dy in the exponential. Here is the mag- 
netic field, fds indicates a surface integral over any 
area entirely enclosed in the volume of the nucleon 
source, and n is the unit normal to the surface. The 
effect of this term is to make the path over which the 
line integral is to be performed entirely arbitrary. Also, 
a term H’ where 


l 
H’ fax f di{U(x)r 4ye-[xX (Ex) ]g(S)}, (10) 


may be added to H,. Here c is an arbitrary constant and 
q(é) is an arbitrary function of £. In all of these possible 
additions to H,, © is the only function of A that appears, 
and these additions are therefore manifestly gauge in- 
variant. They are all scalars and they go to zero in the 
case of a delta-function source. However, each one of 
this infinity of possible alterations of H, can in principle 
lead to different values of physically measurable 
quantities. 

It can be hoped that the effects of this ambiguity in 
defining the most general form of a gauge-invariant 
meson-nucleon interaction Hamiltonian can be mini- 
mized either by showing that the physical consequences 
of the ambiguity are small; or at least, by finding one 
particularly simple specific form, which, for a priori 
reasons, is more plausible than all the others. That the 
latter is not the case can be easily shown by choosing ¢ 
and g(£) in H’ to be c=iev2(4m)!ef and g(¢)=&, respec- 
tively. Then, since Vx /o% , A(y) -dy (here the 4% ; indi- 
cates that}the path chosen is a straight line) can be 
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written 


x 1 
vf A(y) -dy=A(a) —xx f tdé (Ex), 
0,1 


0 


it can be shown that for this choice of path and of c and 
q(é), the equation H,+H’=H, holds, where 


Hs=v2 (4) fax U(x)rwye 


-¥2{ 60] exn(—ie f Av) -dy) || +1 (11) 


There is no compelling a priori reason for preferring 
either H, or H, and both have been used by different 
authors. H, is used by Enoch, Sachs, and Wali‘ to calcu- 
late photopion production cross sections. H,°, given by 


He'=v2(4n)f f dx U (x)ry0-[V—ieA(x) ]6(x)+H.c., 


which accounts for by far the largest contributions to 
H,, is used by Chew and Low in a computation of pion 
photoproduction cross sections.’ H, is used in various 
computations of the anomalous magnetic moment of 
the nucleon.* The question of whether the differences 
between the various forms are large enough to be im- 
portant can now be raised. In the case of the choice of 
different paths for the line integral in the exponential 
of H, or Hy, calculations carried out by the author 
indicate that these differences can be expected to be 
small.’ For this reason, the simple choice of a straight- 
line path will henceforth be understood in this paper. 
The ambiguity in the meson-nucleon interaction Hamil- 
tonian due to the H’ term is, however, large. It can 
quickly be shown that the physical consequences of 
choosing H, instead of H, are pronounced. For example, 
in the case of a constant magnetic field, A(x) =4(xx) 
and fo* , A(y) -dy=O. H, for this case reduces to (8) and 
there is no interaction current contribution to the mag- 
netic moment. In HF, a calculation based on this 
interaction term gives an approximately correct value 
of the anomalous magnetic moment. H,, however, gives 
rise to an interaction current term 


Hint = —iev2(an)'§ f ax “— 
-A(x)@(x)+H.c. 


‘ Enoch, Sachs, and Wali, Phys. Rev. 108, 433 (1957). 

5G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956) 
(hereafter referred to as CL II). 

6 See reference 2; see also M. H. Friedman, Phys. Rev. 97, 1123 
(1954); also H. Miyazawa, Phys. Rev. 101, 1564 (1956). 

7The smallness of the difference between fo%c A(y)-dy and 

o%ce A(y)-dy can be understood in the following way: Since 
SA(y)-dy=fH(y)-mds and since the area integrated over is 
entirely within the volume of the nucleon source, the linear dimen- 
sions are limited to R, the radius of the latter. The area is therefore 
of order ~R*. From the differentiation of A, a factor of mr is 
obtained and the area integral is smaller than a term of order |A|R 
by a factor of approximately R/A photon). 


(12) 
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This term, if included in the calculation of the magnetic 
moment, would contribute an additional anomalous 
moment of — 2.573 nuclear magnetons, a result entirely 
inconsistent with the experimental facts. Since the pro- 
gram for the present calculation involves the use of a 
theory which predicts the correct anomalous magnetic 
moment, H, is clearly the proper choice here. However, 
since the consequences of using H, are also of interest 
(partially insofar as they provide a measure of the am- 
biguity involved in defining the interaction term), the 
meson photoproduction cross sections resulting from 
the use of H, will also be calculated. 


IV. THE TRANSITION MATRIX ELEMENT 


The matrix element for the production of a single 
meson and the annihilation of a photon is 


M=(W,,— (u,p’)| | Nani(p)), (13) 


where H is the part of the complete Hamiltonian that 
is first order in the electric charge, and where n;(p) is 
the normalized state vector for a single photon of mo- 
mentum p and polarization i. Substitution of (2) into 
(13) gives rise to the following expression for M where 
for simplicity M is written M=M(1)+M (2): 


M(1)= ¥ (1 {aa(q)H }\ n)(m| xt (u,0; p’,q)\1), (14) 


q,.a,l 


M(2)=— dX (| {A}\n) 


q,a,l 


X (mx! (u,a; p’,q) [aa(q) }i2). (15) 


Here H denotes H|nj;(p)). 

The Hamiltonian 77 can be expressed as the sum of a 
meson current term and an interaction current term, 
H™ and H’', respectively. Thus H is 

H=H"+H'. (16) 


The meson current Hamiltonian is 


H“= e fas A: ($1 ¥¢2—2¥ 1); 


in the momentum representation A is 


A(x)= 2D [2p }*Lb‘(p)+b*(—p) Jep'e?*, 


i=1,2;p 


(18) 


where b‘(p) and 5‘*(p) are annihilation and creation oper- 
ators, respectively, for photons of momentum p and 
polarization i. (The p and i index on the e will generally 
be suppressed.) The interaction current Hamiltonian 
which originates from H, can conveniently be written 
as the sum 


H! = H"+H’>, (19) 


Here the H’* parts involve the meson field ¢@ but not 
its derivatives; the H’* parts include only the deriva- 
tives of @. H+ can again be conveniently subdivided as 


H'=Ha@+H,". (20) 





PHOTOMESON 


The individual terms are 


Hal=— (4n)hes fas U(x)o-A(x)exgst,ba(X), 


Hp! = 


1 
_ an)les f ax f tdt U(x)e 


[xX H( EX) Jexgstada(X), 


1 
=— (an)les f dxf dé U(x)x 


-A(Ex)exgs7,@ - Vxd(Xx). 


Here €,s; is the antisymmetric isotropic tensor, (i.e., 
+1 for every even, —1 for every odd permutation of 
Asi S)s 

The alternate form of the interaction current, origi- 
nating from Hg, is given by 

Han! H4'+H?, (21) 
Hence it is clear that the difference between the two 
forms of the interaction Hamiltonian is the presence of 
Hp" in H’. 

In the expression for M(1), the matrix element 
{a.(q)H } appears. Hereafter it will be denoted by the 
symbol II. II will be written 

= TE! + TF, 


where each of these parts of IT involves only the H™, 


TABLE I. Table of integrals. The energy is that of the photon 
in the laboratory system. The meson energy is computed under 
the assumption that the origin of the momentum space is the mass 
center of the pion-nucleon system. R indicates the real, J the 
imaginary part of the integral. If only one number is cited, the 
integral is real. 

440 Mev 


2.2984 
0.8829 


9.5887 
2.0473 


0.7981 


0.5096 
0.2670 


1.9797 
0.6192 


0.6347 
0.900 


2.7304 
0.2087 


1.6782 
0.6360 
3.1531 
— 1.3304 
—0.5074 
— 2.5068 
3.0856 
1.4422 
6.4306 


Integral 200 Mev 260 Mev 335 Mev 


yo R 1.4944 
I 0.0665 


6.1029 
0.0839 


1.1524 


0.5536 
0.0426 


1.8513 
0.0538 


0.2762 
0.0029 


1.1748 
0.0037 


0.8183 
0.1935 
1.0626 
— 1.9867 
—0.4717 
— 2.5822 
1.6024 
0.3960 
2.1024 


1.8172 
0.1880 


6.9984 
0.2834 


1.0853 


0.5789 
0.0990 


1.9581 
0.1480 


0.3602 
0.0160 


1.5154 
0.0190 


1.0109 
0.2600 
1.4029 
— 1.8458 
—0.4773 
— 2.5653 
1.9616 
0.5368 
2.7709 


2.0756 
0.4651 


8.1829 
0.8792 


0.9616 


0.5730 
0.1849 


2.0448 
0.3496 


0.4958 
0.0428 


2.0929 
0.0809 


1.3231 
0.3976 
2.0747 
— 1.6109 
— 0.4873 
— 2.5320 
2.5171 
0.8394 
4.1039 
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H', and H’> parts of H, respectively. In a similar 

manner, M(1) and M(2) will be written 
M(i)=M”"(i)+M?*(i)+M?°(i) 


(i=1, 2). 


V. THE MESON CURRENT CONTRIBUTION 


The contribution from the meson current part of H 
to the pion photoproduction matrix element will be 
considered here. The quantities M”(1) and M™(2) 
which together comprise this contribution will be com- 
puted in turn. 

The quantity II” which appears in M™ (1) is obtained 
by first permuting meson variables until all annihilation 
operators are to the right of all creation operators.® 
Then the matrix element is written in the momentum 
representation, the Tomonaga approximation is made,?* 
and the matrix elements in the reduced space of FLC 
are evaluated.’ This results in the following expression 
for II”: 


2 (6)'e@:*e-q(q—p) -og(|q—p!) 
1 = —-- _ 
9 [2 pw q—pil?|q—p 


(54) reL?Ga(p)g(q) 
~— (2m)8(2p)8|q) 
X {[@1°Sa, s—i(f/48)A(a) |(eXp)-@ 
+4[(@3°— @2°— f/12)A(a)+i(f/24)5a,3] 
XL(eXp)Xq]-e}, (22) 


where A(a) = 69, a71— 51, a72. The function @,(p) results 
from the integration over momentum space; its value 
is given in Table I. The constants @,*, @1°, @1°, @2°, @s° 
are integrals over the reduced space of FLC. Their 
values are given in the Appendix. 

In computing M“(1) it is convenient to express it 
as the sum 


M™(1)=M™(1)+-D07.7 Mrs" (1). 


M™ (1) refers to the matrix elements taken between the 
ground state and the plane wave part of the portion of 
Wm — (u,p’) which appears in M(1). M7,(1) refers to 
the part with spin and isotopic spin J and J, respec- 
tively. It can be seen that M™(1) represents the part 
of M™(1) in which the final state is taken as the free- 
particle state, and thus is the Born approximation to 
M™” (1). The M;,""(1) represent the “enhancement” of 
M™(1) beyond its Born approximation value, due to 
the entry of the photoproduced meson into a pion- 
nucleon scattering state. 
The matrix element M™ (1) is 


M™(1)=¥ (m| by, du, all” | n). 
q.a 


8’ T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953). 

® For further details refer to the doctoral dissertation by K. 
Haller at Columbia University, 1958 (University Microfilms, 
Ann Arbor, Michigan), 
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It can be directly obtained by replacing the q and a 
by p’ and y, respectively, in (22). The matrix element 
M, val @ | ) is 


My,;™(1) 
G;,3*(0',9) | 
m\— —P,, ;(u,a; p’,q) 11” n). (24) 


Wq—Wp'— te 


af 


This becomes 


M,,;“(1)={LeXp]-p’+io-[p’X (eXp) ]} {2c.R, 5% 
+ cof @1°—2@2°+2@5°— (f/4) JRy,4*} 
X(5,,s+iA(u)), (25) 


HALLER 


where 
2(6) rel? Q,* 


27(2m)'p' (2p)! 
4(54) rel 4G. (p) 
Gx) 99' Op) 
Rry%= ary" +B 1S, 


Rry*k=ars*K2+8 77 R*. 


Cc2>= 


(3,7, Gp8, Re, RF (and later, G.2, G.%) result from the 
integration over momentum space. Their values are 
given in Table I. 


In a similar manner, the other J, J, states contribute as follows: 


M;, “(1)= {p’ : (eXp)+io-[p’X (eXp) }}{ciR;, 57>+- cof Q1°+ Q2°— Q3°+ (f 16) |R;, +*}(26,, s—iA(u) J, 
M,.4"(1)=[2c:{[p’- (eX p)+2ip’ -ep-o+ip’ -pe-o |R; ,°°—3Lip’-ep-o+ip’ -pe-o JR; ;°°} 
+co{ 2p’ - (eX p)—io -[p’X (eX p) ]}[@1°+ @2°— As°+ (f/16) JRy, s* 106, s+2A (u) J, 


Ry, 7% =ar7*O 2+-817°O 8, 


where 


M,,;"(1)=[c:{[p’- (eX p)+2ip’-ep-o+ ip’ -pe-o Ry ;°°—3Lip’ -ep-o+ip’ -pe-o |R;, :%} 
+co{ 2p’ - (eX p)—io-[p’X (eX p) ]}[@i°— 3. @o°+4 @s°— (f/8) IRy, y* 926, s—iA(u) J. 


Contributions from M™(2) to M™ will now be considered. It can be shown that 


(m| x' (u,a; p’,q) [aa(q) }| 1) =7(3)4(2/9) @12(m | (o-p’/p’) ry Di g(p’)— (LV 


2n”)R, ” ]. (27) 


It is to be noted that the only contributions that are made to this term come from the plane wave and the /=J=} 


state. The matrix element [H™ } is 


{A™ }= (ie/3)(eXp) -ors 


The expression for M(2) thus becomes 


M™ (2)=—e($)*- 
(27) (42°) (2p) ip’ 


VI. THE INTERACTION CURRENT CONTRIBUTION 


The same procedure that was followed in computing 
the meson current contribution to the photoproduction 
matrix element will now be invoked in this section for 
the case of the M’ part of the latter. Namely, M‘(1) 
and M‘(2) will be individually computed and M‘(1) 
will be represented as the sum: 


M'(1 )= M1 + or. J’ Mr. ye(l is 
The matrix element II ,4/* is: 


I 47¢= (2mr)*p*copu(|q—P| )wg terasT,o-t 
+6rLg(q)X,a(p) pig” 
X {L (Gi? + @e*— Go*)exast» t+ 2iGr"as]q-po-e 
+[(@2°— @s")exasT», +27 @s"bas lo -pq-e 


+ [2 Qo*bas+i( C= Qs*)€,a3Tr |(@Xp) -q} . (30) 


Y4,a(p) Land, later, La o7(p,p’) and La, o°(p,p’) ] result 


(2p)*@,°(L?/4°)G,(p). 


2L?G1*G1"S (6) p’-(eXp)+ioe-[p’ x (eXp) | 


(28) 


2n’)R, 


3 


X(Le(p’)— (2? Lb, st+iA(u) ]. (29) 


from the integration over momentum space. Their 
values are given in Table I. Here co=e/f(4r)!/2(2m)'. 
The @,° are integrals over the reduced space; their 
values are given in the Appendix. u(k) is the cutoff 
function 

u(k)=1 k<k, 

u(k)=0 k>K. 


Again M 4!#(1) is just II4/* with p’ and yw substituted 
for q and a, respectively. Since |p’—p| <K for all 
values of the energy for which this calculation is at all 
valid, [M 4/+],, the s-wave part of M 4/+, reduces to 
(M4! ].={ (2m) 8coperast»/[ Pop }}o-e, (31) 


where p is the ratio of the renormalized to the unre- 
normalized meson nucleon coupling constant." [M 47+], 
is the only part of the entire photomeson production 


for 


for 


Reference 1, Eq. (41); also G. C. Wick, Revs. Modern Phys. 
27, 339 (1955). 
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matrix element that does not disappear at the threshold 
for pion production. It can be seen that it corresponds 
exactly to the result obtained from a weak-coupling 


PRODUCTION 1741 
coupling constant is substituted for the unrenormalized 
one.'!' The pion photoproduction matrix element ob- 


tained here is thus consistent with the requirements of 


treatment of this theory, when the renormalized — the Kroll-Ruderman theorem. 


Matrix elements M,4.,,,/*(1) are now computed in the same manner as were the corresponding M,,™(1). 
The results of this are 
M 4.4,4'*(1) = 2csLip’ -ep-o—ip’ -pe-o—e-(pXp’) | 


XL Ra.3,3%p— ca! 1,a(p)| — @,°+2Q.*— (t5°— (te¢° +2@Q7°—2@s°+ @o*) R; _* IL 6, at+i1A bb) i. 


where ¢3= 42Lco/ p’p', and where cy=4nL’/ (2)*. Here Rais, "=a, *X4, 6° +81, XA, 0°. 
M 4.3,;'°(1)=c,Lip’ -pe-o—ip’ -ep-o+e-(pXp’) | 
KORA pt cates, al p) (@i°— 2@2°+ As°+ Be? + Ar°— As*+2@o°)R 


M 4.4,3'*(1) = —2cs{[2ip’ -pe-o+ip’-ep-o—e-(pXp’) |Ra.),3%p 


+ cai, a( P)L(2@i1°— @2*— As°+2Ae°— Az*— 2As°+ Gy’) ip’ -pe-o 


+ ( @i°+ Qo*— 2@5°+ @o*— 2G7°— As*— Gy*)ip’ -ep-o 
+ (— @y°+2@2"— As°— Ae°— A7°+ As*— 2Qy*)e-(pXp’) Ri, 1*} [6,3 +7A(u) | 
M 4.4,47¢(1) =cs{2ip’ -pe-o+ ip’ -ep-o—e-(pXp’) |Ra.;,;%p 
+ cds, a( P)L(2Q1*— @o*— As°+2A6°+5A7°+ As*— 2@y*)ip’ -pe-o 
+ (Ai°+ @o*— 2A5°+ Bo? + G7°+5As°+2G,°)ip’ -ep-¢ 


— 2@o°+ @s°+ Qo°+4@7°—4@s*— 4 Qo") e - (pX p’) Ry, 3*}[26,, s—7A(u) J. 


oot Hi 2p 


The consequences of including the H,’* part of the interaction current Hamiltonian H! will now be considered. 
When the matrix elements M,!*, Mg.7,7/* are evaluated and added to M4/*, M 4.7, 7/*, respectively, the results are 


, 


OrLg(p’)Xa(p) 
(p*p’)} 
Xilp’ -pe-o+p’ -ep-o ][ (@i°+ @e°— @s*)A(u) +27( 7+ Gs"), 3 


(27r)*pu( | p'— p} )éxusTao-& 


M"(1)=co 
(Pw p yi 


My, 4'*(1)=My,;/°(1)=0, 
M,,;/*(1) = — 6¢3[.5,,3+7A(u) |Lip’ -pe-o+ip’ -ep-o@ |LR), ptcta(p)Ry K(@i°— Q;°+ @s°— G;*— @;*)], 
My, ;'*(1) =3cs[.26,, s— iA(u) |Lip’ -pe-o+ip’-ep-o JR, y”pt+cWa(p) Ry, 1% Q,'— Qst-+ Get-+20:*+20,*)], 


The quantities \.(p), %o°(p,p’), and %4°(p,p’) (Rry¥=ars*¥47+877*%4"), result from the integration over mo- 
mentum space. Their values are given in Table I. 


correction to the latter. This interference accounts for 
the fact that when H, is used, the dominant contribu- 
tions to the p-wave part of the pion photoproduction 
matrix element are from the meson current. M/(2) gives 
no contribution here since [H' } is identically zero. This 
identity is closely related to the disappearance of the 
magnetic moment of the interaction current. 

The final contribution to M‘, namely M’*, will now 


It is to be noted that the s-wave parts of Mz’ (and 
later, of M‘*) disappear. This is the case because all 
s-wave terms of M,/* and M’> contain the expression 
V,u(|p’—ép|) and |p’—gp|<K for all cases here 
considered, 

A comparison of the numerical values indicates that 
the p-wave parts of the M4/* and M,’* terms strongly 
interfere with each other. Although each of them, singly, 
is somewhat greater in magnitude than the meson 


: F R. E. Marshak, Meson Physics (McGraw-Hill Book Company, 
current contribution, the M/* terms are only a small 


Inc., New York, 1952), Chap. I. 
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TABLE IT. Coefficients in the expression for the transition matrix 
elements. The coefficients are those of Eqs. (38). Those without 
subscripts are computed with H/ as the interaction current Hamil- 
tonian. Those with the Alt subscripts are computed with the 
Ha interaction current Hamiltonians. The energy is that of the 
photon in the laboratory system. R indicates the real, 7 the 
imaginary part of the coefficient. Where either R or J is omitted, 
the coefficient is pure imaginary or pure real, respectively. 


200 Mev 440 Mev 


0.4620 
— 1.259 
—0.04740 
— 0.00654 
+ 0.04744 

0.00706 

0.06003 

0.00565 
—0.15383 
—0.00790 

0.12042 

0.00971 

0.01620 

0.01206 

0.06548 

0.00187 
—0.05471 
— 0.00943 
—0.12684 
—0.01540 

0.11872 

0.01058 
—0.12969 
I —0.01441 


R —0.16494 
I —0.01901 


Coefficient 335 Mev 
+ lee I 
bs Pa 

5+ R 


260 Mev 


0.2298 
—0.6265 
—0.00171 
— 0.00030 

0.01753 

0.01393 

0.00830 
—0.00583 
— 0.00839 
—0.02318 

0.02303 

0.00100 
— 0.02566 

0.02273 
—0.00798 
— 0.00298 

0.01751 
—0.02517 
—0.02138 

0.02573 
—0.03098 

0.04061 

0.03228 
—0.00123 
—0.03583 

0.06331 


0.3782 
—1.031 
—0.05671 
—0.01392 

0.05576 

0.03101 

0.07413 

0.04702 
—0.14950 
—0.05169 

0.09622 

0.03430 

0.14488 

0.08284 

0.07087 

0.04045 
—0.04745 
— 0.02363 
—0.14911 
—0.07131 

0.16728 

0.10040 
—0.10586 
—0.07271 
—0.34014 
— 0.16883 


0.2918 
—0.7954 
— 0.00676 
—0.01287 
— 0.00493 

0.02750 
— 0.00637 

0.03255 
— 0.03140 
—0.05959 

0.01409 

0.04080 
—0.01770 

0.09914 

0.00585 

0.01978 

0.01849 

0.05118 

0.01402 
—0.07659 
—0.01349 

0.10470 

0.03242 
— 0.08734 

0.00634 
—0.19290 


by SS 


be considered. The expression for II’* is 


1 dt o-qe-[V,u(\q—ép|) ] 
11= co} (2n)%p inci 
0 (pw,)? 





6rLg(q)Ba(p) 
———X [q-ep-o+q-pe-o | 


; " (pig)! 


X [2( @r°+ @s*)5as— (@1°— @s*+ Ge*)iA (a) ] ; (34) 


Y.(p) (and later B,°(p,p’) and B*(p,p’)) result from 
the integration over momentum space. Their values are 
given in Table I. The expressions for the M;,7* terms are 


My, j!*= My, ;/°=0, 
My, 4"°= — 6s 5, s+iA(u) ] 
X Lip’ -pe-o+ip’ -ep-o ]LR,, ;"o+cBa(p) Ry, 1* 
X (@i*— @s*+ Ge°— Gr*— Gs") ], (35) 
My, 37°=3cs[_26,, s—i A(x) | 
X Lip’ -pe-o+ip’ -ep-o LR, ;"p+cBa(p)Ry,1* 
X (@i*— @s*-+ @e*— @r*— Gs’) J. 


Here Rr? =az7*By°+877* PB. The numerical values 
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of these quantities are again comparable to the M/s 
contribution, and are significantly smaller than the con- 
tributions from the meson current Hamiltonian. 


VII. CONTRIBUTIONS FROM THE ALTERNATE 
FORM OF THE INTERACTION CURRENT 


Few new computations are required here since the 
matrix elements May/(1) are just the sum of M4/+(1) 
and M?*(1). It will be noted here that the M4/*(1) are 
in general somewhat larger than the meson current 
contributions. Since the M ,7*(1), which in the last 
section were shown to interfere strongly with M4/*(1), 
are not included in this alternate form of the interaction 
Hamiltonian, the contributions of this interaction cur- 
rent term to the photoproduction matrix element are 
very large. 

It should be noted that M4;,/(2) must also be included 
now since {Han} is not zero. This is related to the 


NS ws B 
° °o ro) 


do/dn (10°-*? cm sterad) 
5 
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90 135 180 
® (degrees) 





Fic. 1. Differential cross sections for x photoproduction com- 


puted with interaction current Hamiltonian H/’.6=cos~[p’-p/p’p]. 
Numbers indicated in key denote energy of photon, in laboratory 
system, in Mev. 


aforementioned fact that a large magnetic moment con- 
tribution is given by this form of the interaction current. 
{H7*} is given by 


{Harel }=i(12))(2e) te fLp— (eX p) ors, a(p) G24, (36) 


where @2? is a reduced space integral; its value is given 
in the Appendix. The value of M41,/(2) is therefore: 


Mai! (2) = — (18)4(2/9) (23) “te fu, a(p) Qi° Ao? 
x {p’-(eXp)+io-[p’X (exp) ]} 
X[e(p’)— (L?/2n*) Ry, y*]. 


Ma ,'(2) is numerically small relative to Mai/(1). 


(37) 


VIII. RESULTS 


The matrix elements resulting from this calculation 
can be expressed in the following form: 
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M (xt) = —A(u) {A Po-e 


+2, Lo) p-—pt (wr, p’ pita) ] 'e-p'(p’—p)- 
+%,p’ -pe-o+%,p’ -ep-o 


—iA;Pe-(pXp’)}, (38a) 


M (x) =i6,, {3p’ -pe-o+9,p' -ep-o 


—i%se-(pXp’)}. (38b) 


The numerical values of these coefficients are tabulated 
in Table IT. The matrix elements for which the alternate 
form of the interaction current has been used are also 
tabulated for purposes of comparison. %{,*? (the Kroll- 
Ruderman term) and Y%,.*) (part of the Born approxi- 
mation term of the meson current Hamiltonian) are 
unchanged by the substitution of Aly, for H’. The 
coefficients computed with Fa, are reported as Ys. ait, 
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Fic. 2. Differential cross sections for x photoproduction com- 
puted with interaction current Hamiltonian H!.6=cos“[p’:p/p'p J. 
Numbers indicated in key denote energy of photon, in laboratory 
system, in Mev. 


Maar, and As.an and replace Ws, Ws, and Y%5, respec- 
tively, in Man(4*) and May (r°). 

Differential cross sections for r+ and x° production 
are plotted in Figs. 1 and 2. The cross sections resulting 
from the use of M4)! appear in Figs. 3 and 4. For com- 
parison, experimental values for pion photoproduction 
cross sections are given in Table III. 

A number of features of these results are of interest. 
In the case of r* production, the angular dependence of 
the cross sections for 200-, 260-, and 335-Mev photons 
has a definite resemblance to that of the experimental 
curves.” Their magnitudes are ~ one to two times 
those experimentally obtained. It must be remembered, 
in this connection, that the quantity (/p)*, obtained 


18 For a bibliography of experimental results, see M. Ross, 
Phys. Rev. 103, 760 1986), footnote 1; also reference 4, footnote 1. 
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cross 


from the scattering data, is only an approximate one 
and originates from a resonance fitting of a single 
([=J=%) scattering state, with only p-state mesons 
included. Experimental determinations of the coupling 
constant, made by fitting the Kroll-Ruderman expres- 
sion for the threshold production of * and a to ex- 
perimental data for meson photoproduction from deu- 
terium, gives a value of (/p)” about half as large as that 
used in this paper.'* The absence of the peak at 90° could 
be ascribed to the appearance of [ w,) pp) (wc p-—pjy FA) | 


bs 


a 
° 


key 

~--= 440 
— 260 
woe 335 


>> 200 


m/ sterad ) 
a 
o 


he 
° 


dd/dn(107*%¢ 








8 (degrees) 


Fic. 4. Differential cross sections for + photoproduc- 
tion computed with interaction current Hamiltonian Ha’. 
6=cos"![p’-p/p’p]. Numbers indicated in key denote energy of 
photon, in laboratory system, in Mev. ‘ 

18H. A. Bethe and F. De Hoffman, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, p. 279; see also 
G. Bernardini and E. L. Goldwasser, Phys. Rev. 95, 875 (1954). 
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TABLE III. Table of experimental data* (do/dQ in 10-* cm*/sterad). 


Photon 
energy in 
lab. system 


(Mev) 40 59 75 93 


Center-of-mass pion angle (degrees) 


107 123 135 159 


x* photoproduction data 


0.85 
+0.05 


0.70 
+0.11 


0.95 
+0.13 


0.98 
+0.06 


0.78 
+0.45 


0.88 
+0.50 


0.97 
+0.52 


1.04 
+0.52 


0.66 
+0.35 


1.38 
+0.11 


1.81 
+0.04 


0.58 
+0.23 


1.02 
+0.17 


1.64 
+0.07 


0.80 
+0.10 


1.16 
+0.11 


1.82 
+0.17 
0.77 
+0.26 


1.28 
+0.30 


1.66 
+0.32 


1.94 
+0.31 


0.18 
+0.20 
1.50 
+0.14 


1.93 
+0.06 


1.76 
+0.09 


1.99 
+0.04 


1.17 
+0.19 


1.54 
+0.04 


1.55 


+0.06 


36 1.48 


1.18 i 
+0.13 +0.09 


+0.18 


0.82 
+0.10 


0.76 
+0.07 


0.70 
+0.05 


0.61 
+0.03 


0.88 
+0.14 


1.05 
+0.06 


1.01 
+0.08 


1.19 
+0.19 


0.95 
+0.07 


1.07 


+0.52 


1.08 
+0.49 


1.07 
+0.46 


1.06 
+0.41 


1.05 
+0.38 


1.82 
+0.07 


1.72 
+0.12 


1.61 
+0.15 


1.47 
+0.19 


1.36 
+0.21 


1.94 
+0.10 


1.99 
+0.18 


1.84 
+0.13 


1.70 
+0.24 


2.02 
+0.32 


1.98 
+0.30 


1.75 


+0.24 


1.65 
+0.22 


1.88 
+0.27 +0.20 
1.24 
+0.19 


1.93 
+0.06 


1.77 


+0.10 


1.46 
+0.16 


1.34 
+0.17 


0.94 
+0.18 


1.47 
+0.06 


1.34 
+0.09 


1.09 
+0.15 


1.01 
+0.17 


0.54 
+0.05 


0.29 
+0.14 


0.45 
+0.07 


0.35 


0.32 
+0.11 2 


+0.09 +0.1 


x® photoproduction data 


141 
+0.29 


1.24 
+0.18 


1.31 
+0.13 


2.30 
+0.25 


2.62 
+0.14 


0.74 
+0.12 


0.83 
+0.07 


0.82 
+0.04 


0.73 
+0.05 


0.92 
+0.15 


0.97 
+0.23 


0.85 


WOT +0.33 +0.08 


~ 0.70 
+0.62 


1.29 1. 


7 0.89 
+0.19 +0.31 


+0.50 


0.79 
+0.56 


1.04 
+0.40 


2.19 
+0.47 


1.34 
+0.78 


1.02 
+0.89 


1.79 
+0.63 


2.5: 
+0. 

0.73 
+0.08 


0.56 
+0.13 


0.40 
+0.17 


0.24 
+0.21 


0.13 
+0.24 


0.15 
+0.33 


0.61 
+0.09 


0.47 
+0.16 


0.36 
+0.21 


0.26 
+0.26 


0.20 
+0.30 


* 0.17 
+0.31 


® Of the papers cited below, the following—TKW, GOS, OW, and WOT—obtain values of Ao, Ai, and A2 in the equation do/dQ =Ao +A cosé +A? cos®, 
(JLP obtain Bo, Bi, and B:2 in the equation de/d2 = Bs +B: cosé + Bz sin%®) by a least-squares fit of these constants to the data. The table entries corre- 
sponding to data given in these papers have been computed from the equations cited above and the constants reported in the respective papers. 

b Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, Nuovo cimento 4, 323 (1956). 


¢ Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 (1954). 
4 Tollestrop, Keck, and Worlock, Phys. Rev. 99, 1283 (1955) 


e¢ Goldschmidt-Clermont, Osborfie, and Scott, Phys. Rev. 97, 188 (1955). 


tD. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 
® Walker, Oakley, and Tollestrop, Phys. Rev. 97, 1279 (1955). 


instead of [w)p—p)) P as the divisor of the %.? coefti- 
cient. That the latter is correct is strongly indicated by 
Klein’s low-energy theorem for the meson current 
term.'* Moreover, the erroneous appearance of (w+ ) 
instead of w in the denominator of scattering amplitudes 
is a well-known feature of intermediate-coupling theory. 
It arises primarily from the fact that the identity” 


(H— Eq)ag*Vo= V gO Wo, (39) 


is violated in the intermediate-coupling theory by a 
factor of approximately w/w+ .'* The cross section for 
440-Mev photons differs substantially from experi- 
mental data. However, the use of a nonrelativistic non- 
recoil approximation at this energy is of questionable 
validity, and this curve cannot be taken too seriously. 


4 A. Klein, Phys. Rev. 99, 998 (1955). 

15 G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

16 R. Drachman (private communication). See also R. Stroffo- 
lini, Phys. Rev. 104, 1146 (1956). 


The z* cross sections obtained with H,),! suffer from 
a great excess of p-wave contributions and are com- 
pletely inconsistent with the data. They seem to indi- 
cate that the additional p-wave terms from Hay! are 
incorrect. 

In the case of x° production, the calculated cross 
sections again have somewhat similar angular de- 
pendence to that of the experimental curves and show 
the expected resonance at 335 Mev. It can be seen that 
in this case the cross sections obtained with H’ are too 
small by a factor of about 3-5, while those obtained 
with Hai! are of about the right magnitude. This fact 
can, however, be understood in terms of the following 
relation proven by Chew and Low": 


iF Leg | 
Cy42°=—{ — ater? O x47. 
b'\ fp 4M 


7 Reference 5, Eq. (51). 


(40) 
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where g, and g, refer to the magnetic moments of 
the proton and neutron, respectively. The factor 
[(gp—gn)/ fo} is too small by about a factor of 3 in 
the intermediate-coupling theory. If this correction is 
applied to the calculated r° production cross sections, 
then the result that Hay! leads to an excess of p-wave 
contributions is again obtained. 

It can be seen that the substitution of the H, for the 
H, interaction Hamiltonian results in marked changes 
in the values of both the anomalous magnetic moment 
and the meson photoproduction cross section. Since 
one or another specific form of the gauge-invariant 
interaction Hamiltonian is generally explicitly involved 
in the calculation of electromagnetic properties in 
extended-source theories,*~ it is of interest to note that 
the ambiguity involved in defining the most general 
form is large. Capps and Holladay'* estimate that the 
use of H, instead of H, in the computation of the 
anomalous magnetic moment changes the latter quan- 
tity by —0.13r; nuclear magnetons. This figure is 
arrived at by assuming a 0.1 probability of finding a 
charged pion in the physical nucleon. Since the average 
number of mesons in the physical nucleon according to 
the intermediate-coupling theory is about 1.8,'° the 
additional anomalous magnetic moment of —2.57; 
nuclear magnetons due to H, arrived at in this theory 
is not inconsistent with the former result. It is also of 
interest to note that the use of the interaction Hamil- 
tonian H, (as by Enoch, Sachs, and Wali) gives rise to 
line current terms that are a relatively small correction 
to the pion photoproduction matrix element. However, 
the use of the term H, gives rise to such large line current 
contributions to the p-wave part of the photoproduc- 
matrix element, that they suffice to largely cancel the 
p-wave contributions of H4"*. 

Contrary to the result of Chew and Low,° the anom- 
alous magnetic moment and the pion photoproduction 
cross section are not simply related by an approximately 
interaction-independent multiplicative constant in this 
theory. To verify this fact, the following calculation 
was made: A phenomenological term proportional to 
o-S was added to H,, sufficient in magnitude to restore 
the anomalous magnetic moment to the value obtained 


18 R. H. Capps and W. G. Holladay, reference 3. 
19 R. Drachman and G. Feinberg (private communication). 
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with H,. The photoproduction matrix element due to 
this term was then computed and added to Man (x*) 
and Mai(r°). When this sum was compared with 
M(x*) and M (7°), it was found that substantial differ- 
ences still existed. Part of the reason for the failure of 
the photoproduction matrix element and the anomalous 
moments to be proportional to each other may be in- 
herent in features of the model used here for the physical] 
nucleon and for the pion-nucleon scattering state: 
(1) the previously-mentioned failure of the identity 
[Eq. (39) ] to hold; (2) errors due to the approximate 
treatment of the reduced space state function S$* in 
FLCC.’ However, this above-mentioned failure of the 
proportionality relation to apply can also probably in 
part be explained by the fact that in this theory the 
intermediate states are not limited to those in which, 
at most, a single meson is allowed. 
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APPENDIX 


Numerical values of the reduced space integrals that 
enter into the expressions for M(x*) and M(r°) are 
listed below: 


Q)o= 0.1358, 
@,4= —0.2493, 


@,°=0.0007, 


@,;°= — 0.4546, @,°=—2.18, 
0.0461, 


— (0.0805, 


Q@.°= —0.4764, Qs 

0.4462, (2° 
@.°= —0.1918, 
— 0.2424, 


0.2203, @7*=0.0516, 


—().0945, (to* 
Numerical values of some other constants are”! f?= 0.847, 
K=5.772, \=3.39, p=0.381. 


2” §\(51,59,53) is approximated by S*(s;). All aS” OXiq are, how- 
ever, treated exactly. 

*1 Small differences between the values of some of these quan- 
tities as given here and in FLC represent corrections of some 
minor computational errors in the latter. 
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Errata 





Hyperfine Structure Formulas for LS Coupling, 
R. E. Trees [Phys. Rev. 92, 308 (1953) ]. The 
sign of the right-hand side of Eqs. (45) and (47) 
should be (—1)4~*-S’°*1, and in (48) the sign 
should be (—1)7’-*-S-°1, T would like to thank 
J. M. Kennedy for bringing this to my attention. 


Electrical Resistivity of the Ni-Pd Alloy System 
between 300°K and 730°K, A. I. SCHINDLER, R. J. 
SmitTH, AND E. J. SaLkovitz [Phys. Rev. 108, 921 
(1957) ]. Curve number 4 of Fig. 4 was inadvertently 


723° 
>» 300° 


7OPK 





7™ 


80 9 )0 





cy rr) 70) 


40 


Atomic % Pd 


Fic. 4. dp/dT vs composition for Ni—Pd alloys 
at various temperatures. 


misplotted. The corrected figure appears below. 
None of the text is affected by this change. 


Fierz Interference of the Fermi Interactions in 
Beta Decay, J. B. Geruart [Phys. Rev. 109, 897 
(1958) ]. The definition of A on page 900 is printed 
incorrectly and should read 


A =2n*(|Cs|?+|Cs’|?+| Cy |?+| Cy’ |?)~ In2. 


Theory of the Stark Effect of the NO Molecule, 
MasATAKA MuzusHimMaA [Phys. Rev. 109, 1557 
(1958) ]. The right-hand side of Eq. (19) should 
have a factor (2J+1)/3; the right-hand side of 
Eq. (21) should be multiplied by 2, and the term 
with 7.3% in Eq. (22) should also be multiplied 
by 2. This correction gives 4 instead of 0.314 in 
Eqs. (22) and (24). Thus, comparing (24) and 
(25), we obtain exactly 


(E-1) 


instead of Eq. (26). The conclusion of that paper 
that the result of Watson et a/. is preferred to that 


MU = Meff; 


aaa, 


NUMBER 6 SEPTEMBER 15, 1958 
of Smyth ef al. is still valid. The author thanks 
Professor J. H. Van Vleck who pointed out that 
the above Eq. (E-1) is expected to hold quite 
generally. 


Decay Scheme of 50-Day Re’, C. J. GALLAGHER, 
Jr., D. STROMINGER, AND J. P. Unik [ Phys. Rev. 
110, 725 (1958) ]. The first line of the Introduction 
should credit the discovery of Re! to Fajans and 
Sullivan. Reference 1 should then be 'K. Fajans 
and W. H. Sullivan, Phys. Rev. 58, 276 (1940). 
On page 729, the upper equation is incorrect. The 
equation should read 


fli’) UIsLKKy—K,\ IL 1;K,Y 
flif)  (ULKKy)—Kil 1iL1-Ky)* 





Recoil Studies of High-Energy Fission of Bismuth 
and Tantalum, NORBERT T. PORILE AND NATHAN 
SUGARMAN [Phys. Rev. 107, 1410 (1957) ]. Equa- 
tion (2’) should be changed from 


z 2W (Fr+F s)[1+}4(6/a) ] 
~ 14-4(b/a)+n°[1+2(b/a)] 





° 2W(Fr+Fs)(1+3(b/a)] 


; 144(b a)+n* 
Equation (2) should be changed from 
2W (Fr+F )[14+3(6/a) ] 
~ 144(0/a)-+9[1+4(6/a)] 
Psat side rent a) | 


~ 144 (b/a)-+n[ 1+ (b/a)] 


These changes alter the values of R by less than 
0.1% for typical values of b/a and ». This correction 
was kindly pointed out to us by Dr. Lester Winsberg 
of the Radiation Laboratory, University of 
California. 


Nuclear Magnetic Relaxation of Three and Four 
Spin Molecules in a Liquid, P. S. HusBarp [ Phys. 
Rev. 109, 1153 (1958) ]. There is a misprint in the 
line before Eq. (3.12): .S should be replaced by So. 
In Eq. (3.18), Zs should be C;. The factor siné 
occurring in Eqs. (3.23) and (3.26) should be 
incorporated in the definition of p, Eq. (3.22). 
Similarly, the factor sin@’ occurring in Eqs. (3.25) 
and (3.26) should be incorporated in the definition 
of p-(a,r), Eq. (3.24). The results (3.27)—(3.29) 
are unchanged. In Eq. (4.7), the 22 element of 
the square matrix was misprinted: it should be 
—(1/9)[5+2(61)']. The result quoted for the 
relaxation of four-spin molecules, Eq. (4.10), was 


1746 
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unfortunately incorrect ; the correct expression is 


Ny? Hy 


M,—M (7 =T,) 


& 


92—13(46)! 3 
x| ( —~ ) ex - [73+2(46)? ] 
184 40 To 


92+13(46)! 3 f 
+(— ) ex - [73—2(46)*] |}. 
40 T 


184 0 
(4.10) 


In Sec. 5 there is an obvious misprint : two sentences 
and Eq. (5.2) have been printed twice. 

Nuclear Moments of Ac”*’, MARK FRED, FRANK 
S. TomMKINS, AND WILLIAM F. Meccers [Phys. 
Rev. 98, 1514 (1955)]. The derivation of the 
nuclear electric quadrupole moment has_ been 
found to be in error and the value should be 
~+1.7X10-* cm? instead of ~—1.7K10~*%* cm’. 
We are indebted to Professor K. Murakawa, 
University of Tokyo, for pointing out the source 
of the error. 


1747 


Angular Distribution of Nuclear Reaction Products, 
G. R. Satcuier [Phys. Rev. 104, 1198 (1956) ]. 
The last equation is printed erroneously. The 
coefficient of 7,7;'/(7,+2T7;’) should be 


[4+ P2(cos6) |, 


and the coefficient of P:(cos@) in the last square 
bracket should be negative. 


Radiative Capture of Alpha Particles to States of 
O'' and F'*, W. R. Purvuips [ Phys. Rev. 110, 1408 
(1958) ]. This paper was inadvertently not referred 
to in the Analytic Subject Index of Vol. 110. It 
should appear in the category ‘Nuclear Reactions 
Induced by Alpha Particles.”’ 


Irreversible Statistical Mechanics of Incompres- 
sible Hydromagnetic Turbulence, Rosert H. 
KRAICHNAN [Phys. Rev. 109, 1407 (1958) ]. 
Equation (3.12) is not correct in general, and 
consequently the cancellation, by symmetry, of 
higher-order contributions mentioned in reference 
21 does not occur. 
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